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Measurements of phonon dispersion relations:
Laser Raman only allows in first order measurements of phonons close to the
center of the Brillouin zone. In second order (two phonons) k1 + k2 ~ 0, bands are
seen which mimic the density of two-phonon state (x matrix elements)
INS full Brillouin zone, takes time, large samples, good resolution ( < 1cm-1)
IXS poor resolution (~ 5 cm-1) but small and neutron absorbing samples possible
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IXS examples of (poor) resolution for a GaN samples
(a few mm) T. Ruf et al., PRL 86, 906 (2001).

IXS results for GaN (dots) compared with
Ab initio calculations by Pavone et al, renormalized by a factor of 0.97 (temperature?)

1cm-1 = 0.124meV
1meV= 8 cm-1
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Information on phonon-phonon effects can be obtained either
from the temperature dependence or from isotope effects at T=0

Natural Abundance of some Stable Isotopes
Carbon

12

C 99%; 13C 1%;

14

Silicon

28

Si 92%; 29Si 5%; 30Si 3%

C unstable (dating) ;

Nitrogen 14N 99.6% ; 15N 0.4%

Germanium 70Ge 22%; 72Ge 28%; 73Ge 8%, has nuclear magnetic moment I = 9/2; 74Ge 35%;

76

Ge

6%
Tin (gray)

112

Sn 1%; 114Sn 0.6%; 115Sn 0.4%;

119

Sn 24.2%; 120Sn 32.6%;

122

116

Sn 14.3%; 117Sn 7.6%; 118Sn 24.2%

Sn 4.7%; 124Sn 5.8%

Copper

63

Cu 69.2%; 65Cu 30.8% nuclear magnetic moment

Chlorine

35

Cl 75.8%; 37Cl 24.2%

Zinc

64

Zn 48.6%; 66Zn 27.9%; 67Zn 4.1%; 68Zn 18.8%

Sulfur

32

S 95.2%; 33S 0.75%; 34S 4.21%; 36S 0.02%

“

“

“
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A single crystal of 29Si (5% natural isotopic abundance) grown by
VITCON (Germany, Dr.Pohl) from 29Si separated in Russia by
EFFECTRON (Moscow, Zelenogorsk)
Because of its nuclear spin, 29Si has been suggested for the realization
of quantum bits [T.D. Ladd et al., PRL 89, 017901 (2002)]

1 cm
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113Cd

is a very strong neutron absorber: no INS measurements possible
in natural (12% 113Cd) CdS and CdSe crystals (wurtzite structure).
One can make crystals with 114Cd or 116Cd instead).
The small GaN crystal (also wurtzite) was used for inelastic x-ray
scattering: T.Ruf et al., PRL 86, 906 (2001)
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CdS (wurtzite structure) has 4 atoms per primitive cell. At the Γ point the eigenvectors of most
Modes are not determined by symmetry. For example for the Raman-active E2 modes: there are
Two of them and they mix. The mixture coefficient can be determined by measuring frequency
shifts for various isotopes: pure stable isotopes of Cd and S are available, „ isotopic“crystals
Have been grown and measured by Raman.

S
Cd
42 cm -1

Few reliable data (exp. as well as
calc.) in literature about
eigenvectors. Correct calculated
frequencies do not mean correct
eigenvalues: for each of N
frequencies (N atoms/primitive cell)
there are N3 eigenvalue
components.

E2

256 cm -1

The eigenvectors of these Ee modes are determined by the ratio of the Cd to the S displacements is obtained by isotopic substitution.
We need only one ratio, and we have two
isotopes: problem overdetermined.



Measured
eCd = 0.645; eS= -0.290
Ab initio calculated = 0.641;
= -0.298



J.M. Zhang et al., Proc.23rd ICPS, Berlin,
1996
(World Sci., Singapore, 1996)pp 201-204
Measured (next plate) eCd = 0.290; eS= 0.645
Ab initio calculated
= 0.641 = 0.298

256 cm-1

42 cm-1
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CdS Phonon dispersion relations:In. Neutron Scattering
A.Debernardi et al. Solid State Comm. 103, 297(1997)

Natural Cd has 113Cd,
the strongest neutron
absorber. Hence, till this
work no dispersion relations of CdS, the canonical wurtzite-type material
available. These INS measurements were performed
with 114CdS which does not absorb neutrons.

