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Abstract
We investigate, using a systematic computational approach, the possibility of the existence of
two-dimensional quasicrystalline phases of binary metal-oxides. Our approach relies on the
construction of the complete two-dimensional binary phase diagram through the use of unbiased
global structural prediction methods. We then identify, in the low-energy periodic phases,
structural elements that can be used to generate quasicrystalline phases through an inflation
process. In this way we obtain chemically consistent two-dimensional quasicrystal approximants of
both barium and titanium oxides. In the proposed structures, the metallic sites occupy the vertices
of the aperiodic square-triangle tiling, while the oxygen atoms decorate the interior of the
polygons. We then study the properties of the approximants, both free-standing and deposited on a
metallic substrate. Finally, we discuss in which circumstances the formation of these phases seems
to be favored.

1. Introduction

The first solid-state quasicrystalline system was
identified in 1984 in a binary inter-metallic phase
made of Al and Mn by Shechtman et al [1]. Soon
after, quasicrystalline phases were observed in tern-
ary inter-metallics [2], annealed glassy alloys [3], and
even in chalcogenides [4]. In the years that followed,
numerous quasicrystals of the inter-metallics fam-
ily were discovered [5, 6]. Very recently, elemental
systems showing quasicrystalline order were dis-
covered in 30◦ twisted bilayer graphene [7–9], and
in tin grown on a quasicrystalline substrate [10]. The
collection of known systems exhibiting quasiperi-
odic order extends well beyond the aforementioned
examples, enveloping systems at larger size scales such
as dendretic liquid quasicrystals [11], diblock copoly-
mers [12], and in both binary and single-component
nanoparticle super-lattices [13, 14]. The unexpected
discovery of these ‘remarkable mosaics of atoms’ [15]
forced solid-state physicists to revise long standing
prejudices regarding the arrangement of atoms in a
solid [16], and eventually led to the attribution of the
Nobel prize in Chemistry 2011 to Shechtman.

In the year 2013, the family of atomic
quasicrystalline systems was enlarged to contain a

two-dimensional (2D) member. In fact, in that year
Förster et al [17] reported the first observation of
quasiperiodic order in a metal-oxide, specifically
in BaTiO thin films deposited on Pt(111). Soon
after, a periodic approximant of BaTiO/Pt(111) was
observed [18]. Similar systems based on Sr were also
reported [19]. Interestingly, those Ba-derived systems
were found to exhibit a metallic character [20] (for a
topical review see [21]).

In spite of the tremendous advances of the past
few years, still relatively few atomic 2D quasicrys-
tals are known. Furthermore, and even if the exper-
imental proofs for the existence of such systems are
irrefutable, many questions still remain regarding the
structure, the chemistry, and the physical properties
of such ternary quasiperiodic oxides, or even regard-
ing the mechanism that leads to the stabilization of
these 2D films.

In this article, we try to shine some light into some
of these questions. To simplify the problem, we will
look not at ternary, but at binary oxide phases. This is
an important simplification as it decreases consider-
ably the number of possible stoichiometries and con-
sequently the complexity of the problem.Note that, to
the best of our knowledge, there are no known binary
metal-oxide quasicrystalline systems. We chose the
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Ba–O andTi–Obinary systems, as these are the chem-
ical elements present in BaTiO/Pt(111) quasicrystal,
the system for which more experimental information
is currently available.

Very little is known about the behavior of free-
standing atomically thin oxides and their, possibly
very rich, chemistry [22]. Most of the systems that are
experimentally known in 2D are either monoatomic,
or have a bulk phase where 2D layers are weakly
bound through van der Waals forces. This is, unfor-
tunately, not the case for the oxides of titanium and
barium, so we have little to no information about the
preferred free-standing 2D crystal structures, the local
arrangements of the atoms, nor even about the stoi-
chiometries that are stable in these highly constrained
geometries.

In such cases, where little experimental inform-
ation exists, our chemical intuition is bound to fail.
In addition to existing databases and data min-
ing algorithms [23–26], global structural prediction
methods [27] are invaluable tools. In fact, thesemeth-
ods allow us to predict the ground-state crystal struc-
ture (and some low-lying meta-stable phases) of a
given stoichiometry without any a priori knowledge
about the chemistry or the bonding patterns of the
atoms involved. The input for these methods are the
energy, the forces on the atoms, and the stress tensor
for a given unit-cell.

