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Introduction
Beyond the Born-Oppenheimer approximation

The molecular Hamiltonian for electrons         and nuclei

without invoking the Born-Oppenheimer approximation (Lecture I) 

We want to solve the corresponding time-dependent Schrödinger equation
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We distinguish two main type of approaches to Non-Adiabatic molecular dynamics 
beyond the Born-Oppenheimer approximation. 

- Nuclear wavefunction (packets) propagation methods

- Trajectories based mixed quantum-classical 
dynamics

Multiple spawning method
A classically motivated approach, yet based on 
quantum mechanics.

The nuclear wavefunctions are expanded in traveling Gaussians centered along a classical trajectory 
whose time evolution is determined by the potential of the I-th electronic state.

There are many mixed quantum-classical 
approximations to the full electronic-nuclear time 
dependent Schrödinger equation, which are 
based on a swarm of trajectories.

(T.J. Martinez et al. JCP, 100, 7884 (1996))

(K. Na, R. E. Wyatt, Physics Letters A, A306 (2002))

We will follow this type of approach ….

- Multicomponent Density-Functional Theory for Electrons and Nuclei (T.Kreibich, E.K.U. Gross, PRL, 86, 2984 (2001))

DFT for the combined system electrons and nuclei

Methods for MQCD



This procedure is however not unique and depends on the particular quantum 
formulation adopted:

• multi-component time-dependent Schrödinger equation 

• density operator based quantum-classical Liouville description   

• path-integrals formulation for the heavy particles

• hydrodynamics or Bohmian formulation of quantum mechanics

In general, a mixed quantum-classical description of a molecular system is 
derived starting from an exact quantum mechanical formulation of the complete 
system and performing a partial classical limit for the heavy particle DoF.

Methods for MQCD



This procedure is however not unique and depends on the particular quantum 
formulation adopted:

• classical limit achieved by taking                  for the heavy particles wavefunctions

• classical Wigner limit for the heavy particles and first order expansion in 

• classical limit using the saddle point approximation 

• classical limit achieved by taking                   of the action functional

In general, a mixed quantum-classical description of a molecular system is 
derived starting from an exact quantum mechanical formulation of the complete 
system and performing a partial classical limit for the heavy particle DoF.

Methods for MQCD



1.  the multi-component time-dependent Schrödinger equation 

• ansatz for the total wavefunction
• classical limit

> Born-Oppenheimer approximation
> Ehrenfest dynamics ?
> Surface hopping dynamics ?

Methods for MQCD



2.  density operator based quantum-classical Liouville description 

where

Wigner

This equation describes the coupled evolution of the classical and quantum subsystems.
As a result of this coupling a purely Newtonian description of the slow (classical) degrees 
of freedom is no longer possible.
However, it is possible give the solution of this equation in terms of an ensemble of 
hopping trajectories.   See for instance:

R. Kapral, G. Ciccotti, J. Chem. Phys. 110, 8919 (1999) and C. Schuette et al, JCP, 117, 11075 (2002)

Methods for MQCD



2.  density operator based quantum-classical Liouville description 

Even though potentially very interesting this type of approaches have a fundamental 
inconsistency with respect to classical and quantum dynamics: 
The derived quantum-classical dynamics does not possess a Lie algebraic structure

This leads to pathologies in the formulation of quantum-classical properties and 
statistical mechanics.

Possible solutions to this problem have been proposed (but with limited success)

1. O.V. Predzhdo, JCP, 124, 201104 (2006) proposed a modified “bracket” that satisfies the
Jacobi identity.

2. V. V. Kisil (EPL, 72, 873 (2005)) and later G. Ciccotti et al have proposed another solution of 
the quantum-classical limit based on the representation theory of the Heisenberg group,
However, it was shown that this “quantum-classical” limit leads to a purely classical dynamics 
(F. Agostini et al, EPL, 78, 30001 (2007)) 

Methods for MQCD



3.  Path-integrals formulation for the heavy particles

where the reduced propagator,

In the stationary phase approximation (P. Pechukas, Phys. Rev. 181, 166 (1969))

where the classical paths, p, satisfy:

> Surface hopping type of dynamics (D. F. Coker, L. Xiao, J. Chem. Phys., 102, 496, (1995))

Methods for MQCD



4.  hydrodynamics or Bohmian formulation of quantum mechanics

prob. density

prob. fluxcontinuity equation 

Quantum Bohmian potentialquantum Hamilton-Jacobi equation TD
S

E

+ quantum trajectory (QTM):
wave packet evolution is described in terms of a relatively small number of correlated fluid  
elements evolving along quantum trajectories.

