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ABSTRACT: We perform a theoretical study of an atomically thin, two-dimensional layer
obtained by positioning atoms at the vertices of the classical Pythagorean tiling. This leads to an
unusual geometrical pattern that is only stable for the three halogens Cl, Br, and I. In this
Pythagorean structure, halogen atoms are arranged in strongly bound diatomic units that bind
together by weaker electrostatic bonds. The energy of these phases is competitive with those of
the low-temperature phase of the halogens and the two-dimensional layer obtained by exfoliating
it. The Pythagorean layers are semiconducting, with an unusual band structure composed of very
mobile holes and extremely heavy electrons. They are also soft, exhibiting small values of the
elastic constants and a very low energy flexural mode. Analysis of the allowed Raman transitions
reveals breathing-like modes that might be used to fingerprint, experimentally, the Pythagorean
structure. Finally, we present a series of substrates that, due to lattice matching and compatible
symmetry, can be used to stabilize these peculiar two-dimensional layers.

Two-dimensional (2D) tessellation consists of tiling a
plane with one or more non-overlapping closed shapes.

They emerged as expressions of artistic design from ancient
civilization such as Sumerian, Roman, or Islamic, and their
abstract beauty was quickly put to work to decorate floors or
walls. Later on, tessellations fascinated mathematicians that
organized, classified, and described their abstract properties.
More recently, the 2D world opened up to physics with the
remarkable discovery of graphene.1 The tessellation corre-
sponding to graphene is the simple regular hexagonal tiling of
the Euclidean plane, but 2D systems exhibiting other patterns
have either been discovered experimentally (see, e.g., refs 2 and
3) or proposed theoretically (see, e.g., refs 4−10). Interest-
ingly, this includes not only periodic tilings of the plane but
also aperiodic ones, like the 2D quasicrystals discovered in the
BaTiO3 system deposited on noble metals.11

Here we will be concerned with one such tessellation, the
Pythagorean tiling. It is composed of two different squares that
share one side and can be found all over the world in kitchen
or garage floors. The origin of the name comes from its use in
early proofs of Pythagoras’ theorem by the ninth-century
Islamic mathematicians Al-Nayrizi and Thabit ibn Qurra. By
placing an atom at each of the vertices of the squares, we can
describe the atomic system as a square lattice with four
equivalent atoms in the unit cell, each cell containing one large
and one small square (see Figure 1). Like graphene, these
monatomic layers are completely flat.
A quick look at the Pythogorean tiling immediately reveals

the difficulty of realizing such a system with only one chemical
species. In fact, each atom has exactly three neighbors, with the
three bonds making right angles to each other. We do not
expect that such an arrangement can be stable for metallic

elements, which usually prefer much more isotropic arrange-
ments. To prove this, we constructed free-standing Pythagor-
ean tilings for all metallic elements and fully relaxed the
geometry. In all cases, the structure was highly unstable,
leading to more conventional geometries, such as hexagonal or
square lattice. Most of the non-metallic elements also resulted
in unstable phases, with one notable exception: the halogens
Cl, Br, and I. These exotic 2D Pythagorean layers composed of
halogens are the topic of this Letter.
The most characteristic aspect of the halogen group of

elements is certainly their tendency to form diatomic
molecules, a consequence of their high electronegativity.
Depending on the context, for instance, inside carbon
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Figure 1. Pythagorean tiling decorated with halogen atoms (in
brown) viewed from above (left). The halogen 2D Cmca structure
(right). The 2D layers are completely flat.
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nanotubes, the halogen molecules tend to arrange in atomic
linear chains,12 following zigzag or spiral geometries,13 or
polyanion Xn