Of course, a true quasicrystalline phase can never
be studied using a supercell approach in a com-
puter. Moreover, structural prediction runs are very
demanding computationally, restricting considerably
the number of atoms in the unit cell. Therefore, our
strategy consists of seeking the low-energy structures
stemming from structural prediction for phases that
can be seen as small approximants, and that can be
inflated to true quasicrystals.

The remainder of this article is organized as fol-
lows. Section 2 describes the strategy that we used in
our quest for 2D quasicrystals, and details the diverse
theoretical and numerical methods involved. The
phase diagram of the binary Ba–O and the approxi-
mants we found are discussed in section 3. We also
compute some physical properties of these approxi-
mants, both isolated and deposited on a metallic sur-
face. Section 4 is devoted to the Ti–O system, and we
present our conclusions in section 5. Finally, there is
an appendix that discusses the square-triangle tiling
that we found for our binary oxide systems.

2. Methods

The most accurate theoretical technique that can
provide us with the energy and its derivatives for the
systems we are interested in is, without doubt, dens-
ity functional theory (DFT). Indeed, this extremely
successful theory combines a remarkable accuracy
with rather mild computational requirements. Fur-
thermore, we now posses a plethora of software codes

that can solve the Kohn–Sham equations very effi-
ciently on modern computers. Unfortunately, struc-
tural prediction methods require hundreds of thou-
sands or even millions of energy evaluations for the
systematic exploration of a binary phase diagram.
This is, of course, beyond the current capabilities of
DFT.

We decided therefore to use a two-step approach.
First, the binary phase diagrams are explored using
density-functional tight-binding calculations, as
implemented in the DFTB+ package [28, 29]. To
preserve a good accuracy, we use here Slater–Koster
parameters [30] that have been specifically developed
for structure prediction calculations. These paramet-
ers are in fact fitted to a large dataset of DFT calcu-
lations, and yield formation energies and forces in
excellent agreement with DFT [31].

As a second step, following the structure pre-
diction, we reoptimize the lowest-energy structures
using Kohn–Sham density-functional theory, within
the projector augmented wave method [32–34],
as implemented in the Vienna ab initio simula-
tion package (VASP, version 5.4.4). Collinear spin
calculations were performed always starting from
the ferromagnetic configuration. The Perdew–
Burke–Ernzerhof (PBE) [35] approximation to the
exchange-correlation functional was used, along with
a plane wave cutoff energy of 520 eV. Geometry
optimizations of the free-standing systems were per-
formed so that forces were converged to 5 meVÅ−1.
Γ-centered k-point grids were used, determined such
that total energies were converged to 1 meV/atom. A
vacuum region of 15 Å was used to separate periodic
copies in the direction perpendicular to the layers.
Structural optimization of approximants on metal
substrates were done by converging the forces on the
atoms to 10 meVÅ−1.

For the structural prediction runs, we used the
constrainedminima-hopping algorithm [36, 37], that
utilizes a confining potential along the non-periodic
direction to ensure a 2D geometry. Furthermore,
by varying the width of this confining potential, we
can access flat mono-layers (with width approach-
ing zero), buckled mono-layers, bi-layers, etc. This
approach has proved its efficiency in the discovery
of new 2D polymorphs [38–42] of C, Si, Sn, and
TiO2, for example. Of course, here we are interested in
investigating the complete phase diagram, so we need
to perform simulations by varying the stoichiometry
from pure barium and titanium to pure oxygen.

For the constraining potential we used a para-
bola that was activated for widths larger than 3 Å. We
chose this value to allow for the appearance of buckled
atomic layers or even bi-layers.We note that, however,
this setup does not forbid slightly thicker slabs, and
these were indeed found in some of the simulations.

We ignored all effects coming from the metal-
lic substrate in the structural prediction runs, and
treated the 2D systems as free-standing. This is an
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essential approximation that keeps our calculations
computationally feasible, but that takes us further
away from the experimental setups. The effect of
a metallic substrate was taken into account in an
a posteriori step.

The periodic approximant structures were gener-
ated using the maximally randomised Stämpfli infla-
tion rules [43]. The details of the procedure and the
generated tiling templates are given in the appendix.

