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The Runge-Gross Theorem

Brief Article

The Author

September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0
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V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)
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Any expectation value is a 
functional of the
density and the initial state

E.Runge and E.K.U.Gross
(Phys.Rev.Lett.52,997 (1984))
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Different interactions and initial states

True system Kohn-Sham system

The Kohn-Sham system has the same
density as the true system for a
different two-particle interaction
and a different initial state

Suppose we have found the density n(rt) in an interacting system with potential v(rt)

Can exactly the same density n(rt) be reproduced by an external potential v'(rt) in
a system with different initial state and a different two-particle interaction?

If so, would this potential be unique (modulo a purely time-dependent function)?



  

Extended Runge-Gross theorem

which is in the ground state before a certain time t0. For t > t0 the sys-
tem is then perturbed by an external field and we are interested in the
response of the system. If the perturbation is weak the problem may
be solved by linear response theory. For strong field cases we have to
face the full time-dependent problem. The full time-dependent wave
function is, even for small atoms, a complicated object. Fortunately,
some insight can be gained from the consideration of conservation laws
of particle number and momentum. The local forms of these conser-
vation laws reduce to relations between densities, currents and the
external fields, and can therefore give some information on the struc-
ture of density functionals.
The time-dependent density is given as the expectation value of the
density operator with the time-dependent many-body wavefunction:

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 (36)

In the following we consider two continuity equations. If |Ψ(t)〉 is the
state evolving from |Ψ0〉 under the influence of Hamiltonian Ĥ(t) we
have the usual continuity equation

∂tn(rt) = −i〈Ψ(t)|[n̂(r), Ĥ(t)]|Ψ(t)〉 = −∇ · j(rt) (37)

where the current operator is defined as

ĵ(r) =
1
2i

∑
σ

[ψ̂†
σ(r)∇ψ̂σ(r)− (∇ψ̂†

σ(r))ψ̂σ(r)] (38)

and has expectation value

j(rt) = 〈Ψ(t)|̂j(r)|Ψ(t)〉 (39)

This continuity equation expresses, in a local form, the conservation of
particle number. Using Gauss’ law the continuity equation it simply
says that the change of the number of particles within some volume
can simply be measured by calculating the flux of the current through
the surface of this volume.
As a next step, we can consider an analogous continuity equation for
the current itself. We have

∂tj(rt) = −i〈Ψ(t)|[̂j(r), Ĥ(t)]|Ψ(t)〉 (40)

If we work out this equation in more detail, we find the expression

∂tjk(rt) = −n(rt)∂kv(rt)−∑
i

∂iTik(rt)−Wk(rt) (41)
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Continuity equation for the density

Continuity equation for the current density
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R.van Leeuwen
(Phys.Rev.Lett.82,3863 (1999),
Int.J.Mod.Phys.B15, 1969 (2001))
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G.Vignale has recently extended this proof to
current-density functional theory

Here we have defined the momentum-stress tensor (part of the energy-
momentum tensor) as

T̂ik(r) =
1
2

∑
σ

[∂iψ̂
†
σ(r)∂kψ̂σ(r)+∂kψ̂

†
σ(r)∂iψ̂σ(r)− 1

2
∂i∂k(ψ̂†

σ(r)ψ̂σ(r))]

(42)
and the quantity Ŵk as

Ŵk(r) =
∑
σ,σ′

∫
d3r′ψ̂†

σ(r)ψ̂†
σ′(r′)∂kw(|r− r′|)ψ̂σ′(r′)ψ̂σ(r) (43)

where the derivative ∂k is taken with respect to the variable r. Their
expectation values are defined as

Tik(rt) = 〈Ψ(t)|T̂ik|Ψ(t)〉 (44)

Wk(rt) = 〈Ψ(t)|Ŵk|Ψ(t)〉 (45)

The continuity equation (41) is a local quantum version of Newton’s
third law. This is readily seen by integrating this equation over space.
In that case the term with the stress-momentum tensor disappears
since it is a total derivative (assuming that Tik vanishes sufficiently
fast at infinity). The integral over Wk disappears too:∫

d3rWk(rt) =
∫

d3rd3r′Γ(r, r′, t)∂kw(|r− r′|) = 0 (46)

where we defined the diagonal two-particle density matrix as

Γ(r, r′, t) = 〈Ψ(t)| ∑
σ,σ′

ψ̂†
σ(r)ψ̂†

σ′(r′)ψ̂σ′(r′)ψ̂σ(r)|Ψ(t)〉 (47)

This follows because Γ is a symmetric function of the variables r and
r′ whereas ∂kw(|r − r′|) is an odd function. We therefore find that
integration of Eq. (41) yields

∂tP(t) =
∫

d3r∂tj(rt) = −
∫

d3r′n(rt)∇v(rt) (48)

where we defined the momentum of the system by

P(t) =
∫

d3rj(rt) (49)

Eq. (48) states that the change of momentum of a system is equal to
the force on that system. In other words, this is Newton’s third law.

11

Here we have defined the momentum-stress tensor (part of the energy-
momentum tensor) as

T̂ik(r) =
1
2

∑
σ

[∂iψ̂
†
σ(r)∂kψ̂σ(r)+∂kψ̂

†
σ(r)∂iψ̂σ(r)− 1

2
∂i∂k(ψ̂†

σ(r)ψ̂σ(r))]

(42)
and the quantity Ŵk as
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Combining the continuity equations for the density and the current density gives

As a side remark we may further mention that the local form of New-
ton’s third law also has been studied in connection with many-body
perturbation theory, in particular concerning so-called conserving ap-
proximations [28, 29, 30]
Let us finally consider the angular momentum of the system, defined
as

L(t) =
∫

d3rr× j(rt) (50)

If we take the time-derivative of this equation and use the continuity
equation we obtain

∂tLi(t) =
∫

d3r(r×∂tj(rt))i =
∑
ijk

∫
d3rεijkrj(−n(rt)∂kv(rt)−∑

l

∂lTlk(rt)−Wk(rt))

(51)
where εijk is the anti-symmetric Levi-Civita tensor which assumes the
values 1 and −1 for respectively even and odd permutations of the
indices. This can be rewritten as

∂tLi(t) = −
∫

d3r(r×∇v(rt))i+
∑
jk

∫
d3rεijkTjk+

∫
d3rd3r′(r×r′)iΓ(r, r′, t)

1
ρ

∂w

∂ρ

(52)
where we defined ρ = |r − r′| and in the second term performed a
partial integration where we used ∂lrj = δlj . Now the second term
disappears since Tjk is an symmetric tensor contracted with the anti-
symmetric εijk tensor. The last term disappears too, since Γ(r, r′, t) is
symmetric in r and r′, whereas r× r′ is antisymmetric. Note that we
explicitly used that the two-particle interaction depends on |r − r′|.
Collecting our results we obtain

∂tL(t) =
∫

d3rr× ∂tj(rt) = −
∫

d3rn(rt)r×∇v(rt) (53)

This equation therefore tells us that the time-derivative of the angular
momentum is equal to the torque due to the external field acting on
the system.
We further mention a relation which we will need later in our dis-
cussion. Taking the divergence of Eq. (41) and using the continuity
Eq. (37) we find

∂2
t n(rt) = ∇ · (n(rt)∇v(rt)) + q(rt) (54)

with q(rt) being defined as the expectation value

q(rt) = 〈Ψ(t)|q̂(r)|Ψ(t)〉 (55)
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and where the operator q̂(r) is given by

q̂(r) =
∑
i,k

∂i∂kT̂ik(r) +
∑
k

∂kŴk(r) (56)

Equation (54) will play a central role in our discussion of the relation
between the density and the potential. This is because it represents an
equation which directly relates the external potential and the electron
density.