+ mixed quantum-classical (           )

light/heavy particles

> Trajectory-based implementation  (K. Na, R. E. Wyatt Physics Letters A, 306, 97 (2002))

Methods for MQCD



TCF: time correlation function
(The list is not complete)

Methods for MQCD
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Mixed quantum-classical dynamics

Using a multi-component wavefunction-based formulation of QM we “derive”:

• Surface hopping (SH)

Solution of the time-independent Schrödinger equation
(depends only parametrically on nuclei positions)

• Mean-field (Ehrenfest-type) dynamics

fast degrees of freedom
slow degrees of freedom



Mixed quantum-classical dynamics

in the time-dependent Schrödinger equation

The Ehrenfest method 

gives:



Mixed quantum-classical dynamics

The classical limit 

> Nuclei

(Hamilton-Jacobi equation)

Swarm of independent trajectories moving in the average potential of the electrons.

> Electrons classical limit for the nuclei. 

Equivalent to the Newton’s equation:

The Ehrenfest method 



Mixed quantum-classical dynamics

Properties:

> the classical nuclei evolve subject to a single effective potential corresponding to

an average over quantum states. No correlation effects.

> Ehrenfest dynamics violates microreversibility.

> Ehrenfest dynamics does not need calculation of the electronic wavefunction
(diabatic or adiabatic states).

where are the non adiabatic couplings

states amplitudes along the mean-field path 

Nevertheless, states                  can help in the interpretation

The Ehrenfest method 



Ehrenfest-type of dynamics.
The system evolves in a 

superposition of electronic 
states.

Mixed quantum-classical dynamics
The Ehrenfest method 
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Mixed quantum-classical dynamics

in the time-dependent Schrödinger equation gives:

The surface hopping method 

are the solutions of the time-independent electronic structure Hamiltonian



Mixed quantum-classical dynamics

The classical limit

> Nuclei

(Hamilton-Jacobi equation)

> Electrons are NOT dynamical (computed with a SCF calculation at each instant of time)

Motion evolves on each potential energy surface, with transport of flux between potential 
surfaces governed by the off-diagonal terms,       and      .

Exact solutions for # do not exist.

Tully proposed a stochastic algorithm to deal with the source and sink terms in 
the time evolution of the nuclear probability density.

#

The surface hopping method 



J. C. Tully, J. Chem. Phys., 93, 1061 (1990)

Mixed quantum-classical dynamics

The mixing term                                                 induces transitions between 

potential energy surfaces.

The population transfer is therefore governed by

In the “independent trajectory approximation” of J. Tully, a trajectory follows adiabatically a PES         
i until a transition to a different surface j  is accepted with the probability

The surface hopping method 



Mixed quantum-classical dynamics

Time evolution according to quantum 
Hamilton-Jacobi

Amplitude transitions evolve according to 

The Hamilton-Jacobi formulation



We replace nuclear 
wavefunctions with an 
ensemble of classical 
trajectories.

q01

xxxxxx
x
x

x

Mixed quantum-classical dynamics
The surface hopping solution 



Independent trajectory approximation: ITA
Trajectory surface hopping: Tully’s scheme

J. C. Tully, J.Chem. Phys., 93, 1061, 1990

In the independent trajectory approximation the amplitudes can only change through the 

coupling between different surfaces: 

Tully has introduced a stochastic algorithm to approximate the time evolution of the 

amplitudes given by the source and sink terms (coupling elements).

Swarm of independent trajectories following Tully’s “fewest switches” Surface Hopping 

probabilities: 



Independent trajectory approximation: ITA
Trajectory surface hopping: Tully’s scheme

The decoherence effects which are not present in the ITA can be approximately recovered.

Quantum coherence loss is introduced by coupling between the different classical paths 
and because of the interaction with the environment.

1. E.R. Bittner, P.J. Rossky, J. Chem. Phys., 103, 8130 (1995) and B.J. Schwartz, E.R. Bittner, 
O.V. Prezhdo, P.J. Rossky, J. Chem. Phys. 104, 5942 (1996)

Different schemes have been proposed to deal with this problem in the ITA

2. C.Zhu, S. Nangia, A. W. Jasper, and D. G. Truhlar, J. Chem. Phys., 121, 7658 (2004).

3. G. Granucci, M. Persico, J. Chem. Phys., 126, 134114 (2007).

(decoherence probability; when a decoherence event is occurring all states populations are 
reinitialized.)