8

Harmonic Phonons are usually labeled as particles because:
They each have a well defined frequency ω (i.e. energy ω)
which is a function of a well defined wavevector k . The dispersion relations ω ( k ) have, within the Brillouin zone, 3N
branches, where N is the number of atoms per primitive cell. In
an inelastic scattering process (involving e.g. photons or
neutrons) the sum of wavevectors k is conserved.
Many-body interactions blurr the particle energy giving it
an uncertainty ( width) ω and a lifetime τ related by:

τ. ω = 1
where ω represents the full-width at half-maximum. The
wavevector k is exactly defined and not blurred.
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In many body theory one describes the half-width at full
maximum ω /2 by the imaginary part of a SELF ENERGY Σ :

ω /2 = -Σi ;

Σ = Σr + i Σi

The real part of the self energy Σr effects a renormalization
(shift) in the phonon frequency for a given k
The self energies Σr and Σi can be calculated using the
appropriate Feynman diagrams. We discuss next
the effects of anharmonicity, isotopic disorder, and for
metals and superconductors, electron-phonon interaction.
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Effects of Anharmonicity and Isotopic Composition on Phonons
1.Effects of (average) isotopic mass: trivial but useful.
isotope effect in superconductivity
k

Tc ~M-α; α~ 0.3 for MgB2
Bud‘ko et al, PRL(2001); B-doped diamond?

 M isot . 

2.Anharmonicity:
Thermal expansion, thermal conductivity,
Phonon linewidths and lifetimes
3.Effects of isotopic disorder (Mass fluctuations):
violation of k- conservation,
phonon lifetimes (linewidths),
thermal conductivity
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Feynman diagrams for the phonon self-energy
Induced by:

Σ=Σr+ iΣi

anharmonicity

Σ=0

Σ=Σr+ iΣi

Mixture of isotopes
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Friedl et al., PRL 65, 915 (1990)

B1g Raman phonon of (a) ErBa2Cu3O7 and
YBa2Cu3O7 below (10K) and above the
superconducting critical temperature Tc

Feynman diagram for the phonon self-energy
induced by electron-phonon interaction in a metal
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Interaction of phonons with crystal field excitations in high Tc superconductors:
Nd Ba2 Cu3 O7 (phonon mixes with discrete electronic excitation)
E.T. Heyen et al., PRB 44,10195 (1991)
Crystal-field spplitting scheme for Nd 4f3
states

With increasing T both initial and
Final crystal field states equaly occupied
And coupling to the phonon vanishes
B1g phonon of CuO2 planes
Crystal field
Excitation in Nd3+
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S-H. Pan et al., Z. Phys. B 101, 587 (1996)
Fano interference in intrasubband Raman
Scattering of semiconductor superlattices

I ( , q ) 
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_

Bare phonon

_

Electronic excitations
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Fano interference between Raman phonon of silicon and intervalence bands
transitions in boron-doped silicon
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Cerdeira, Fjeldly and Cardona, PRB 8, 4734 (1973)
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Raman spectra of phonons in Ge with different isotopic compositions at T=0
Zhang et al. PRB 57, 1348 (1996)
70

76

74

76

Ge Ge

72

70

 0. 8cm-1

 .  = 1
phonon lifetime

To a good approximation the frequencies are given by:



k
M 

where <M> is the average phonon frequency.
In 70/76 Ge the separate 70 and 76 frequencies are not seen. Only the average: no localization
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Nonlocalized vs. localized Raman modes in
Germanium,diamond, no
isotopically mixed crystals:
localization
12C 13C
12C
12
0.5
0.5
Pure C
13C

12C 13C
59
1

12C 13C
58
2

12C

C60
13C

Fullerene, localization, separate modes involving
the average masses of the various spheres with
statistical distribution : one 13C atom out of 60
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Raman spectra of phonons in Ge with different isotopic compositions at T=0
Zhang et al. PRB 57, 1348 (1996)
70/76

76

74

Ge

72
70

 0. 8cm-1

 .  = 1
phonon lifetime

To a good approximation the frequencies are given by:
where <M> is the average phonon frequency.



k
M 

In 70/76 Ge the separate 70 and 76 frequencies are not seen. Only the average: no localization
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Full width at half maximum (FWHM)  for germanium with different isotopes
Zhang et al., PRB 57, 1348 (1998)

70/76

Ge

Broadening by isotopic disorder small. Why?