2.4 The Runge-Gross proof

We will now investigate a basic relation between the external potential
and the time-dependent density. Such a relation has been investigated
by Runge and Gross and the main result of this work is known as the
Runge-Gross theorem [21]. This theorem states that two densities
n(rt) and n′(rt) evolving from a common initial state |Ψ0〉 under the
influence of two potentials v(rt) and v′(rt) (which are both assumed
to have a Taylor expansion around the initial time t0 ) are always
different provided that the potentials differ by more than a purely
time-dependent (r-independent) function:

v(rt) "= v′(rt) + C(t) (57)

The proof of this theorem consists of two steps. In the first step one
shows that the current densities j(rt) and j′(rt) corresponding to the
systems with potential v(rt) and v′(rt) will differ. To show this we first
use the condition that the potentials v(rt) and v′(rt) can be expanded
in a Taylor series:

v(rt) =
∑
k=0

1
k!

vk(r)(t− t0)k (58)

We have a similar equation for v′(rt) with coefficients v′
k(r). Equa-

tion (57) is equivalent to the statement that, given the expansion
coefficients vk(r) and v′

k(r), there exists a smallest integer k ≥ 0 such
that

wk(r) = vk(r)− v′
k(r) "= constant (59)

If we use the quantum mechanical equation of motion for a Schrödinger
operator Â(t),

∂t〈Ψ(t)|Â(t)|Ψ(t)〉 = 〈Ψ(t)|∂tÂ(t)− i[Â(t), Ĥ(t)]|Ψ(t)〉 (60)
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as the potential of a spatially homogeneous electric field. However, for
practical purposes, these fields can always be approximated to arbi-
trary accuracy by considering very large but finite charge distributions
(which is actually closer to the real physical situation). We further
assume v(rt) to be an analytic function of time t, i.e. v(rt) must have
a Taylor expansion with finite convergence radius for each time t.
Let us now assume that we have solved the time-dependent Schrödinger
equation for the many-body system described by Hamiltonian Ĥ(t)
and initial state |Ψ0〉 at t = t0. We then have obtained a many-body
wavefunction |Ψ(t)〉 and density n(rt). As shown before in section 2.3
this density satisfies the equation

∂2
t n(rt) = ∇ · (n(rt)∇v(rt)) + q(rt) (67)

where q(rt) is defined in Eqs. (55) and (56). We now consider a second
system with Hamiltonian

Ĥ ′(t) = T̂ + V̂ ′(t) + Ŵ ′ (68)

The terms V̂ ′(t) and Ŵ ′ represent again the one- and two-body po-
tentials. We denote the initial state by |Φ0〉 at t = t0 and time-evolved
state by |Φ(t)〉. The form of Ŵ ′ is assumed to be such that Ŵ ′

k(rt)
and its derivatives are finite. For the most important case of inter-
est, i.e. Ŵ ′ = λŴ with 0 ≤ λ ≤ 1, this is automatically satisfied.
We will discuss some special cases of this type later on. For the sys-
tem described by Hamiltonian Ĥ ′ we have an equation analogous to
Eq. (54). Assuming that the other system has identical density, i.e.
n′(rt) = n(rt), we have

∂2
t n(rt) = ∇ · (n(rt)∇v′(rt)) + q′(rt) (69)

where q′(rt) is the expectation value

q′(rt) = 〈Φ(t)|q̂′(r)|Φ(t)〉 (70)

for which we defined

q̂′ =
∑
i,k

∂i∂kT̂ik(r) +
∑
k

∂kŴ
′
k(r) (71)

By subtracting Eqns. (54) and (69) we find

∇ · (n(rt)∇ω(rt)) = ζ(rt) (72)
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Now we consider two systems with different external potentials and two-particle interactions, but
with identical electron densities:

is also no functional of the density with the property δA/δn = v (oth-
erwise we could construct a functional Ã with property (32) by means
of a Legendre transform). The same is, of course, true for the nonin-
teracting functionals Ãs[vs] and As[n]. We therefore conclude that the
Kohn-Sham potential can not be obtained as a functional derivative
with respect to the density. We note, however, that a Kohn-Sham
potential can still be defined as that potential vs[n], that, in a non-
interacting system, yields a given density n(rt). This definition of
the Kohn-Sham potential is based on a one-to-one mapping between
densities and potentials that can be proven directly from the time-
dependent Schrödinger equation. On the basis of this mapping we can
therefore still define time-dependent Kohn-Sham equations. However,
in this way we have lost a connection between action functionals and
potentials. Such a connection can be useful for the derivation of new
approximate potentials. This difficulty is resolved later when we will
show that the Kohn-Sham potential can still be obtained as a func-
tional derivative of an extended type of action functional defined on
a new time contour.

2.3 Local conservation laws

Before we discuss some other properties of density functionals we will
first describe some general properties of time-dependent many-body
systems. The relations derived will be used later in some basic proofs
of time-dependent density functional theory.
We consider systems in which the time-dependent external field can be
described by a time-dependent scalar potential v(rt). We start from
a Hamiltonian Ĥ of a finite many-particle system

Ĥ(t) = T̂ + V̂ (t) + Ŵ (34)

where T̂ is the kinetic energy, V̂ (t) the external potential, and Ŵ the
two-particle interaction. The explicit forms of these terms have been
defined before. The whole time-dependent dynamics of the system is
given by the solution of the time-dependent Schrödinger equation:

(i∂t − Ĥ(t))|Ψ(t)〉 = 0 (35)

with the initial condition |Ψ(t0)〉 = |Ψ0〉. This is therefore an initial
value problem for which we need to specify an initial state. A com-
monly occuring initial value problem is one where we consider a system