Determination of the decay of quantum coherence in condensed phase.

Application of quantum decoherence to Tully’s independent trajectories SH. Case study on the 
isomerization of azobenzene.



Implementation
Trajectory surface hopping: Tully’s scheme

Implementation and further approximations:

> Hops can occasionally occur between states that are separated by a large energy gap. 
In same cases this will result in an energy forbidden transition. In such cases, hops are 
aborted with the consequence that the “fewest switches” algorithm does not exactly  
reproduce the populations            . 
Such situations are manifestations of quantum tunneling and therefore are difficult to capture 
with a classical limit.

> Each hope is accompanied by a change in potential energy. This is compensated by a 
change in the components of the velocity vectors in the direction of the nonadiabatic coupling 
vectors (this has been justified in a number of ways, D.F. Coker, L. Xiao, JCP, 102, 496 (1993), J.C. Tully, 
Int. J. Quantum. Chem., 25, 299 (1991)).

When the nonadiabatic vectors are unknown, the excess energy is commonly dissipated 
isotropically on all degrees of freedom. 



Instead of calculating “the best” (averaged) path like in the Ehrenfest approach, the surface 
hopping technique involves an ensemble of trajectories.

The algorithm “guarantee” that at any instant in time for an ensemble of trajectories, 

the fraction of trajectories assigned to any PES is approximately equal to the relative 

population of the state

E.R. Bittner, P.J. Rossky, J.Chem.Phys.,103, 8130 (1995)

At any time a SINGLE trajectory is propagated 
on a PURE adiabatic state, which is selected 
according a state population,

Mixed quantum-classical dynamics
SH in the ITA: a summary

The procedure is repeated for sufficiently many 
different initial conditions, giving an ensemble 
of non-adiabatic trajectories.
Decoherence of the single trajectories can 
eventually be added.
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Mixed quantum-classical dynamics
Some applications

Ultrafast isomerization of CH2NH2
+ using CASSCF and MR-CI surfaces. 

(M. Barbatti, A.J.A. Aquino, H. Lischka 104, 1053 (2006)) 

CH2 NH2
+

Opt. geometry  in S1Opt. geometry  in S0

S0

S1

S2

S0→S1: n→p* 

S0→S2: p→p* 

Excitation character:



Mixed quantum-classical dynamics
Some applications

Azobenzene isomerization using TSH with semiempirical (FOMO-SCF) potential energy surfaces. 
(G. Granucci, M. Persico, Theor. Chem Acc. 117, 1131 (2007)) 

CI S1/S2

trans cis

Franck-Condon

Traj. on S2 (S3)
Traj. on S1

Traj. on S0

n→p*
(S0→S1)

Theoretical results:

- torsion mechanism after both n→p* and 
p→p* excitations

- agreement for the fluorescence decay times
- solvent effects (QM/MM) in agreement with 

experiments

Radial coord.: 
NNC angle

Angular coord:
CNNC dihegral

Two-dimensional representation of the PESs

trans cis

p→p*
(S0→S2)



Trajectory Surface Hopping

(P.R. L. Markwick, N. L. Doltsinis, JCP, 126, 17102 (2007), and N.Doltsinis, D. Marx, Phys. Rev. Lett., 88, 166402, (2002))

Excited state proton transfer in 
GC base pair

- ROKS (restricted open-shell Kohn-Sham) PESs
- Car-Parrinello MD
- Tully trajectory surface hopping

A.L. Sobolewski, W. 
Domcke, C. Hättig
PNAS, 102, 17903 
(2005) 

N-H [A]
Gap closure (CI) as a 
function of the distance 
N-H. Static calculation 
using CC2.

Base-pair photo-stability by 
deactivation mechanism.

(N.Doltsinis, D. Marx, Phys. Rev. Lett., 88, 166402, 2002)

Ultrafast repair of irradiated DNA: Non-adiabatic dynamics using ROKS. 
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DFT/TDDFT based 

mixed quantum-classical MD

and

non-adiabatic effects



For a given electronic state the forces on the ions can be computed from the Hellmann-Feynman 
Theorem

within KS-DFT

Within linear response TDDFT, ionic forces for excited potential energy surfaces can be computed 
using the extended Lagrangian formalism (J. Hutter, JCP, 118, 3928, 2003)

J. Hutter, J. Chem. Phys, 118, 3928, (2003)

0 0

Implementation: on-the-fly forces

DFT/TDDFT based TSH



• Density-matrix representation of nonadiabatic couplings in TDDFT
Chernyak and S. Mukamel, J. Chem. Phys. 112, 3572 (2000).

