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Introduction

Although many successes have been reported for
time-dependent density functional theory (TDDFT), it
has some significant failures:

e \Vanishing excitation energy. For example:
the lowest '>1 of Hs.

e Lack of double excitations. For example:
the lowest 'S of H,

e Charge transfer (CT) excitations. For example:
the lowest 'Y of HeH™

Density matrix functional theory (DMFT) has been a
great improvement for ground state energies of disso-
ciating molecules. Time-dependent DMFT (TDDMFT)
could also improve these problematic TDDFT excita-
tions, which are related to dissociating systems.

TDDMFT

The time-dependent one-matrix is defined as

Y, 2'it) = (Vo ('t)) ()| V)
y ; ni(t)dn(@t) o (2't),

where

e (1) are the occupation numbers
e O.(xt) are the natural orbitals (NOs)

TDDMFT can straightforwardly be derived from the
EOM of the one-matrix. In a basis set we have

ia(t) = (U|[ef (e (t), H)) D)
. Z(hkr(t)%l () = Yir () s (t))+

(Wh(t) = Wa(t)).
The matrices W (t) are defined as

Wkl(t) = Z Fkrst(t)wtsﬂ(t)7

rst
with the two-matrix and two-electron integrals defined
as

Crirs(t) = (P[EL()el (1) (), ()W)
wint) = [da [dy ¢i()7 (y)w(@, y)o, (y)s()
After some manipulations and using the adiabatic ap-

proximation Wy|(t) =~ W{y(¢)] can be written in the
following matrix form

(w1 AT 0\ (64fw)) [ 0 )

A” wl C | |idy(w) | = | dvw) |,
\ 0 D wl) \dnfw)] | O

The submatrices relate to the derivatives of the energy

functional as
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Motivation for phases |

For the singlet two-electron system almost the exact
functional is known, by diagonalising the spatial part
of the two-electron wavefunction

1
W[¢7 n] — I?fl{l 5 Z f?“fS'\/ NyNsWyrss,

There are two ways to write approximate the explicit
two-electron functional which are equivalent for real
NOs

W[Qba n] — % Z f?“fs\/ Ny sWyyss (a)
W[gb, TL] — % Z Jr s/ TMsWygps. (b)
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A good choice for the phase factors turns out to be
fi=1and f, = —1Vr > 1in practice. Since the func-
tional should be phase invariant, definition (b) is the
only proper DMFT functional.

However, the matrix A contains second order deriva-
tives with respect to ¢ and ¢*. Therefore, both approx-
imations give a different response matrix A*. It turns
out that violation of phase invariance gives better re-
sults. An example is shown for the lowest 12; and

Y3 excitations for dissociating H, in the figure below
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The first 'S and 'S} excitation energies of H, in an p-cc-pVTZ basis set

as a function of the interatomic separation R. The black lines are the exact
within the basis set. The red lines are the adiabatic results using wy; inte-
grals (definition (a)). The results with the wy;. integrals (definition (b) are

shown in blue.
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The TDDMFT response equations in the adiabatic ap-
proximation

Since the energy functional should be invariant under
NO phase transformations, we have

D = 0.

This immediately gives én;(w) = 0. Comparing to static
response’, where dn;, # 0, we immediately see that

lim 0n(w) # onSatc

w—0

Allowing for a phase dependence, we could have
D #£0

and potentially solve the static limit problem.

EOM for the NOs

For time-independent DMFT it is possible to define an
effective NO equation?

(i + 0°") di(x) = ep()

where the effective potential ©°" is related as

) W — Wy fork #1
it~ ) OW for k — |
c’?nk

Suppose there would exist an EOM of the form

(1)) dr(at) = iOn(t)

Augmenting the NO equation with the EOM for the oc-
cupation numbers and applying linear response within
the adiabatic approximation, we can write down the
following matrix equation

(w1 0 AT A"\ [ 5yfuw)\ (0
0 wl A" A” Sm(w) 0

A C wl 0 ||iU"w) |~ |6vfw) ]|’
& W 0 w1) \iU"w)) \ov"(w)

where the matrix W as approximately

0°E
on k@na

Wika ~

These equations have a couple of convenient proper-
ties

e The static limit is equal to the static response:

lim onp(w) = onSate
e Singlet two-electron system are exact if we use
the wyy; Integrals (see figure below).dependent

coupling matrix.
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The first 12; excitation energies of H, in an p-cc-pVTZ basis set as a func-

tion of the interatomic separation R. The black lines are the exact within the
basis set and the red lines are the results if we use the wy; integrals in the

response equations derived from the effective NO equation.
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