9
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The Author

September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

1

Brief Article

The Author

September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

1

For the second system we have the equation

as the potential of a spatially homogeneous electric field. However, for
practical purposes, these fields can always be approximated to arbi-
trary accuracy by considering very large but finite charge distributions
(which is actually closer to the real physical situation). We further
assume v(rt) to be an analytic function of time t, i.e. v(rt) must have
a Taylor expansion with finite convergence radius for each time t.
Let us now assume that we have solved the time-dependent Schrödinger
equation for the many-body system described by Hamiltonian Ĥ(t)
and initial state |Ψ0〉 at t = t0. We then have obtained a many-body
wavefunction |Ψ(t)〉 and density n(rt). As shown before in section 2.3
this density satisfies the equation

∂2
t n(rt) = ∇ · (n(rt)∇v(rt)) + q(rt) (67)

where q(rt) is defined in Eqs. (55) and (56). We now consider a second
system with Hamiltonian

Ĥ ′(t) = T̂ + V̂ ′(t) + Ŵ ′ (68)

The terms V̂ ′(t) and Ŵ ′ represent again the one- and two-body po-
tentials. We denote the initial state by |Φ0〉 at t = t0 and time-evolved
state by |Φ(t)〉. The form of Ŵ ′ is assumed to be such that Ŵ ′

k(rt)
and its derivatives are finite. For the most important case of inter-
est, i.e. Ŵ ′ = λŴ with 0 ≤ λ ≤ 1, this is automatically satisfied.
We will discuss some special cases of this type later on. For the sys-
tem described by Hamiltonian Ĥ ′ we have an equation analogous to
Eq. (54). Assuming that the other system has identical density, i.e.
n′(rt) = n(rt), we have

∂2
t n(rt) = ∇ · (n(rt)∇v′(rt)) + q′(rt) (69)

where q′(rt) is the expectation value

q′(rt) = 〈Φ(t)|q̂′(r)|Φ(t)〉 (70)

for which we defined

q̂′ =
∑
i,k

∂i∂kT̂ik(r) +
∑
k

∂kŴ
′
k(r) (71)

By subtracting Eqns. (54) and (69) we find

∇ · (n(rt)∇ω(rt)) = ζ(rt) (72)
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September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

∇ · (n0(r)∇∆vk(r)) = −∆qk(r) +
k−1∑
l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

∇ · (n0(r)∇∆v0(r)) = −∆q0(r) = 〈Φ0|q̂′(r)|Φ0〉 − 〈Ψ0|q̂(r)|Ψ0〉
〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉

〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

1

We further demand that at the initial time the density
and its first time-derivative are the same:

We now want to determine v'(rt) such that also the higher derivatives of the density are the same



  

Explicit construction of the potential
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September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

1

k-fold differentiation at 
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September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

1

gives
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September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

1

Brief Article

The Author

September 3, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

1

where

This can be rewritten as

This equation provides an iterative scheme to construct the potential v'(rt)

Brief Article
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September 4, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉
Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

∇ · (n0(r)∇∆vk(r)) = −∆qk(r)−
k−1∑
l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

∇ · (n0(r)∇∆v0(r)) = −∆q0(r) = 〈Φ0|q̂′(r)|Φ0〉 − 〈Ψ0|q̂(r)|Ψ0〉
〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉

〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉
∆v0(r) → 0 (r →∞)

1



  

k=0
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1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉

Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

∇ · (n0(r)∇∆vk(r)) = −∆qk(r) +
k−1∑
l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

∇ · (n0(r)∇∆v0(r)) = −∆q0(r) = 〈Φ0|q̂′(r)|Φ0〉 − 〈Ψ0|q̂(r)|Ψ0〉

1
This equation must be solved with the boundary condition
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The Author

September 4, 2004

1 Equations

(i∂t − (T̂ + V̂1(t) + Ŵ ))Ψ1(t) = 0
(i∂t − (T̂ + V̂2(t) + Ŵ ))Ψ2(t) = 0

Ψ1(t0) = Ψ2(t0) = Ψ0

V̂1(t) "= V̂2(t) + C(t) =⇒ n1(t) "= n2(t)

O[n, Ψ0](t) = 〈Ψ[n](t)|Ô|Ψ[n](t)〉
Ψ(t0) = Ψ0 (1)
Φ(t0) = Φ0 (2)

(i∂ − Ĥ(t))Ψ(t) = 0 (3)
(i∂ − Ĥ ′(t))Φ(t) = 0 (4)

(5)

0 = ∇ · (n(rt)∇∆v(rt)) + ∆q(rt) (6)
∆v(rt) = v(rt)− v′(rt) (7)
∆q(rt) = q(rt)− q′(rt) (8)

t = t0

0 = ∆qk(r) +
k∑

l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

fk(r) = ∂k
t f(rt)|t=t0

∇ · (n0(r)∇∆vk(r)) = −∆qk(r) +
k−1∑
l=0

(
k

l

)
∇ · (nk−l(r)∇∆vl(r))

∇ · (n0(r)∇∆v0(r)) = −∆q0(r) = 〈Φ0|q̂′(r)|Φ0〉 − 〈Ψ0|q̂(r)|Ψ0〉
〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉

〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉
∆v0(r) → 0 (r →∞)

1
k=1

And so on ........

In this way we can construct

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

2

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

2

and we obtain

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

2

Special cases
A)

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

2

Runge-Gross theorem

B)

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

2

Construction procedure for the time-dependent 
Kohn-Sham potential



  

Invertibility of the density response function

We look at a density response

R.van Leeuwen
(Int.J.Mod.Phys.B15, 1969 (2001))

know from the Runge-Gross proof that a potential δv(rt) (not purely
time-dependent) that is switched on at t = t0 and is analytic in t0
always causes a nonzero density variation δn(rt). In this proof the
first nonvanishing time-derivative of δn at t0 is found to be linear in
the corresponding derivative of δv and therefore the linear response
function is invertible. Note that this conclusion is even true for an arbi-
trary initial state. The conclusion is therefore true for linear response
to an already time-dependent system for which the linear response
function will depend on both t and t′ separately, rather than on the
time-difference t− t′. In the following we will give an explicit proof for
the invertability of the linear response function for which the system
is initially in its ground state. However we will relax the condition
that δv be an analytic function in time, and we therefore allow for a
larger class of external potentials than assumed in the Runge-Gross
theorem.
We consider a many-body system in its ground state. At t = 0 (since
the system is initially described by a time-independent Hamiltonian
we can, without loss of generality, put the initial time t0 = 0) we
switch on an external field φ(rt) which causes a density response δn.
We want to show that the linear response function is invertable for
these switch-on processes. The density response is given by

δn(r1t1) = −i
∫ t1

0
dt2d

3r2〈Ψ0|[∆n̂H(r1t1),∆n̂H(r2t2)]|Ψ0〉φ(r2t2)

(128)
Note that here, instead of the density operator n̂H , we prefer to use
the density fluctuation operator ∆n̂H = n̂H − 〈n̂H〉 in the response
function. This is not in conflict with Eq. (101) since the commutator
of the density operators is equal to the commutator of the density
fluctuation operators. Now we insert a complete set of eigenstates of
Ĥ and we find

δn(r1t1) = i
∑
n

∫ t1

0
dt2d

3r2〈Ψ0|∆n̂H(r2t2)|Ψn〉〈Ψn|∆n̂H(r1t1)|Ψ0〉φ(r2t2)+c.c.