− chains, X being one halogen and n > 2.14 The
higher polyhalide anions with n = 5, 7, 8, or 9 are characterized
by the almost universal occurrence of bond angles close to 90°
or 180°.
Another important characteristic of halogens is their

tendency to form planar bulk structures, where diatomic
molecules are arranged in 2D layers. These compounds (such
as the low-temperature orthorhombic Cmca phase of Cl2, Br2,
and I2) have molecular structures with a well-defined
interatomic distance and, as noted long ago, cannot be
explained as purely van der Waals crystals.15 The in-plane
organization of halogens in the Cmca phase can be seen as
parallel-connected zigzag chains, which may be explained in
terms of a Peirls distortion16 defining intra- and intermolecular
interactions. The failure of a Lennard-Jones model for the
intermolecular interactions augmented with quadrupole terms
in explaining these systems led to postulating that weak
intermolecular bonding is present.15,17 In the work of Williams
and Hsu,18 it was suggested that a weak, highly directional,
exclusively intermolecular binding force is the key ingredient
for explaining the Cmca structure of chlorine. This model
effectively considers the halogen atoms to be polarizable,
leading to an attractive intermolecular interaction when
regions of opposite polarization from different molecular
units are aligned. This interaction is a special case of what
came to be known as the σ-hole interaction,19,20 with the
difference that a heavy halogen atom can behave as either a
nucleophile or an electrophile, depending on the directionality
of the interaction. This picture was unequivocally confirmed by
the analysis of experimental data, more than 20 years after the
publication of the Williams and Hsu model, of hexachlor-
obenzene crystals.21

One way of obtaining 2D halogen structures is the formation
of adsorbed halogen monolayers on metallic surfaces.22 Such
an approach is not likely to yield 2D surface superstructures of
adsorbed halogen molecular diatomics. The examples of
dissociative adsorption of halogen diatomics on metal surfaces
are ample.23−25 Owing to the electronegativity of halogens,
halogen−metal interactions are rather ionic, for the most part
at least.26 Charge transfer from the substrate to the adsorbed
halogen atoms creates permanent dipoles, which result in an
effective repulsive interaction between them. Moreover, these
dipole−dipole interaction potentials are considerably stronger
when compared to their analogues in vacuum.27 It is worth
noting that, at low coverage, halogens on metal surfaces can
form chain-like structures and porous quasi-hexagonal super-
structures. However, in these structures the halogen−halogen
distances are much larger than the typical molecular bond
length.
In Table 1 we present the geometrical parameters of the

Pythagorean lattice stemming from a structural relaxation with
the PBEsol28 approximation to the exchange-correlation
density functional. This functional is known to yield results
that correct, to a large extent, the underbinding of the more
standard Perdew−Burke−Ernzerhof (PBE) functional,32 lead-
ing therefore to geometries in much better agreement with
experiment.33 We show the results for Cl, Br, and I, as the
Pythagorean tiling of F turns out to be unstable, deforming to a
completely different atomic arrangement. All structures exhibit
two different atomic bonds with different bond lengths. A
structural model is shown in Figure 1. The shortest (and

strongest) bond is along the side of the large square, while the
longest forms the small squares. The ratio between the two
sides increases slightly on going from Cl (ratio 1.72) to Br
(1.82) to I (1.86). Comparing the shortest bond lengths to
their gas-phase counterparts, Cl2 (1.99 Å), Br2 (2.29 Å), and I2
(2.66 Å), we see that we can view the structure as being
formed by diatomic units bound by a somewhat weaker
interaction.
To shed some light on the nature of the bonding in the

Pythagorean structure, we plot in the left panel of Figure 2 the

difference between the valence charge and the sum of the
atomic valence charges for the Pythagorean tiling of Br. We can
see a clear indication of covalent bonding of the diatomic units,
characterized by an enriched charge density near the midpoint
between the atoms, associated with a depletion (enrichment)
of charge density in the proximity of the nuclei along
(perpendicular to) the bonding axis. The molecular Br2
units, on the other hand, are held together through weak
intermolecular electrostatic interactions between charge-rich
and charge-poor regions. The electron localization function
(ELF) shown in the right panel of the figure supports this
conclusion, as it exhibits clear localization between the
covalently bonded atoms. The values for the ELF near the
bond center are below 0.7, which is typical of a halogen
diatomic. In the isolated Br2 molecule, the lone pairs are highly
localized and exhibit localization domains enclosed by the
surface of a torus around each atom, resulting from degenerate
ELF attractors arranged on a ring around each atom. Similarly,
for our system we observe large values of the ELF near the
atoms due to the strongly localized lone pairs of Br. However,
the corresponding localization domains take the form of
deformed tori. These deformations are a result of the Pauli
repulsion exerted by the strongly localized lone pairs in the

Table 1. Geometrical Parameters of the Pythagorean Tilings
of the Halogens Computed with the PBEsol
Approximationa

small side large side shortest bond

Cl 2.85 4.89 2.04
Br 2.93 5.34 2.41
I 3.25 6.06 2.81

aWe present the side of the small squares, the side of the large
squares, and the shortest bond length in the structure. All distances
are in Å.