For simulation of the approximants on metal-
lic substrates we used the slab models containing
respectively six atomic layers for Ru (10.7 Å thick)
and three for Pt (3.7 Å thick) in the perpendicu-
lar direction. Accommodating the BaO3 approximant
required the use of supercells given by(

3 0
2 4

)
and

(
5 2
1 5

)
for Ru (77.95 Å2, 88 atoms in total) and for Pt
(157.50 Å2, 101 atoms in total), respectively. For the
TiO2 approximant we used the supercells(

3 0
4 5

)
and

(
2 0
6 12

)
for Ru (97.44 Å2, 128 atoms), and Pt (164.35 Å2, 132
atoms), respectively.

3. Barium oxides

3.1. Geometry
For the Ba–O phase diagram, minima-hopping runs
were performed for all possible unit cells containing
a maximum of 16 atoms. This resulted in 81 different
stoichiometries, and a total of 143 possible unit-cell
sizes. For each of these cases we performed 4 inde-
pendentminima-hopping runs always starting from a
random configuration of the atoms and the cell para-
meters. Each minima-hopping run arrived at 80–400
minima, yielding a total of 116 025 crystal structures.
These were then filtered to remove duplicated struc-
tures to arrive at 29 252 different BaxO1− x phases.
Structures close to the convex hull were subsequently
re-optimized at the DFT level without the confin-
ing potential, totaling 897 structures across 74 stoi-
chiometries.

The low energy part of the phase diagram
(see figure 1) was already presented and discussed in
[30]. However, upon a visual inspection of all low-
energy structures, the composition BaO3 attracted
our attention. The lowest energy structure of the com-
position BaO3 is found around 6 meV/atom above
the DFT hull (in what follows, this structure will be
simply referred to as BaO3). From the compositionwe
can clearly see that we are in the presence of a peroxide
or a superoxide. This is not surprising, as the tendency
of barium to form stable phases with excess oxygen
atoms is well known. In fact, not only the bulk perox-
ide BaO2 phase [44] is stable at low temperature [45],

Figure 1. Phase diagram of two-dimensional Ba–O (top)
and Ti–O (bottom). Each point corresponds to a different
structure. The dark and light green lines are the convex hull
of thermodynamic stability constrained to structures of
thickness 3.75 Å and 1.75 Å (1.86 Å for Ti–O), respectively.
Gray crosses are the metastable structures stemming from
the structural prediction runs, while the green circles are
the stable structures on the 2D convex hulls. Triangles mark
the energies of the quasicrystal approximants (see text).

but also the superoxide Ba(O2)2 [46] and even barium
ozonide with the composition Ba(O3)2 can be syn-
thesized [47]. As we will see, our BaO3 structure con-
tains O2

− units, meaning it is a superoxide. For com-
parison, the bulk superoxide phase is 146 meV/atom
above the convex hull [24].

A structural model of BaO3 is shown in the upper
panel of figure 2. In this structure, the barium atoms
occupy the vertices of a periodic (slightly distorted)
square-triangle tiling of the plane akin to a c-axis
projected Frank–Kasper σ-phase [48]. The unit cell
contains four BaO3 units. The sides of the distor-
ted Ba–Ba squares measure 4.61–4.68 Å, leading to
an area of around 21.6 Å2. The Ba–Ba isosceles tri-
angles have sides 4.37 Å and 4.68 Å with an area of
9.0 Å2. The oxygen atoms are present as O2 units
occupying the space inside the squares (in the plane
of the Ba network) and the triangles (perpendicu-
lar to the plane of the Ba network). The O–O length
reads 1.33 Å (squares) and 1.41 Å (triangles), that can
be compared to a distance of 1.23 Å in the oxygen
molecule, 1.50 Å in the peroxide, and 1.37 Å in the
superoxide phase (calculated with the same approx-
imations) [24].
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Figure 2. The BaO3 and TiO2 approximants seen along
the crystallographic c (top) and a (bottom) directions.
Barium atoms are depicted in green, titanium atoms in
blue, while oxygen atoms are in red. For clarity we do
not draw the bonds between the metal and oxygen
atoms. The O2 units inside the barium triangles
(squares) are parallel (perpendicular) to the c-axis. The
solid black lines represent the primitive unit cell of the
lattices.