= i
∑
n

∫ t1

0
dt2d

3r2e
iΩn(t1−t2)f∗

n(r1)fn(r2)φ(r2t2) + c.c (129)

where Ωn = En−E0 > 0 are the excitation energies of the unperturbed
system (we assume the ground state to be nondegenerate) and the
functions fn are defined as

fn(r) = 〈Ψ0|∆n̂(r)|Ψn〉 (130)
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Using the Lehmann representation this can be rewritten asThis response can also be written as

δn(r1t1) = i
∑
n

f∗n(r1)
∫ t1

0
dt2an(t2) exp iΩn(t1 − t2) + c.c. (131)

where we defined
an(t) =

∫
d3rfn(r)φ(rt) (132)

Now we note the time integral in Eq. (131) is exactly of a convolution
form. This means that we can simplify this equation using Laplace
transforms. The Laplace transform is defined by

Lf(s) =
∫ ∞

0
dte−stf(t) (133)

and we want to use its basic convolution property

L(f ∗ g)(s) = Lf(s)Lg(s) (134)

where the convolution product is defined as

(f ∗ g)(t) =
∫ t

0
dτf(τ)g(t− τ) (135)

If we now take the Laplace transform of δn we obtain the equation:

L(δn)(r1s) = i
∑
n

f∗n(r1)
1

s− iΩn
Lan(s) + c.c. (136)

If we multiply both sides with the Laplace transform Lφ of φ and
integrate over r1 we obtain∫

d3r1Lφ(r1s)L(δn)(r1s) = i
∑
n

1
s− iΩn

|Lan(s)|2 + c.c. (137)

We therefore obtain∫
d3r1Lφ(r1s)L(δn)(r1s) = −2

∑
n

Ωn

s2 + Ω2
n

|Lan(s)|2 (138)

This is the basic relation that we use to prove invertability. If we
assume that δn = 0 then also L(δn) = 0 and we obtain

0 =
∑
n

Ωn

s2 + Ω2
n

|Lan(s)|2 (139)
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(excitation energies)

We now use the convolution property of Laplace transforms

This response can also be written as

δn(r1t1) = i
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n
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0
dt2an(t2) exp iΩn(t1 − t2) + c.c. (131)

where we defined
an(t) =

∫
d3rfn(r)φ(rt) (132)

Now we note the time integral in Eq. (131) is exactly of a convolution
form. This means that we can simplify this equation using Laplace
transforms. The Laplace transform is defined by

Lf(s) =
∫ ∞

0
dte−stf(t) (133)

and we want to use its basic convolution property

L(f ∗ g)(s) = Lf(s)Lg(s) (134)
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∫ t

0
dτf(τ)g(t− τ) (135)

If we now take the Laplace transform of δn we obtain the equation:

L(δn)(r1s) = i
∑
n

f∗n(r1)
1

s− iΩn
Lan(s) + c.c. (136)

If we multiply both sides with the Laplace transform Lφ of φ and
integrate over r1 we obtain∫

d3r1Lφ(r1s)L(δn)(r1s) = i
∑
n

1
s− iΩn

|Lan(s)|2 + c.c. (137)

We therefore obtain∫
d3r1Lφ(r1s)L(δn)(r1s) = −2

∑
n

Ωn

s2 + Ω2
n

|Lan(s)|2 (138)

This is the basic relation that we use to prove invertability. If we
assume that δn = 0 then also L(δn) = 0 and we obtain

0 =
∑
n

Ωn

s2 + Ω2
n

|Lan(s)|2 (139)
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Let us now assume that
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〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

2

From this we obtain

However since each prefactor of |Lan|2 in the summation is positive
the sum can only be zero if Lan = 0 for all n. This in its turn implies
that an(t) must be zero for all n. This means also that∫

d3r∆n̂(r)φ(rt)|Ψ0〉 =
∑
n

|Ψn〉
∫

d3r〈Ψn|∆n̂(r)|Ψ0〉φ(rt) =
∑
n

an(t)|Ψn〉 = 0

(140)
Note that a0(t) is automatically zero since obviously 〈Ψ0|∆n̂(x)|Ψ0〉 =
0. If we write out the above equation in first quantization again we
have

N∑
k=1

∆φ(rkt)|Ψ0〉 = 0 (141)

where N is the number of electrons in the system and ∆φ(rt) is defined
as

∆φ(rt) = φ(rt) − 1
N

∫
d3rn0(r)φ(rt) (142)

where n0 is the density of the unperturbed system. Now Eq. (141)
immediately implies that ∆φ = 0 and, since the second term on the
right hand side of Eq.(142) is a purely time-dependent function, we
obtain

φ(rt) = C(t) (143)

We have therefore proven that only purely time-dependent potentials
yield zero density response. In other words the response function is
invertible for switch-on processes. Note that the only restriction we
put on the potential φ(rt) is that it is Laplace-transformable. This is
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We have proven the Runge-Gross theorem for Laplace-transformable switch-on potentials.
This is an extension of the set of potentials allowed in the Runge-Gross proof.
However, we needed the extra assumption that the system is initially in the ground state.



  

The action principle

making variations with respect to these parameters [49]. This amounts
to doing a restricted set of variations. If we are allowed to make com-
pletely arbitrary variations of the wavefunction Frenkel’s variational
principle is equivalent to the time-dependent Schrödinger equation.
This is easily seen by taking

|δΨ〉 = ε(i∂t − Ĥ(t))|Ψ〉 (164)

where ε is a small parameter. In that case Frenkel’s variational prin-
ciple tells us that 〈δΨ|δΨ〉 = 0 and therefore

|δΨ〉 = ε(i∂t − Ĥ(t))|Ψ〉 = 0 (165)

which is the time-dependent Schrödinger equation. It is clear that
Frenkel’s variational principle is quite different from the usual varia-
tional principle for the ground state since no quantity is optimized.
This makes it also difficult to define a density functional on the basis
of this variational principle. There is, however, a well-known principle
based on the following time-dependent action functional

A[Ψ] =
∫ t1

t0
dt〈Ψ|i∂t − Ĥ(t)|Ψ〉 (166)

The usual approach is to require the action to be stationary under
variations δΨ which satisfy δΨ(t0) = δΨ(t1) = 0. We then find after
a partial integration

δA =
∫ t1

t0
dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 + c.c. + [i〈Ψ|δΨ〉]t1t0 (167)