M-1

-2i =  =  |M|2 Nd ()
Fermi’s golden rule
Nd ()

Nd = 0
Anharmonic
broadening: Nd  0


Zero supressed
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Decay time of Raman phonon in natural germanium: time dependent spectroscopy

One k=0 phonon decays into two, with equal
And opposite k’s in time  M

frequency

Natural Ge

Wavevector k

H.Fuchs et al PRB 44, 8633 (1991)

.1
 = 2c .(0.8 cm-1 ) = 15x1010 sec-1 ;  = (1/ ) = 7 psec
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 .  = 1

Perfect harmonic phonons have
a well defined energy for
a given wave-vector k:
Infinite lifetime , zero linewidth.
Because of anharmonicity,
defects, isotopic disorder
etc, they broaden and
acquire a finite lifetime .
Anharmonic broadening
Increases with increasing T
but does not vanish even for
T=0 (zero point renormalization)

Raman spectra of k=0 phonons
of gray tin (a diamond-like semiconductor)
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Linewidths of silicon and diamond vs. isotopic disorder
Widulle SS Commun 118, 1 (2001)

Silicon

Spitzer SSCommun. 88, 509 (1993)

WHY?
Diamond
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Broadening of the Raman phonons of Si, Ge, -Sn and ZnSe
by isotopic disorder: Schematic diagrams
Nd (R) =0

LO; Nd (LO) =0
TO; Nd 0

Nd (R) 0
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Linewidths of silicon and diamond vs. isotopic disorder
Widulle SS Commun 118, 1 (2001)

Silicon

Spitzer SSCommun. 88, 509 (1993)

WHY?
Diamond
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Broadening of the Raman phonons of Si, Ge, -Sn and ZnSe
by isotopic disorder: Schematic diagrams
Nd (R) =0

LO; Nd (LO) =0
TO; Nd 0

Nd (R) 0
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Broadening of TO phonons of zincblende-crystals by isotope disorder
Göbel et al., PRB59, 2749 (1999)
LO
natural

TO

68Zn 76Se

Natural Zn: 64Zn (49%), 66Zn (28%),
67Zn (4%), 68Zn (19%), 70Zn (0.6%),
Natural Se: 74Se (1%), 76Se (9%), 77Se (8%), 78Se (24%),
78Se (50%), 82Se (9%),
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EFFECT of PRESSURE and ISOTOPIC MASS on LINEWIDTH:
:
Si, Ge, diamond
0
TO

2

1

TA

(2)(0)

0 = 1 + 2
k0 = k1 + k2

Full width at 1/2 maximum 

 =  | Ma |2 (2)(0 )

Germanium, Silicon,Diamond
different isotopes, mass Mi
TA +TO
-1/2
M
M-1/2

o

pressure
0

The isotope effect should be rather small since both
initial and final states shift similarly with Mi
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Pressure dependence of Raman linewidths of Si and Ge

The dashed lines represent ab initio calculations
(Debernardi et al, PRL 75, 1819(1995). They represent
well the measured pressure dependence for Ge. For Si
the calculated line must be slightly modified by hand:
see
line .

C.Ulrich et al., PRL 78, 1283(1997)
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DIATOMIC CRYSTALS, e.g. GaP (zincblende)
ZnO (wurtzite)
Raman phonon: reduced mass= (Mc . Ma)/ (Mc +Ma)
(Reduced massmass of light element)-1/2
M -1/2 of heavy and light element

TA+TO O
or TA +LA
If we decrease the mass of the gallium or the
zinc isotope the width should increase. It is similar
to the effect of pressure which increases Raman
frequency and decreases TA frequency.

Wurtzite has 4 atoms per primitive cell. The BZ is
folded and there are 9 optical modes at k=0, 7 of them
Raman active. Hence more possibilities to see effects
on linewidths.
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Effect of pressure on linewidth of Raman phonons in GaP
S.Ves et al., pss(b) 223,241(2001)
With increasing pressure the TO line moves away from the 2-phonon density
of states and sharpens up
TO
pressure
LA + TA
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Anomalous TO phonons of CuCl: under pressure they become normal
similar to GaP but stronger anomaly
C.Ulrich et al. PRL 82, 351 (1999)