Figure 2. Difference between the valence charge and the sum of the
atomic valence charges (left) and the electron localization function
(right) for the Pythagorean tiling of Br. On the left graph, red
indicates an increase and blue a decrease of electron density in the
layer with respect to the isolated atoms.
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surrounding diatomics. We remark that this compression of the
localization domains is a characteristic of physical binding.34

A very important question regards the thermodynamic
stability of the Pythagorean lattice, and therefore its formation
energy, measured with respect to the experimental low-
temperature phase of the halogens. A comparison to other
competing 2D structures is also important. Unfortunately, the
most common hexagonal or square tilings turn out to be highly
unstable for Cl, Br, and I, which is not surprising in view of the
tendency of halogens to form diatomic molecules. It turns out
that a low-energy 2D structure can be easily “exfoliated” from
the Cmca bulk geometry, with a rectangular lattice with four
atoms in the unit cell. This is, however, dynamically unstable
across the Brillouin zone, leading to buckling of the layer. This
geometry again shows dynamical instabilities at the X-point of
the 2D Brillouin zone. They lead, however, to small
deformations and to a minute decrease of the energy of the
structure, so for simplicity we chose to use the four-atom
primitive cell for comparing to our Pythagorean tilings.
In Table 2 we show the energies of the free-standing

Pythagorean tiling computed with different approximations to

the exchange-correlation functional of density functional
theory. The zero reference of the energy is the bulk Cmca
phase. In the first column we present results obtained with the
PBE functional,32 arguably the most used approximation in
materials science, and in the second column with PBEsol.28

The next column shows energies calculated with the strongly
constrained and appropriately normed (SCAN) meta-general-
ized gradient approximation (meta-GGA),35 which is probably
one of the best all-round semi-local functionals that we have
currently at our disposal. In particular, it was recently shown

that SCAN leads to much better formation energies of bulk
phases when compared to PBE values.36 Finally, we have the
screened hybrid of Heid, Scuseria, and Ernzerhof of 2006
(HSE06),37 which is know to yield very accurate electronic
properties of solids, both metal and semiconductors, with a
wide range of band gaps.38,39 It has been noted before40 that
the PBE functional yields the erroneous energy ordering of Br
and I structures, a behavior that is corrected by meta-GGA and
hybrid functionals. The PBE and PBEsol energies were
calculated at the geometry obtained with the same functional.
On the other hand, SCAN and HSE06 calculations were
performed at the PBEsol geometry in order to overcome the
increased computational effort (in the case of HSE06) and
numerical stability issues (in the case of SCAN). A further
complication comes from the fact that the Pythagorean
structure has a dynamical instability for Br and I in the PBE
approximation in the M-point of the Brillouin zone. This leads
to a small deformation of the PBE geometry and a
corresponding decrease of the energy (indicated in parentheses
in Table 2). This instability is, however, absent from PBEsol.
The formation energies shown in Table 2 are all very small,

of the order of tens of meV/atom. We also see a considerable
dispersion of the results with respect to the different
approximations of the exchange-correlation functional of the
same order. We could expect this kind of behavior, as we are
well within the range of the typical errors of these
approximations. For example, the error of SCAN in the
calculation of formation energies of compounds of main-group
elements is of the order of 85 meV/atom, while the error of
PBE is 2.5 times larger.36 This is further complicated by the
existence of other effects neglected in the calculations, such as
the zero-point vibrational energy (in general, of the scale of 5
meV/atom41−44), ambient pressure effects (of the order of 1
meV/atom), the approximate geometries used, etc.
In spite of all these problems, we can nevertheless point out

some general behavior of the formation energies. First, all
functionals consistently yield the Pythagorean lattice as having
a lower energy than the Cmca 2D layer (see Figure 1), with a
difference of energy also of the order of 10 meV/atom.
Furthermore, this difference seems to be slightly larger for Br
and I than for Cl. Second, the Pythagorean layer seems to have
an energy comparable to that of the bulk Cmca structure.
We now turn to the electronic properties of the Pythagorean

lattice. The band structure for the Br system is plotted in the
left panel of Figure 3. We can see that, as expected, the
Pythagorean phases are semiconductors, with a band gap
calculated with the HSE06 functional of 3.16 eV for Cl, 2.19
eV for Br, and 1.63 eV for I. The conduction bands are highly