With the boundary conditions on the variations δΨ the last term dis-
appears and we have the stationarity condition

0 = δA = 2Re
∫ t1

t0
dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 (168)

If we split the variation δΨ = δΨ1 + iδΨ2 where δΨ1 and δΨ2 are real
functions, we obtain (using Re(iz) = −Im(z)) that

0 = δA = 2Re
∫ t1

t0
dt〈δΨ1|i∂t−Ĥ(t)|Ψ〉−2Im

∫ t1

t0
dt〈δΨ2|i∂t−Ĥ(t)|Ψ〉

(169)
Since δΨ1 and δΨ2 can be varied independently we obtain the result
that the real and imaginary parts of (i∂t − Ĥ(t))|Ψ〉 are equal to zero.
In other words

(i∂t − Ĥ(t))|Ψ〉 = 0 (170)
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Requiring the action to be stationary leads under certain conditions to the time-dependent
Schrödinger equation (TDSE)
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dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 + c.c. + [i〈Ψ|δΨ〉]t1t0 (167)

With the boundary conditions on the variations δΨ the last term dis-
appears and we have the stationarity condition

0 = δA = 2Re
∫ t1

t0
dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 (168)
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dt〈Ψ|i∂t − Ĥ(t)|Ψ〉 (166)

The usual approach is to require the action to be stationary under
variations δΨ which satisfy δΨ(t0) = δΨ(t1) = 0. We then find after
a partial integration

δA =
∫ t1

t0
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dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 + c.c. + [i〈Ψ|δΨ〉]t1t0 (167)

With the boundary conditions on the variations δΨ the last term dis-
appears and we have the stationarity condition

0 = δA = 2Re
∫ t1

t0
dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 (168)

If we split the variation δΨ = δΨ1 + iδΨ2 where δΨ1 and δΨ2 are real
functions, we obtain (using Re(iz) = −Im(z)) that

0 = δA = 2Re
∫ t1

t0
dt〈δΨ1|i∂t−Ĥ(t)|Ψ〉−2Im
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〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
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B) More elegantly. Assume that

which is just the time-dependent Schrödinger equation. We see that
the variational requirement δA = 0, together with the boundary con-
ditions is equivalent to the time-dependent Schrödinger equation.
A different derivation [48] which does not put any constraints on the
variations at the endpoints of the time interval is the following. We
consider again a first order change in the action due to changes in the
wavefunction and require that the action is stationary. We have the
general relation

0 = δA =
∫ t1

t0
dt〈δΨ|i∂t − Ĥ(t)|Ψ〉 +

∫ t1

t0
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From the two above equations we obtain
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Since this must be true for arbitrary δΦ we again obtain the time-
dependent Schrödinger equation

(i∂t − Ĥ(t))|Ψ〉 = 0 (175)

We did not need to put any boundary conditions on the variations at
all. We only required that if δΦ is an allowed variation that then also
iδΦ is an allowed variation.
With the two derivations above we thus have shown that we can de-
rive the time-dependent Schrödinger equation from an action principle
based on the action functional (166). The numerical value of action
functional itself can however not be used as a criterium to judge the
accuracy of a given Ansatz for the wavefunction. If we allow for com-
plete variational freedom in the variations of the wave function, our
solution will satisfy the time-dependent Schrödinger equation exactly
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dt〈Ψ|i∂t − Ĥ(t)|δΨ〉 (171)

We now choose the variations δΨ = δΦ and δΨ = iδΦ where δΦ is
arbitrary. We thus obtain

0 = δA =
∫ t1

t0
dt〈δΦ|i∂t − Ĥ(t)|Ψ〉 +
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∫ t1

t0
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dt〈Ψ|i∂t − Ĥ(t)|δΦ〉 (172)

and

0 = δA = −i
∫ t1

t0
dt〈δΦ|i∂t − Ĥ(t)|Ψ〉 + i
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∫ t1

t0
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〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉
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δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0
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TDDFT action First guess

and the action will be identical zero. Usually our variational freedom
will be restricted, as we will restrict our trial wave functions, for in-
stance using orbital products, or time-dependent parameters that fix
the shape of our trial wave function. In that case the value of the
action at the solution point of the variational equations need not be
zero. Nevertheless a wave function Φ, with zero value of the action
A[Φ] = 0, can always be obtained from an approximate variational
solution Ψ by defining a new wavefunction

|Φ〉 = exp (−i
∫ t

t0
dt
〈Ψ|i∂t − Ĥ(t)|Ψ〉

〈Ψ|Ψ〉 )|Ψ〉 (176)

This corresponds to multiplication of the solution by a purely time-
dependent factor. There are therefore always approximate wave func-
tions that yield an action that is identically zero and this value can
therefore not be used to judge the accuracy of a given approximation.
In general A = 0 at the solution point of the variational equations for
any parametrization of the wavefunction that allows for a variation
of the form δΦ = C(t)Ψ where C(t) is an arbitrary function of time.
This follows immediately by inserting this variation into Eq. (174). In
that case one obtains

0 = 〈Ψ|i∂t − Ĥ(t)|Ψ〉 (177)

Such a variation is, for instance, allowed in an approximate wave-
function that is a product of orbitals by making an orbital variation
δφi(rt) = C(t)φi(rt). For this reason the variational solution of the
time-dependent Hartree-Fock equations corresponds to a zero value of
the action integrand. Since in general

∂t〈Φ|Φ〉 = 2Im〈Φ|i∂t − Ĥ(t)|Φ〉 (178)

it follows that if Eq. (177) is satisfied then also the norm of |Φ〉 is
conserved. From our discussion above we can immediately conclude
that the time-dependent Hartree-Fock equations conserve the norm of
the wave function.
Let us now discuss the problems with the variational principle when
one attempts to construct a time-dependent density-functional theory.
The obvious definition of a density functional would be

A[n] =
∫ t1

t0
dt〈Ψ[n]|i∂t − Ĥ(t)|Ψ[n]〉 (179)
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(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0
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evolves in a potential
that vanishes at infinity.



  

The TDDFT action A[n] is defined on a restricted set of wavefunctions, namely all
v-representable wavefunctions that evolve from a given initial state.

Can on this restricted set of wavefunctions the variations required to derive the TDSE still
be carried out? 

A) The TDSE is first order in time. The variation of the wavefunction can only be 
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The real and imaginary parts of the variation of the wavefunction are not 
independent
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then

allowed to treat the real and imaginary part of δΨ as independent
variations since both are determined by the potential variation δv.
This means that the first derivation of the TDSE that we presented
in this section, can not be carried out. It is readily seen that also
the second derivation based on Eqns. (172) and (173) fails. If δΨ is a
variation generated by some δv, then δΨ satisfies

(i∂t − Ĥv(t))|δΨ〉 = δv|Ψ〉 (181)

where Ĥv is a Hamiltonian with potential v and we neglected terms
of higher order. Multiplication by the imaginary number i yields that
variation iδΨ must be generated by potential iδv. This potential varia-
tion is however imaginary and therefore not an allowed variation since
all potential variations must be real.
We therefore conclude that time-dependent density-functional theory
can not be based on the usual variational principle, and indeed at-
tempts to do so have led to paradoxes. In the next section we will show
how an extended type of action functional defined on a time-contour
can be used as a basis from which the time-dependent Kohn-Sham
equations can be derived.