Al Si P S Cl
Cu Zn Ga Ge As Se Br
Similar effects are observed in CuBr but the anomaly
occurs fotr the LO phonon
Manjón et al., PRB 64, 64301 (2001)
Also, more recently such anomalies have been
observed for TO phonons in ZnS
Serrano et al PRB 69, 014301 (2004)
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The “folded” E2high Raman modes of ZnO have widths strongly
dependent on isotopic masses(wurtzite structure, (ZnO)2 per prim.cell.).
E2high
68Zn18O

O

O

low
E
2
O

O

E2low
The E2low modes are very sharp at low T because the corresponding DOS is low
~ 0.1 cm-1: measurements in time domain
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Dependence of width of E2 phonons of ZnO on M(Zn), M(O),pressure
Eigenvector E2high

Zn

Two-phonon DOS

O

TA+LA

E2high
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Lifetime and width of E2low phonon of ZnO measured in the timedomain by impulsive generation of the phonons with 70 fs pulses
C. Aku-Leh et al., PRB 71, 205211 (2005)

Raman lineshape (arb. units)

Natural ZnO

Fourier transform

98.5

-1

99.5 cm

99.0

T = 292 K
T = 107 K

0.05 cm-1

T = 52 K
T=5K
2.95

2.96

2.97

2.98

2.99

Frequency (THz)

The measured width of 0.05 cm-1( T=5K) is due fully to isotope disorder.
With increasing T an anharmonic contribution appears: creation of one
35
phonon plus destruction of a temperature excited one

 r   

SELF-ENERGY: anharmonic or isotope disorder perturbations
Imaginary part of self energy i = -i (FWHM)/2 = |M|2 Nd()
represents broadening or lifetime of phonon
The existence of an imaginary self-energy implies a real part of the
self energy r , which corresponds to a shift repect to harmonic
frequency:
2

´| M ( , ´) |
 r ( )  2 
N d (´)d´
2
2
  ´

Second order perturbation theory:

} ´

 = r
Repulsion by |M|2

Repulsion by |M|2

 = r
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Experimental determination of r due to isotopic disorder in
diamond and silicon

Isotope disorder
shift 4 cm-1

Anharminic shift

Isotope disorder
shift 1 cm-1

Anharmonic
shift

Spitzer et al., S.S.Commun. 88,509 (1993); Widulle et al., S.S.Commun. 118,1(2001)

The isotopic disorder pushes the Raman frequencies up because
(most of) the interacting intermediate states lie below these frequencies
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Real and imaginary parts of the phonon self energies vs. T at the X point of the BZ
of isotopically pure germanium (J. Kulda et al., PRB 69, 045209 (2004))
as measured by the Neutron Spin Echo Technique (F.Mezei, Z.Phys 255 146 (1972))
Calculations by LDA perturbation theory
First derivative in second order
1GHz= 0.033cm -1
Second derivative
in first order

0.33 cm-1

Thermal
expansion

Notice that the zero-point width is ~ 0
No sum of two phonons, only difference
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Zero-point renormalization of phonon frequencies, elastic constants,
bulk moduli… : SILICON
 0   0  A

1
1

B
M 1/ 2
M

Harmonic
term

Measurements of different isotopes of Si allow a determination of A and B, i.e., of the zero point renormalization
0=(B/M)= -5.4 cm-1

Anharmonic
term

530.2 cm -1 obtained from linear extrapolation.
A recent ab initio HARMONIC calculation by
Sanati and Estreicher gives 0= 531 cm-1. We must
compare it with the experimental HARMONIC term.
It looks then excellent. It looks somewhat worse when
compared with the full (harmonic+anharmonic) data.
The black line is a fit with (T)= o-(T=0)[ 1+ nB(1) + nB(2)]
where 1 and 2 are two average frquencies to be adjusted.
For the T-dependence of  we must take 0= 1 + 2 but not for shift.

-5.8 cm-1

Again, ab initio
calculators beware
when comparing
with measurements
39
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CONCLUSIONS
We have reached a good understanding of isotopic and anharmonic
self-energies of Raman phonons ( k~ 0) of semiconductors.
.

These are a small subset of all phonons throughout the Brillouin
zone: very little information is available for k0.
.

Neutron scattering and IXS is rather limited for these studies because
of poor resolution ( 5 cm-1).
Measurements in the time domain and the technique of neutron spin
echoes [Kulda et al., PRB69,045209(2004)] may help in the future.
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