Table 2. Formation Energies (in meV/atom) Calculated
with Different Approximationsa

PBE PBEsol SCAN HSE06

Cl Cmca 2D 18 9 42 −2
Pythagorean 9 −6 38 −4

Br Cmca 2D 15 17 49 −5
Pythagorean −9 (−16) −3 29 −35

I Cmca 2D 13 34 55 −7
Pythagorean −9 (−10) 24 33 −44

aThe reference zero is taken as the bulk Cmca phase. The PBEsol,
SCAN, and HSE06 energies are obtained at the PBEsol geometry,
while the PBE values are obtained at the PBE geometry. In
parentheses in the PBE column are shown the formation energies
for the distorted PBE structure (see text).

Figure 3. Electronic band structure and density of electronic states calculated with the HSE06 functional on the PBEsol geometry for the Br
Pythagorean lattice, and absolute values of the Kohn−Sham states at the top of the valence (middle) and bottom of the conduction at Γ. The
Kohn−Sham states were normalized such that the maximum value in the right panel is equal to 1.
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localized and show very little dispersion across the Brillouin
zone. However, the valence bands are extremely dispersive
around Γ, leading to rather unusual heavy masses for the
electrons (4.0 me for Br) and light masses for the holes (0.7 me
for Br). We note that the occurrence of holes several times
lighter than the corresponding particles is a rather rare feature
in both the 2D and the 3D worlds. For the Br-based
Pythagorean system, the electron-to-hole effective mass ratio
me*/mh* amounts to ∼5.7. As a comparison, this ratio is ∼0.9
for both MoS2 and MoSe2, and ∼0.8 in the case of MoTe2 and
WS2.

45

To understand this peculiar behavior, we plot, in the middle
and right panels of Figure 3, the absolute values of the Kohn−
Sham states at the top of the valence and bottom of the
conduction at Γ. We can see that the bottom of the conduction
state has significant contributions inside the small squares but
is strictly anti-bonding in what concerns the Br2 units, with a
well-defined node at the middle of the bond. On the other
hand, the top of the valence exhibits elongated domains that
span two small and two large squares and that provide a
hopping mechanism for the holes in the Pythagorean structure.
These states also contribute to the polarization of the electron
cloud into the empty space in the large squares visible in both
the charge density and the ELF of Figure 2 and the weak
interactions between the different Br2 units.
In Table 3 we present the elastic constants of the

Pythagorean structures calculated with PBEsol. Due to the

4/m symmetry of the tiling, we have C22 = C11 and C16 =
−C26.

46 As we see, all structures fulfill the Born stability
criteria. Moreover, and as expected from the bonding analysis,
the elastic constants are very small (of the order of 5−10 N/
m), in particular when compared to those of strongly bonded
2D systems such as graphene (E ≈ 340 N/m62) or even
silicene (E ≈ 70 N/m47). This means that the Pythagorean
tilings can suffer elastic deformations at a small cost of elastic
energy. Clearly, this behavior is due to the weak bonds that
form the small squares of the structure, and that can be easily
stretched.
The phonon band structure of the bromine system

calculated with the PBEsol functional, together with the
corresponding density of phonon states, is plotted in Figure 4.
First, we observe that all phonon frequencies are real,
confirming the dynamical stability of the Br Pythagorean
structure. The two top bands are weakly dispersive and are due
to the vibration of the strongly bound Br2 units. The frequency
is downshifted with respect to the 320 cm−1 of the gas phase48

or the 295 cm−1 of the solid phase;49 it is , however, consistent
with that found, for example, in Br2 intercalated in graphite
(242 cm−1).50 The remaining phonon bands are at much lower
frequency (below 150 cm−1) and do not involve the stretching
of the strong Br2 units. The flexural mode29 has an extremely
low frequency, barely reaching 10 cm−1 at the X-point,
indicating the high flexibility of the Pythagorean tiling.