4.2 The Keldysh action

In this section we will introduce a new action functional. This func-
tional does not suffer from the problems of the usual action. First of
all the functional is not minimized but merely used as a generating
function for the density and the response functions. In this respect
the function is very similar to the partition function of statistical me-
chanics.
In the definition of the new action functional we use the time con-
tour method due to Keldysh [50] in which the physical time t is
parametrized by an underlying parameter τ , called pseudotime. This
procedure was originally introduced by Keldysh in order to obtain an
elegant treatment of nonequilibrium systems in terms of many-body
Green functions [50, 51, 52, 53, 54]. We will use the same procedure in
the definition of our action functional. Higher functional derivatives
of the new action functional will lead to response functions which are
symmetric in the Keldysh time contour parameter. Transforming back
to physical time t then yields the desired causal, i.e., retarded response
functions in terms of t.
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〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
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Variation is then generated by

The variations required to derive the TDSE can not be carried out!!



  

Can we find a proper action functional for TDDFT?

We want the Kohn-Sham potential to be the functional derivative of some action with respect to the
density. Let us therefore assume that there are functionals such that:

Let us therefore see if we can generalize the previous derivation to the
case that we have a time-dependent perturbing field. This will be the
subject of the next section.

2.2 Some preliminary thoughts on time-dependent
density functionals

In the previous section we arrived in a rather quick fashion at the
Kohn-Sham equations. One might therefore think one could do a
similar procedure for time-dependent systems. However, we will see
that here some problems will arise. We consider the case where we
have a time-dependent external field v(rt) which is decribed by the
following potential energy operator in the Hamiltonian:

V̂ (t) =
∫

d3rv(rt)n̂(r) (21)

This system will have a time-dependent density n(rt). In analogy
with the previous section it seems natural that we should look for
functionals Ã[v] and A[n] having the property

δÃ

δv(rt)
= n(rt) (22)

δA

δn(rt)
= v(rt) (23)

and which are related by the Legendre transform

A[n] = −Ã[v] +
∫

d3rdtn(rt)v(rt) (24)

Note that in Eq.(23) we have introduced a relative minus sign com-
pared to Eq.(10) of the stationary case. The functional F [n] for sta-
tionary systems should therefore be compared to the functional −A[n]
in the time-dependent case.
If we now define functionals Ãs[vs] and As[n] for a noninteracting
system with external field vs(rt) and density n(rt) and properties

δÃs

δvs(rt)
= n(rt) (25)

δAs

δn(rt)
= vs(rt) (26)
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We can then define

we can easily construct Kohn-Sham equations. For this purpose we
define an exchange-correlation functional Axc[n] by

A[n] = As[n]− 1
2

∫
d3rd3r′dtn(rt)n(r′t)w(|r− r′|)−Axc[n] (27)

Differentiation of this equation with respect to n(rt) then yields

vs(rt) = v(rt) +
∫

d3r′n(r′t)w(|r− r′|) + vxc(rt) (28)

where
vxc(rt) =

δAxc

δn(rt)
(29)

is the time-dependent exchange-correlation potential. Since vs(rt) is
the external potential for a noninteracting system with density n(rt),
we obtain the time-dependent Kohn-Sham equations [21]

(−1
2
∇2 + v(rt) +

∫
d3r′n(r′t)w(|r− r′|) + vxc(rt))ϕi(rt) = i∂tϕi(rt)

(30)

n(rt) =
N∑

i=1

|ϕi(rt)|2 (31)

This derivation seems straightforward enough. We only have to find
an explicit definition of our starting functional Ã[v] in terms of the
Hamiltonian. It is exactly here that a major problem arises. The
problem is that one can not find a functional Ã[v] with the property

n(rt) =
δÃ

δv(rt)
(32)

The reason is that this equation would imply that

δ2Ã

δv(rt)δv(r′t′)
=

δn(rt)
δv(r′t′)

(33)

Now the left hand side of this equation is symmetric in the space-time
arguments, whereas the right hand side of this equation is the den-
sity response function which has a causal structure, i.e. it is zero for
t′ > t. Therefore the causality and symmetry requirements contra-
dict eachother [10, 11, 27]. We conclude that there is no differentiable
functional of the external field with property (32). Consequently there
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and derive time-dependent Kohn-Sham equations

Can we construct a functional A[n] with the property:

Let us therefore see if we can generalize the previous derivation to the
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If there were such a functional then the Legendre transformed functional

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

2
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〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉
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∫

d3rdt n(rt)v(rt)

δÃ
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∫
δA

δn

δn

δv
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∫
δn

δv
v + n = n(rt)

2

Then for the second derivative we would have

we can easily construct Kohn-Sham equations. For this purpose we
define an exchange-correlation functional Axc[n] by

A[n] = As[n]− 1
2

∫
d3rd3r′dtn(rt)n(r′t)w(|r− r′|)−Axc[n] (27)

Differentiation of this equation with respect to n(rt) then yields

vs(rt) = v(rt) +
∫

d3r′n(r′t)w(|r− r′|) + vxc(rt) (28)

where
vxc(rt) =

δAxc

δn(rt)
(29)

is the time-dependent exchange-correlation potential. Since vs(rt) is
the external potential for a noninteracting system with density n(rt),
we obtain the time-dependent Kohn-Sham equations [21]

(−1
2
∇2 + v(rt) +

∫
d3r′n(r′t)w(|r− r′|) + vxc(rt))ϕi(rt) = i∂tϕi(rt)

(30)

n(rt) =
N∑

i=1

|ϕi(rt)|2 (31)

This derivation seems straightforward enough. We only have to find
an explicit definition of our starting functional Ã[v] in terms of the
Hamiltonian. It is exactly here that a major problem arises. The
problem is that one can not find a functional Ã[v] with the property

n(rt) =
δÃ

δv(rt)
(32)

The reason is that this equation would imply that
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=

δn(rt)
δv(r′t′)

(33)

Now the left hand side of this equation is symmetric in the space-time
arguments, whereas the right hand side of this equation is the den-
sity response function which has a causal structure, i.e. it is zero for
t′ > t. Therefore the causality and symmetry requirements contra-
dict eachother [10, 11, 27]. We conclude that there is no differentiable
functional of the external field with property (32). Consequently there
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Zero for
Causal
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〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉
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The symmetry and causality conditions contradict each other:

There is no functional such that:

Let us therefore see if we can generalize the previous derivation to the
case that we have a time-dependent perturbing field. This will be the
subject of the next section.