Knowledge of a chemically consistent Frank–
Kasper-like σ-phase composed of Ba and O gives us
access to the structural units required to construct a
binary oxide quasicrystal: (a) barium squares includ-
ing an in-plane O2 unit and (b) barium triangles
including a perpendicular O2 unit. With this inform-
ation we can now proceed to construct larger approx-
imants with the same tiling motifs.

We would like to note that this result is far from
trivial. For example, we tried to build the elemental σ
phase for all chemical elements of the periodic table.
It turns out that this phase is dynamically unstable
for all elements with the exception of boron. Even
in this case, the σ phase is energetically unfavored,
being more than 200 meV/atom above borophene,
and considerably less stable than a plethora of other
two-dimensional phases.

The stoichiometry of the oxide approximants is
determined by the relative abundance of the different
types of vertices in the Ba network. A given vertex can

be classified according to the number of squares and
triangles sharing that vertex. Each vertex contributes
one BaO 1

2
unit (BaO 2

3
) for every square (triangle)

it belongs to. Since the relative orientation of the
squares and triangles around a certain vertex is irrel-
evant for the composition, we only need to consider
two types of vertices. The two possibilities are the
meeting point of six triangles and the meeting point
of three triangles and two squares. If one uses as
structural models the first inflation of a square and
a hexagonal lattice, the resulting compositions are
BaO 46

15
and BaO 40

13
(see figure 3) respectively. Know-

ing the frequencies of each vertex type in the square-
triangle tiling [49], we find that a quasicrystal fol-
lowing the presented tiling motifs has an irrational

oxygen to barium ratio, namely 3+ 2−
√
3

2+
√
3
≈ 3.072.

The structure resulting from the first inflation
of a square lattice will be denoted by sBaO, while
for the hexagonal case we get hBaO-I and hBaO-
II, depending on the orientation for the dodecagons
(see appendix). Unlike sBaO and hBaO-I, hBaO-II
lacks edge-sharing squares in the Ba network. Unfor-
tunately, the unit cells for these systems are too
large to perform a geometry optimization with DFT.
Therefore, we obtained relaxed geometries with the
more computationally efficient DFTB method. Ener-
getic and electronic structure analysis was then done
at the DFT level using the DFTB-relaxed geometries.
Distances to the hull for these structures are therefore
overestimated. We can get an idea about the extent of
this effect fromBaO3, for which we find that energy at
the DFTB geometry is 26meV/atom above the energy
at the DFT geometry.

We found that the completely planar Ba network
is dynamically unstable in the case of sBaO, and the
minimum structure is buckled as shown in figure 3.
One might suspect that the culprit for that behavior
is the existence of vertices and edges of types not
present in BaO3 (such as the edge-sharing squares).
However, it turns out that hBaO-I is again flat, while
hBaO-II is buckled. Concerning the energy, we found
sBaO to be 46 meV/atom, hBaO-I 66 meV/atom,
and hBaO-II 46 meV/atom above the hull. These val-
ues are all rather small, and only marginally larger
than for BaO3, especially when taking into account
the approximate geometry. We note here that similar
buckling is observed in the layered, square-triangle-
based, Ta97Te60 approximant [50].

We also experimented with removing some oxy-
gen units from the structure to verify if the approxi-
mant structure was also possible for the standard −2
oxidation state of oxygen. Results are marked with
a purple triangle in figure 1. As we can see, these
approximants have a lower formation energy, but
their distance to the convex hull increases, indicating
that they are less stable (in the thermodynamic sense)
than the structures discussed above.
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Figure 3. The sBaO, hBaO-I and hBaO-II systems. The structures are depicted as in figure 2.

Figure 4. The density of states of BaO3 approximant as free standing mono-layer (left), attached to a Ru (0001) surface (middle),
and attached to a Pt (111) surface (right).

Figure 5. Atomic partial phonon density of states (Ph-Dos)
of the BaO3 approximant of figure 2. O-I (O-II) designate
the O2 units inside the barium squares (triangles).

3.2. Electronic and phonon properties
The electronic density of states calculated with DFT
within the PBE approximation for the BaO3 structure
is presented in the left panel of figure 4. This is a fer-
romagnetic half metal, as the Fermi level only crosses
the minority-spin states. The top of the valence is
dominated by oxygen p-states while the conduction

is composed of hybridized barium d and oxygen
p-states. Net atomic charge analysis using Bader’s [51,
52] and DDEC6 [53] methods indicates a charge
deficit of about 1.5 electrons on all barium atoms,
while the O2 units have 0.6–1.2 extra electrons. The
least negative O2 units are the ones in the plane of
the Ba network, and these carry the largest magnetic
moment equivalent to that of an unpaired electron.
This is consistent with the presence of the O2

− units
characteristic of a superoxide. The situation turns out
to be very similar for the inflated structures.