The optical phonon frequencies at Γ calculated with PBEsol
are listed in Table 4 for the Pythagorean tiling of Cl, Br, and I,

and the phonon eigenvectors are depicted in Figure 5. The
frequencies follow the expected decrease from Cl to I due to
the increased atomic mass. There are three optical phonon
eigenvectors that involve out-of-plane displacements. In the
first Bu mode, all strongly bound Br2 units with the same
orientation move up and the other Br2 units move down. The
other (doubly degenerate) out-of-plane Eg mode involves the
tilting of the Br2 units with respect to the plane of the layer.
The first two in-plane phonon modes, the Eu (doubly
degenerate) and the Bg

(1), concern the asymmetric distortion
of the small squares. The following, the Ag

(1) mode, can be
described as a simultaneous rotation and breathing of the small
squares. Finally, we find the two modes that involve the
stretching of the strong bond, Ag

(2) (of breathing-like nature)
and Bg

(2), that we mentioned before. The two Ag modes are
Raman active, so they might be useful in fingerprinting and
characterizing the Pythagorean structure. In fact, as an
example, two molecular and two intermolecular Raman
modes can be observed in the Cmca iodine structure.51 In
addition to the softening for the Pythagorean tiling with
respect to the Cmca phase, we may note that the ratios of the
wavelengths of the stretching modes (usually, the most intense
ones) strongly differ between the two phases. For instance, in
iodine, both DFT modeling and low-T experiments51 agree on
a ratio of 1.05, whereas our prediction for the Pythagorean
tiling is 1.1. For bromine, experiments give a ratio of 1.03 for
Cmca (at a pressure of 0.5 GPa needed to obtain the solid
phase at ambient temperature),52 while our modeling gives
1.09 for the Pythagorean tiling. Raman spectral signatures can
then be used as marks for the identification of the Pythagorean
tiling.

Table 3. Elastic Constants of the Pythagorean Tiling (in N/
m), Along with the Young Modulus (E = (C11

2 − C12
2 )/C11)

and the Poisson Ratio (ν = C12/C11)

C11 C12 C16 C66 E ν

Cl 9.8 4.2 2.1 4.7 8.0 0.4
Br 13.0 5.3 3.4 5.6 10.8 0.4
I 13.1 6.7 3.0 4.3 9.7 0.5

Figure 4. Phonon band structure and phonon density of states
calculated with the PBEsol functional for the Br Pythagorean lattice.

Table 4. Phonon Frequencies for the Optical Modes at Γ of
Pythagorean Tiling Calculated with the PBEsol Functionala

Bu Eu (2×) Eg (2×) Bg
(1) Ag

(1) Ag
(2) Bg

(2)

(out) I (in) R (out) R (in) R (in) R (in) R (in)

Cl 53 109 117 140 203 421 434
Br 40 79 83 113 141 222 243
I 26 57 63 85 100 155 170

aWe indicate the symmetry of the mode, the degeneracy, if it is
infrared (I) or Raman (R) active, if it involves in- or out-of-plane
movement of the atoms, and the value of the frequencies in cm−1.
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To shed some light onto the possible substrates that could
be used to stabilize the Pythagorean tilings, we examined the
surfaces with lowest Miller indices for a series of stable binary
oxides and halides present in the Materials Project database53

(a total of 443 materials). We avoid metal substrates since, as
mentioned previously, they typically bind strongly to the
halogens. Our selection included standard substrates used for
the growth of other 2D materials, but also a large selection of
less used ones. This initial screening only took into account the
lattice matching between the substrate and the 2D Br layer.63