2.2 Some preliminary thoughts on time-dependent
density functionals

In the previous section we arrived in a rather quick fashion at the
Kohn-Sham equations. One might therefore think one could do a
similar procedure for time-dependent systems. However, we will see
that here some problems will arise. We consider the case where we
have a time-dependent external field v(rt) which is decribed by the
following potential energy operator in the Hamiltonian:

V̂ (t) =
∫

d3rv(rt)n̂(r) (21)

This system will have a time-dependent density n(rt). In analogy
with the previous section it seems natural that we should look for
functionals Ã[v] and A[n] having the property
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If we now define functionals Ãs[vs] and As[n] for a noninteracting
system with external field vs(rt) and density n(rt) and properties
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The Kohn-Sham potential is not the functional derivative of some action functional defined in
real time!!



  

The construction of an action functional

Consider the evolution operator corresponding to the TDSE
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v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

2

with boundary condition

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

2

By integration of these equations one obtains the formal expression

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

2

Let us now make a change in the potential. The equations for the evolution operator then become:

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

2

with boundary condition

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

2

The solution to these equations is

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0

Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0

δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)

δΨ(t0) = 0

iδΨ

iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉

i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

2



  

〈Ψ0|n̂(r)|Ψ0〉 = 〈Φ0|n̂(r)|Φ0〉
〈Ψ0|∇ · ĵ(r)|Ψ0〉 = 〈Φ0|∇ · ĵ(r)|Φ0〉

∆v0(r) → 0 (r →∞)

∇ · (n0(r)∇∆v1(r)) = −∆q1(r)−∇ · (n1(r)∇∆v0(r))
= i〈Ψ0|[q̂(r), Ĥ(t0)]|Ψ0〉 − i〈Φ0|[q̂′(r), Ĥ ′(t0)]|Φ0〉 − ∇ · (n1(r)∇∆v0(r))

v′
0(r) = v0(r)−∆v0(r)

v′
1(r) = v1(r)−∆v1(r)
. . .

v′
k(r) = vk(r)−∆vk(r)

v′(rt) =
∑

k

1
k!

v′
k(r)(t− t0)k

(Ψ0 = Φ0, Ŵ = Ŵ ′) =⇒ ∆vk(r) = 0
Ŵ ′ = 0

=⇒ Lan = 0 =⇒ an(t) = 0
δA = 0 =⇒ (i∂t − Ĥ(t))Ψ(t) = 0

(n, Ψ0) → Ψ[n, Ψ0](t)
δΨ(t0) = 0

iδΨ
iδv

Ã[v] = −A[n] +
∫

d3rdt n(rt)v(rt)

δÃ

δv(rt)
= −

∫
δA

δn

δn

δv
+

∫
δn

δv
v + n = n(rt)

t′ > t

|Ψ(t)〉 = Û(t, t′)|Ψ(t′)〉
i∂tÛ(t, t′) = Ĥ(t)Û(t, t′)
i∂t′Û(t, t′) = −Û(t, t′)Ĥ(t′)

Û(t, t) = 1
i∂tδÛ(t, t′) = δV̂ (t)Û(t, t′) + Ĥ(t)δÛ(t, t′)
i∂t′δÛ(t, t′) = −Û(t, t′)δV̂ (t′)− δÛ(t, t′)Ĥ(t′)

δÛ(t, t) = 0

U(t, t′) = T exp(−i

∫ t

t′
dsĤ(s))

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

2

We know take the perturbation of the form

Then

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

3

In other words, if we define

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

3

Then

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

3

This is not quite what we wanted, since the density is given by

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t

t0

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t

t0

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t

t0

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t

t0

3

We define a time contour parametrized by an underlying pseudotime 

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

3

L.V.Keldysh, Sov.Phys. JETP, 20, 1018 (1965),  P.Danielewicz, Ann.Phys.(NY) 152, 239 (1984)



  

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

3

We further define the contour-ordered evolution operator as

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

3

We further define the action as

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

3

then its derivative evaluated at a physical potential (equal on forward and backward part of the contour) is

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

3

This functional can be used to derive the time-dependent Kohn-Sham equations.

For its second derivative we obtain:

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

3



  

What about the causality-symmetry problem?

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉

3

The contour-ordered response function has the form

We calculate the density change due to a physical perturbation

where the retarded response function is given by

The response functions are symmetric in the contour time variables but become retarded
functions when acting in physical time 
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Fig. 1. – Keldysh contour. The forward and backward parts of the contour are on the real axis
but are plotted slightly off this axis to display the two branches more clearly.

derive the boundary conditions that G satisfies. If we consider the Green function at
t1 = t0 − iβ and use the cyclic property of the trace we find

G(x1t0 − iβ, 2) =
1
i

Tr
{

ψ̂(x1)Û(t0 − iβ, t2)ψ̂†(x2)Û(t2, t0)
}

Tr
{

Û(t0 − iβ, t0)
}

=
1
i

Tr
{

Û(t0 − iβ, t2)ψ̂†(x2)Û(t2, t0)ψ̂(x1)
}

Tr
{

Û(t0 − iβ, t0)
} = −G(x1t0, 2).(12)

The Green function defined in Eq. (11) therefore obeys the boundary condition G(x1t0, 2) =
−G(x1t0 − iβ, t2). The property G(1,x2t0) = −G(1,x2t0 − iβ) for the other argument
is likewise easily verified. These boundary conditions are sometimes referred to as the
Kubo-Martin-Schwinger conditions [9, 10, 2]. Similar boundary conditions are satisfied
by the usual equilibrium temperature Green function which, in fact, is obtained for the
special case where the time arguments are located on the contour along the imaginary
axis t0 to t0 − iβ, where the Hamiltonian is time-independent.
Higher-order Green functions can now be generated by higher-order differentiation of
the action. For instance the second derivative of the action functional defines the linear
transport coefficient L,

(13)
δG(1, 2)
δu(4, 3)

∣∣∣∣
u=0

= −G2(1, 3, 4, 2) + G(1, 2)G(3, 4) = −L(1, 3, 4, 2),

where the two-particle Green function is defined according to

(14) G2(1, 2, 3, 4) =
1
i2

Tr
{

Û(t0 − iβ, t0)TC

[
ψ̂H(1)ψ̂H(2)ψ̂†

H(3)ψ̂†
H(4)

]}
Tr

{
Û(t0 − iβ, t0)

} .

