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The problem

Runge-Gross equations:
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is very large, sparse, typically Hermitian, and unbounded.

The Hamiltonian that appears in TDDFT is necessarily
time-dependent.

We do not know a priori this time-dependence: the Hamiltonian
is both the problem and the solution:
The problem is to obtain , given the knowledge of
and , for .
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The solution
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is a linear operator.

It is unitary: .

There is (usually) time-reversal symmetry: .

The evolution equation may be equivalently rewritten for :

Or in integral form:
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The solution

By making use of the previous integral equation, one may derive an
explicit form for the propagator:
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To beautify the expression, the time-ordering exponential is de�ned:

(But this is only an aesthetic trick, that does not help to design numerical propagators)

If ,

If the Hamiltonian is time-independent,

– p.4/19



The solution

By making use of the previous integral equation, one may derive an
explicit form for the propagator:

'95

�

�

�

�

+




�

=
>

?

+

�

�

�




>

�

@

:

:A;

�

�

8

:

:A;

�

�

�B)

) )

:

:A;

�

�

>

C

D

'9-

�

�

8




'
-

�

�

�



) ) )

'9-

�

�

>




E

)

To beautify the expression, the time-ordering exponential is de�ned:

'.5

�

�

�

�

+




�

CGF
H

I

�
�

J

:

:<;

�

1

'.-

�
1


 $

)

(But this is only an aesthetic trick, that does not help to design numerical propagators)

If ,

If the Hamiltonian is time-independent,

– p.4/19



The solution

By making use of the previous integral equation, one may derive an
explicit form for the propagator:

'95

�

�

�

�

+




�

=
>

?

+

�

�

�




>

�

@

:

:A;

�

�

8

:

:A;

�

�

�B)

) )

:

:A;

�

�

>

C

D

'9-

�

�

8




'
-

�

�

�



) ) )

'9-

�

�

>




E

)

To beautify the expression, the time-ordering exponential is de�ned:

'.5

�

�

�

�

+




�

CGF
H

I

�
�

J

:

:<;

�

1

'.-

�
1


 $

)

(But this is only an aesthetic trick, that does not help to design numerical propagators)

/

If

K

'3-

�

�




�

'3-

�

�

�


L

�

*

,
'35

�

�

�

�

+




�

F
H

I

�
�

J

M

:

:<;

�

1

'3-

�
1


 $

)

/

If the Hamiltonian is time-independent,

'95

�

�

�

�

+




�

F
H

I

���

J

'
-

�

�

�

�

+


 $

)

– p.4/19



Time discretization: short-time propagation

The exact propagator veri�es the well-known property:
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This permits us to work for short time propagations:

The time-dependence of the Hamiltonian is small.

The norm of the time-ordered exponential argument is proportional to .

One normally needs to monitor the evolution: If we want to discern frequencies up
to , the the time step has to be no larger than .
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The error associated to the neglection of
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is negligible for the
values of

0

�

usually considered.

/

The error associated to the neglection of
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involves the
calculation of the Hamiltonian at times where it is unknown (e.g.
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). This means that the full algorithm does not
reduce to the calculation of the exponential of the Hamiltonian.

J. Chem. Phys. 44, 3897 (1966).
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For most methods, one needs to know
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Somenotation

/

The key parameters that deterimine any algorithm's accuracy
are the time step
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, and the norm of the Hamiltonian. This is
determined by the highest eigenvalue. And for a Kohn-Sham
Hamiltonian discretized on a real space or plane wave mesh,
this is determined quadratically by the grid spacing
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Somenotation
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A propagator
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Being unitary implies being contractive; being contractive
involves being stable.
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A propagator is unconditionally (consistent, stable, contractive,
unitary) if it is such independently of the mesh ratio.
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A good propagator should also be time-reversible.
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Classicalpropagators

Crank-Nicholson, or Implicit-Midpoint Rule:
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The method is implicit since it requires the solution of a linear
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Other classical propagators: implicit or explicit Runge-Kutta, Euler's

method, etc.
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Classicalpropagators
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Exponential Midpoint Rule
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If the exponential is calculated exactly:

It is unitary, and

If is exact, it preserves time-reversal symmetry.

In our experience, it performs better than – although this
depends on the quality of the methods to calculate the
exponential or to solve linear systems.

Note that the most simple-minded approximation to the propagator,
would not preserve time-reversal symmetry.
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Exponential propagatorbasedon TRS

Assuming the simplest approximation to the propagator,
time-reversal symmetry can be enforced by stating:
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which de�nes the propagator:
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It is also unitary, but contains once again one unknown in the
de�nition, . This Hamiltonian must be either extrapolated
or approximated with a previous evolution. The procedure, ideally,
should be self-consistent.
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Splitting techniques
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Typically,
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, where

'

C

is diagonal in Fourier space, and

'
‡

is diagonal in real space (or almost). This is indeed the case
in TDDFT

The split-operator technique makes use of this fact, and
traditionally “splits” the exponential that approximates the
propagator (i.e. via the EMR) into three exponentials:

This may be generalized and obtain numerous methods. The
root to derive and analyze them is the well-known
Baker-Campbell-Hausdorff relation, and generalizations. a

a T. Y. Mikhailova and V. I. Pupyshev, Phys. Lett. A 257, 1 (1999)
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Splitting techniques

A split operator scheme method taylored for TDDFT:
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is the Kohn-Sham potential built from the orbitals that result of
applying the �rst kinetic-energy term:
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This scheme permits to maintain an
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N. Watanabe and M. Tsukada, Phys. Rev. E 65, 036705 (2002).
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Splitting techniques:higher orders

/

Suzuki generalized the split-operator splitting to higuer
orders. For example, to fourth order.
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� is a set of real numbers, and
“

�

�
–




is the normal
split-operator splitting.

/

The number of FFTs is multiplied by �v e. It is thus unclear that
this method involves overall increase in speed over normal
Strang splitting.

M. Suzuki, J. Phys. Soc. Jpn. 61, L3015 (1992);

O. Sugino and Y. Miyamoto, Phys. Rev. B 59, 2579 (1999).
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Magnusexpansions

Once again:
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does not reduce to a simple exponential
unless the Hamiltonian is time-independent.
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Magnusexpansions

Question: Is there any operator
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Magnusexpansions

Answer: Yes. There exists an in�nite series, convergent for small
enough

0

�

, such that the seeked operator may be written as:
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W. Magnus, Pure Appl. Math 7, 649 (1954).
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Magnusexpansions

Moreover, there exists a procedure to generate recursively the
terms of the in�nite sum. For example:
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S. Klarsfeld and J. A. Oteo, BIT 40, 434 (2000).
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Magnusexpansions

An approximation of order

�

� to the exact
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is achieved by:

/

Truncating the Magnus series to �-th order.

/

Approximating the integrals in time through an �-th order
quadrature formula.

This gives us the EMR for the order-two Magnus expansion:

The �rst interesting result is thus the order-four Magnus expansion:
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Magnusexpansions

This gives us the EMR for the order-two Magnus expansion:
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The �rst interesting result is thus the order-four Magnus expansion:
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Magnusexpansions

This gives us the EMR for the order-two Magnus expansion:
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The �rst interesting result is thus the order-four Magnus expansion:
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Magnusexpansions

We have applied this result for our TDDFT case. The propagator
then takes the form:
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Magnusexpansions

2 4 6 8 10
Time (a.u.)

0.5

1

1.5

2

<m
(t

)>
 (

a.
u.

)

Exact
M(4)
EM=M(2)
ETRS

Evolution of the dipole moment of Na « subject to an intense laser �eld, calculated via the

methods indicated in the legend.
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