With a mismatch smaller than 3%, we found 155 surfaces of
different oxides and halides of many different metals, and 248
with less than 5% mismatch. We emphasize that, due to the
very small elastic constants, even a 5% expansion or
contraction of the Pythagorean lattice can be easily
compensated by stabilization due to the substrate. We note
that the Cmca 2D layer that we studied before has a completely
different symmetry and unit cell, so it exhibits a large lattice
mismatch with most of these substrates.
From the initial screening, we analyzed individually the

entries to find suitable materials from the points of view of
composition and symmetry. Among the most promising of
these, we constructed slabs of ZrO2 (001), BaO (100), NaCl
(100), and CdO (100), with mismatches of 0.6%, 1.3%, 1.4%,
and 3.1%, respectively. All these surfaces have square-like
symmetries that match nicely with the Pythagorean tiling. We

then performed a geometry optimization of the Br layer
deposited on each of the substrates. In some obvious cases we
also varied the lateral position of the Pythagorean lattice in
order to determine the optimal adsorption sites. These
calculations were performed with the optB86b-vdW func-
tional65−67 to correctly include the van der Waals interaction
that is essential to study the adsorption of 2D layers on
substrates.
When deposited on BaO (100), the Pythagorean structure

quickly distorts into a featureless structure due to the strong
interaction between the Br atoms and the substrate.
Halogenation of certain oxide surfaces has been studied in
the context of their catalytic activity; e.g., a computational
study showed that Br2 dissociates on CeO2 (111) (as in our
BaO substrate), and the adsorbed Br atoms can be either
reduced or oxidized, depending on the adsorption site.54

On top of the other remaining surfaces, we did not witness
the dissociation of the Pythagorean tiling (see Figure 6). For
NaCl, we find that the preferred position for the Br atoms is in
the center of the NaCl squares and the Pythagorean tiling
remains perfectly intact. The distance between the Br film and
the NaCl surface is around 3.5 Å, showing that the interaction
between the 2D layer and the substrate is rather weak and of
pure van der Waals nature. This can be also seen from the
adhesion energy of 12.7 meV/Å2 (122 meV per Br atom)
(Table 5), which is in the same range as that between the

Figure 5. Phonon eigenvectors for the Pythagorean lattice at Γ. For the corresponding frequencies, please refer to Table 4. The green arrows
indicate an in-plane displacement, while blue (red) points depict an out-of-plane displacement in the up (down) direction.

Figure 6. Fully relaxed structures of the Br Pythagorean tiling on top of NaCl (100), CdO (100), and ZrO2 (001). The Br, Na, Cl, O, Cd, and Zr
atoms are in brown, yellow, green, red, pink, and blue, respectively. We also indicate the unit cell of the slab.
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layers of graphite, hexagonal BN (∼20 meV/Å2), and bulk
MoS2 (∼30 meV/Å2). Similar adhesion energies are also
observed in graphene, BN, or MoS2 on a SiOx substrate (∼10
meV/Å2).55 When attached to CdO the situation is slightly
different. As shown in Figure 6, the squares of the Br film are
distorted, and the distance between Br and the CdO surface is
about 3.1 Å, showing a stronger interaction between Br and the
CdO surface. However, the adhesion energy (17.9 meV/Å2) is
still within a van der Waals binding range. The binding
between Br film and ZrO2 is similar to that between Br and
CdO, with the squares of Br deformed and the distance
between film and substrate being around 2.9 Å. The adhesion
energy on ZrO2 is 13.2 meV/Å2.
In summary, we constructed atomically thin, 2D Pythagor-

ean lattices of the halogens Cl, Br, and I. The free-standing
phases turn out to be energetically competitive with both the
low-temperature Cmca phase of the halogens and the 2D layer
obtained by exfoliating this Cmca structure. It is, however,
difficult to perform a conclusive determination of the precise
energy ordering of the free-standing phases due to the small
magnitude of the energies, the variation of the values with the
level of the theory, and the diverse approximations involved in
computing the numbers.
Due to the geometrical motifs present in the Pythagorean

lattice, these systems exhibit a unique bonding pattern, with
covalently bound diatomic units connected through weaker
electrostatic bonds. This also leads to an unusual band
structure that includes very heavy electrons and very mobile
holesa behavior that is the opposite to that of the vast
majority of semiconductors. The small hole masses can be
understood by looking at the wavefunctions at the top of the
valence, which exhibit strong hybridization between several
diatomic units, creating therefore a mechanism for the hopping
of the holes across the structure. Conversely, electrons are
localized due to the strong anti-bonding nature of the
conduction states.
Due to the weak, intermolecular electrostatic interactions,