Conserving approximations R.van Leeuwen and N.E.Dahlen
(vol.157, "Enrico Fermi" School of Physics, 2004)

The nonequilibrium Green function is defined as

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉
G(1, 2) = −i〈TCψ̂(1)ψ̂†(2)〉

3

and satisfies the equations of motion

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉
G(1, 2) = −i〈TCψ̂(1)ψ̂†(2)〉

(i∂t1 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 Σ(1, 3)G(3, 2)

(−i∂t2 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 G(1, 3)Σ(3, 2)

3

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉
G(1, 2) = −i〈TCψ̂(1)ψ̂†(2)〉

(i∂t1 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 Σ(1, 3)G(3, 2)

(−i∂t2 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 G(1, 3)Σ(3, 2)

G(x1t0 − iβ, 2) = −G(x1t0, 2)
G(1,x2t0 − iβ) = −G(1,x2t0)

3

with the Kubo-Martin-Schwinger boundary conditions

The Green function satsifies the macroscopic conservation laws of energy, number and
(angular) momentum whenever the self-energy is Phi-derivable:

G.Baym, Phys.Rev.127, 1391 (1962)

δÛ(t, t′) = −i

∫ t

t′
ds Û(t, s)δV̂ (s)Û(s, t′)

δV̂ (t) =
∫

d3r n̂(r)δv(rt)

〈Ψ0|δÛ(t1, t0)|Ψ0〉 = −i

∫ t1

t0

dt

∫
d3r 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉δv(rt)

Ã[v] = i〈Ψ0|Û(t1, t0)|Ψ0〉
δÃ

δv(rt)
= 〈Ψ0|Û(t1, t)n̂(r)Û(t, t0)|Ψ0〉

n(rt) = 〈Ψ(t)|n̂(r)|Ψ(t)〉 = 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉
t(τ)

t0 = t(τi) = t(τf )

Û(τf , τi) = TC exp(−i

∫
C

dt Ĥ(t))

Ã[v] = i ln〈Ψ0|Û(τf , τi)|Ψ0〉
δÃ[v]
δv(rτ)

=
〈Ψ0|Û(τf , τ)n̂(r)Û(τ, τi)|Ψ0〉

〈Ψ0|Û(τf , τi)|Ψ0〉
= 〈Ψ0|Û(t0, t)n̂(r)Û(t, t0)|Ψ0〉

δ2Ã

δv(r1t1)δv(r2t2)
= −i〈Ψ0|TC∆n̂H(r1t1)∆n̂H(r2t2)|Ψ0〉 = χ(r1t1, r2t2)

χ(1, 2) = θC(t1, t2)χ>(1, 2) + θC(t2, t1)χ<(1, 2)

δn(1) =
∫

C
d2 χ(1, 2)δv(2)

=
∫ t1

t0

d2 χ>(1, 2)δv(2) +
∫ t0

t1

d2 χ<(1, 2)δv(2)

=
∫ t1

t0

d2 (χ>(1, 2) − χ<(1, 2))δv(2)

=
∫

d2 χR(1, 2)δv(2)

χR(1, 2) = θ(t1 − t2)(χ>(1, 2) − χ<(1, 2)) = −iθ(t1 − t2)〈Ψ0|[n̂H(1), n̂H(2)]|Ψ0〉
G(1, 2) = −i〈TCψ̂(1)ψ̂†(2)〉

(i∂t1 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 Σ(1, 3)G(3, 2)

(−i∂t2 − h0(1) − vH(1))G(1, 2) = δ(1, 2) +
∫

C
d3 G(1, 3)Σ(3, 2)

G(x1t0 − iβ, 2) = −G(x1t0, 2)
G(1,x2t0 − iβ) = −G(1,x2t0)

Σ(1, 2) =
δΦ

δG(2, 1)

3

well known Phi-derivable schemes:
Hartree-Fock, GW, T-matrix 



  

The Sham-Schlüter equation R.van Leeuwen
(Phys.Rev.Lett.76, 3610 (1996))

The Kohn-Sham Green function satisfies the equations of motion
Σ(1, 2) =

δΦ
δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

4

Σ(1, 2) =
δΦ

δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

4

We can then derive

Σ(1, 2) =
δΦ

δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

G(1, 2) = Gs(1, 2) +
∫

C
d3d4 Gs(1, 3)(Σ(3, 4)− vxc(3)δ(3, 4))G(4, 2)

4

Since the true and Kohn-Sham Green function give the same density we have

Σ(1, 2) =
δΦ

δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

G(1, 2) = Gs(1, 2) +
∫

C
d3d4 Gs(1, 3)(Σ(3, 4)− vxc(3)δ(3, 4))G(4, 2)

n(1) = −iG(1, 1+) = −iGs(1, 1+)∫
C

d2 Gs(1, 2)G(2, 1)vxc(2) =
∫

C
d2d3 Gs(1, 2)Σ(2, 3)G(3, 1)

4

and therefore

Σ(1, 2) =
δΦ

δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

G(1, 2) = Gs(1, 2) +
∫

C
d3d4 Gs(1, 3)(Σ(3, 4)− vxc(3)δ(3, 4))G(4, 2)

n(1) = −iG(1, 1+) = −iGs(1, 1+)∫
C

d2 Gs(1, 2)G(2, 1)vxc(2) =
∫

C
d2d3 Gs(1, 2)Σ(2, 3)G(3, 1)

4

If the selfenergy in this expression is Phi-derivable then the xc-potential satisfies the
zero-force theorem.

Σ(1, 2) =
δΦ

δG(2, 1)

(i∂t1 − hs(1))Gs(1, 2) = δ(1, 2)
(−i∂t2 − hs(1))Gs(1, 2) = δ(1, 2)

Gs(x1t0 − iβ, 2) = −Gs(x1t0, 2)
Gs(1,x2t0 − iβ) = −Gs(1,x2t0)

G(1, 2) = Gs(1, 2) +
∫

C
d3d4 Gs(1, 3)(Σ(3, 4)− vxc(3)δ(3, 4))G(4, 2)

n(1) = −iG(1, 1+) = −iGs(1, 1+)∫
C

d2 Gs(1, 2)G(2, 1)vxc(2) =
∫

C
d2d3 Gs(1, 2)Σ(2, 3)G(3, 1)∫

d3r n(rt)∇vxc(rt) = 0

4



  

Conclusions and outlook

- The Runge-Gross theorem can be extended and an explicit construction    
procedure  for the time-dependent xc-potential can be given.

- Invertibility of the density response  for all Laplace-transformable 
switch-on potentials can be proven.

-Subtle difficulties with the TDDFT action can be avoided by the 
introduction of a Keldysh or contour action.

-Using nonequilibrium Green functions conserving approximations for the
 xc-potential can be constructed.

New developments:

- Combination of nonequilibrium Green function and time-dependent density 
 functional theory for transport     
 (see also G.Stefanucci, C.-O.Almbladh, Phys.Rev.B69,195318,(2004))

-Development of a multicomponent density-functional theory for 
coupled dynamics of electrons and nuclei   (Berlin collaboration)