• Real time TDDFT 
R. Baer, Chem. Phys. Lett. 364, 75 (2002).

• Finite differences of 1 electron KS-orbitals, using Slater Transition State theory 
S. Billeter and A. Curioni, J. Chem. Phys. 122, 034105 (2005).

• Non-adiabatic (memory effects in fXC) TDDFT
R. Baer, Y. Kurzweil and L. S. Cederbaum,, Isr. J. Chem. 45, 161(2005).

• Fictitious electron dynamics of ROKS Car-Parrinello MD 
N. L. Doltsinis and D. Marx, Phys. Rev. Lett. 88, 166402 (2002)

• Implicit differentiation, LR-TDDFT: 
N. L. Doltsinis and D. S. Kosov, J. Chem. Phys. 122, 144101 (2005)

• Finite differences of single Slater determinants
Craig et al., Phys. Rev. Lett., 95, 163001, (2005)

• Restricted open shell Kohn-Sham (ROKS)
S.R. Billeter and D. Egli, J. Chem. Phys. 125, (2006)

• Finite differences of linear combination of Slater determinants:
E. Tapavicza, I. Tavernelli, and U. Rothlisberger., Phys. Rev. Lett. 98, 023001, (2007)

Non-adiabatic quantities from TDDFT
DFT/TDDFT based TSH

(The list is not complete)



Possible TDDFT based SH schemes:

1. ROKS based surface hopping methods

2. Craig-Duncan-Prezhdo scheme (Phys. Rev. Lett, 95, 163001, 2005)

3. Tapavicza-Tavernelli-Roethlisberger (Phys. Rev. Lett., 98, 023001, 2007)

ω:      Excited state energies from a single determinant representation of the singlet 
excited state wavefunction (spin eigenstate)

FI:      Ionic forces computed using Hellmann-Feynman theorem
NAC: Non-adiabatic couplings (NACs) derived from the fictitious CP electronic kinetic term 

ω: Excited state energies from a single determinant representation of the excited state   

wavefunction (not a spin eigenstate)

FI:      Ionic forces computed using Hellmann-Feynman theorem

NAC: computed 

ω: LR-TDDFT excited state energies
FI:      LR-TDDFT ionic forces
NAC: NACs computed from a reconstruction of a many body wavefunction (from LT-TDDFT

quantities)

(N.Doltsinis, D. Marx, Phys. Rev. Lett., 88, 166402, 2002)

DFT/TDDFT based TSH



Possible TDDFT based SH schemes:

1. ROKS based surface hopping methods

2. Craig-Duncan-Prezhdo scheme (Phys. Rev. Lett, 95, 163001, 2005)

3. Tapavicza-Tavernelli-Roethlisberger (Phys. Rev. Lett., 98, 023001, 2007)

ω: Excited state energies from a single determinant representation of the excited state   

wavefunction (not a spin eigenstate)

FI:      Ionic forces computed using Hellmann-Feynman theorem

NAC: computed 

ω:      Excited state energies from a single determinant representation of the singlet 
excited state wavefunction (spin eigenstate)

FI:      Ionic forces computed using Hellmann-Feynman theorem
NAC: Non-adiabatic couplings (NACs) derived from the fictitious CP electronic kinetic term 

ω: LR-TDDFT excited state energies
FI:      LR-TDDFT ionic forces
NAC: NACs computed from a reconstruction of a many body wavefunction (from LT-TDDFT

quantities)

(N.Doltsinis, D. Marx, Phys. Rev. Lett., 88, 166402, 2002)

DFT/TDDFT based TSH



is a Slater determinant made of occupied KS states.where

Dynamic dipole polarizability:

- in TDDFT:- in many-body theory:

Outline of the derivation

M. Casida, “Recent developments and applications of modern density Functional Theory, ed J.M. Seminario, Vol.4, 1996

E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 

Derivation of a multi-determinant expansion of the excited wavefunction
DFT/TDDFT based TSH



The excited many-electrons wavefunctions can be approximated using Casida’s Ansatz:

The ground state many-electrons wavefunction can be approximated using a single Slater 
determinant made of occupied KS-orbitals