the Pythagorean lattices are very soft, with small values for the
elastic constants and very low energy flexural modes. We also
observe a downshift of the vibrational frequency of the strongly
bound diatomic unit with respect to the gas-phase molecules.
This is consistent with the weakening of the covalent bond due
to the formation of the two extra bonds that form the sides of
the small squares. Finally, there are two Raman-active phonon
modes that could be used to fingerprint the Pythagorean
lattice.
Now, we would like to discuss how these Pythagorean

lattices could be synthesized experimentally. From our analysis
we know that these compounds are quite stable, both from the
thermodynamical and structural points of view. However, the
formation energies involved are small (of the order of tens of
meV/atom), so it is clear that these structures can only exist at

very low temperatures. Clearly, the most promising path for
synthesis is the low-temperature deposition of halogen
molecules on an adequate substrate. It turns out that there is
a wealth of substrates that are lattice-matched with the
Pythagorean lattice, many of them standard compounds such
as kitchen salt or zirconia. From the four substrates we
investigated, three led to a stabilization of the Pythagorean
lattice, with adhesion energies of the order of 10−20 meV/Å2

(100−200 meV per Br). These are, in our opinion, sufficient to
allow for an experimental synthesis of this interesting 2D
material. We expect that scanning tunneling microscopy
images should make it easy to identify the Pythagorean lattice
due to its unmistakable geometrical signature.
The unique bonding arrangement of the heavy-halogen-

based Pythagorean lattices leads to exciting possibilities. For
example, supported Pythagorean lattices could be used as
robust templates for the deposition of species with inter-site
distances larger than what is accessible in conventional
substrates. Also, the unusual electronic properties of these
materials, that in some sense behave exactly the opposite in
comparison to other known 2D semiconductors, could lead to
exciting excitonic properties and to novel functional interfaces.
However, perhaps more interesting is the realization that the
2D world still has great potential to surprise us by producing
complexity from deceivingly simple geometrical patterns.

■ METHODS

Geometries, energies, and electronic band structures were
obtained with density functional theory using the projector-
augmented wave (PAW) method56 as implemented in the VASP

code.57,58 We used a vacuum region of at least 15 Å and a Γ-
centered 10×10×1 k-point grid, and we set the plane-wave
cutoff to 520 eV. Geometries were optimized until the forces
were smaller than 0.005 eV/Å. To plot the electronic bands
across the 2D Brillouin zone, we performed an interpolation of
the Kohn−Sham eigenenergies calculated at the uniform k-
point mesh using BOLTZTRAP2.59,60 The interpolated bands
were further used to calculate the carrier effective masses
according to the approach of ref 61. Elastic constants were
determined via the method described in ref 62. Each structure
was strained within ±1% at steps of 0.1% for different strain
modes. At each value of strain, the structure was optimized at
fixed cell. In order to estimate the compatibility with the
substrates, we used the method of Zur and McGill63 (as
implemented in the PYMATGEN package64). This allows for a
systematic search of substrates (and respective orientations)
with the minimal coincident interface area with respect to the
2D system. Van der Waals interactions between the Br film and
substrates were described by the functional optB86b-
vdW.65−67 Phonon band structures were computed with
Quantum Espresso68,69 using a PAW setup obtained with
PBEsol,28 a plane-wave cutoff of 150 Ry for Cl, 60 Ry for Br,
and 40 Ry for I, and a 2D cutoff of the Coulomb interaction to
eliminate the interaction between the periodic copies.29 We
furthermore used a k-grid of 12×12×1 and a q-grid of 8×8×1.
VESTA330 was used for the visualization of structural models,
electron localization function, and Kohn−Sham states, while
xCrysDen31 was used to visualize the valence charge difference
map.

Table 5. Adhesion Energies of Pythagorean Br Film on
Different Substratesa

adhesion energy

substrate meV/Å2 meV/Br J/m2

NaCl (100) 12.7 122 0.203
CdO (100) 17.9 195 0.287
ZrO2 (001) 13.2 122 0.211

aWe present the results in three units. The numbers in meV per Br
atom can be directly compared to the values in Table 2.
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