Derivation of a multi-determinant expansion of the excited wavefunction
DFT/TDDFT based TSH

M. Casida, “Recent developments and applications of modern density Functional Theory, ed J.M. Seminario, Vol.4, 1996

E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 



Ansatz for excited many-electrons state vectors:

In the ITA we obtained the TD equation for the occupation amplitudes

LR-TDDFT equations 

and the switching probability

E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 

A summary

DFT/TDDFT based TSH



E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 

A multi-determinant expansion of the excited wavefunction
DFT/TDDFT based TSH

Approximations

> The “scalar” non-adiabatic couplings are compute using a finite difference scheme

> The wavefunction expansion is valid to linear order

> In the derivation of the differential equations for the coefficients            we assumed that

and that 



Preparation of the initial conditions                   of classical 
system  according to the classical ensemble. Quantum 
system prepared in a pure state or in a coherent mixed state.

Calculation of the adiabatic eigenstates using LR-TDDFT.

yes

Change of the driving surface for the classical nuclei.
Redistribution of the excess energy                             
among the classical DoF.

Evolution of the classical variables through a timestep Δt

Evolution of the quantum expansion coefficients       
with a timestep dt (á Δt) in the classical time interval Δt

Reconstruction of the TDDFT excited wavefunctions and 
calculation of the hopping probabilities                        

no Monte Carlo step

DFT/TDDFT based TSH/ Implementation
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The protonated formaldimine is a model 
compound for the study of isomerization in 
rhodopsin chromophore retinal.

S1:   σ→π* transition (low oscillator strength)
S2:   π→π* transition (high oscillator strength)

Photo-excitation promotes the system mainly 
into S2 and therefore the relaxation occurring 
in the excited states involves at least 3 states:

S0 (GS), S1 and S2

- Isolated system
- LR-TDDFT/PBE/TDA and ALDA
- SH-AIMD

Simulation of an ensemble of 50 trajectories 
(NVT) each of  ~100 fs.
Statistical interpretation of the branching ratio.

Method

Isomerization of protonated formaldimine

E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 

DFT/TDDFT based TSH - Applications

CH2 NH2
+



Typical trajectory 
and corresponding 
configurations 

State coefficients 
for the same 
trajectory above 

Isomerization of protonated formaldimine
DFT/TDDFT based TSH - Applications

- Structures and life times are in good agreement 
with reference calculations performed using high 
level wavefunction based methods (MCSCF).

Results

- In addition to the isomerization channel, we 
also observed intra-molecular proton transfer
reactions with the formation of 

CH3 NH+

followed by proton back-transfer and isomerization
after relaxation in S0.

- H2 abstraction is also observed in some cases
(suppressed when head dissipation is enhanced)

The different reaction channels have been 
experimentally observed.

CH2 NH2
+ →

E. Tapavicza, IT,U. Roethlisberger, Phys. Rev. Lett., 98, 023001, (2007) 



Experimental findings

Mass spectroscopy with cooled 22-pole 
ion trap

Micro-solvation with two water molecules 
produces a sharpening of the absorption 
spectra of TrpH+ in the cold trap.

Absorption spectra

S. R. Mercier, et al, JACS, 128,16938 (2006)

DFT/TDDFT based TSH - Applications
Microsolvation effects on the photophysics of cold, protonated tryptophan



The excited states lifetime determine the shape of the observed photoabsorption
spectra.

DFT/TDDFT based TSH - Applications
Microsolvation effects on the photophysics of cold, protonated tryptophan

Upper picture from: G. C. Schatz and M. A. Ratner, Quantum Mechanics in Chemistry, Dover (2002)



LUMO+1 LUMO+2

HOMO

87.1% 12.7%

S. R. Mercier et al, JACS, 128,16938 (2006)

DFT/TDDFT based TSH - Applications
Microsolvation effects on the photophysics of cold, protonated tryptophan



LR-TDDFT:  PBE, adiabatic approximation, Tam Dancof
Box 23x23x23 A3,  PW at 70 Ry, Troullier-Martins pseudo potentials.
Non-adiabatic dynamics using SH-TDDFT AIMD
Analytic excited state forces

N-H’ N-H’’’

C-N

N-H’’ NH….OH2
NH….OH2

DFT/TDDFT based TSH - Applications
Microsolvation effects on the photophysics of cold, protonated tryptophan

S. R. Mercier et al, JACS, 128,16938 (2006)