Figure 5 shows the atom-projected phonon dens-
ity of states of BaO3. This was calculated using phon-
opy [54] at the level of DFTB employing a 3 × 3
super-cell, a 10 × 10 q-mesh and 1.67 cm−1 smear-
ing width. One sees that the motion of oxygen atoms
dominates the spectrum for frequencies larger than
∼200 cm−1. In the high frequency region we find the
O–O stretching modes, and we identify two separ-
ate regions, each dominated by the motion of oxy-
gen atoms corresponding to one of two types. At fre-
quencies 600–900 cm−1 we find peaks coming from
the oxygen atoms lying out of the plane of Ba net-
work, while above 1000 cm−1 the phonon states are
essentially exclusive to the O2 units in the plane of
the structure. The larger frequency of the O–O lat-
ter stretching mode can be explained by the extra
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Table 1. Adhesion energies (Ead, in meVÅ−2) of the BaO3 and
TiO2 approximants on Ru(0001) and Pt(111) substrates.

BaO3 TiO2

PBE PBE+ vdW PBE PBE+ vdW

Ru(0001) 119.6 473.2 20.1 27.9
Pt(111) 27.2 353.4 0.4 11.6

confinement coming from the barium squares. On
the other hand, and as expected due to its large mass,
the low-energy phonons are dominated by barium.
The corresponding phonon band structure is given
in the supplementary material (available online at
stacks.iop.org/2DM/8/045002/mmedia) in addition
to those of sBaO, hBaO-I, and hBaO-II.

3.3. Substrates
A very important question regards the stability of
the quasicrystal structures on substrates. First, all 2D
quasicrystals investigated experimentally were syn-
thesized and characterized on metallic substrates.
Second, we can expect that the substrate has a strong
influence on the stability of the 2D layer, either
throughdirect bonding to the surface or through elec-
tron transfer to/from the substrate.

To have an idea on the behavior of our barium
oxide phases on a metallic substrate, we prepared
supercells containing the BaO3 approximant on a
metallic slab. Keeping in mind the experimental
setups of [55], we chose the Ru (0001) and the Pt
(111) surfaces. Using the PBE lattice constants of Ru
and Pt leads to a maximum mismatch of 7.8% and
−4.3%, respectively. This is a relatively large mis-
match, but unfortunately to reduce it would require
larger supercells that could not be handled by our
computational resources.

We performed a geometry optimization of the
supercells using the PBE functional, with andwithout
including the van derWaals interaction (according to
the method of [56]). The two-dimensional structures
turned out to be stable on the surface, and did not
deform significantly. We then calculated the adhe-
sion energy (Ead) and the electronic structure of the
approximants.

Adhesion energies can be found in table 1. Val-
ues calculated with the PBE are rather small, yield-
ing adhesion energies of 120 and 27 meVÅ−2 for Ru
and Pt, respectively. The larger adhesion energy for
Ru is expected, as this metal is more reactive than Pt,
and can easily bind to the extra oxygen of the BaO3

layer. The stabilization on Ru (0001) and Pt (111)
can also be observed in the density of states shown
in figure 4. When attached to the substrate, the O-p
states are broadened when compared to free-standing
layer, due to the bonding between O and Ru (Pt)
atoms. This bonding effect enhances the delocaliza-
tion of O-p states, and quenches the ferromagnetism
of the BaO3 monolayer. On the Ru (0001) surface, the

broadening is larger than that on Pt (111), due to the
stronger O–Ru interaction compared to that of O–Pt.

By turning on the van der Waals term, the inter-
action between the approximant and the substrate
increases considerably, further stabilizing the system
by enhancing Ead to around 400 meVÅ−2. From a
mere energetic point of view the film-substrate inter-
action between BaO3 and Ru (0001) is comparable
to the strength of interlayer chemical bonds in MAX
phases. In this case, the calculated reaction enthalpy
is in the order of hundreds of meVÅ−2 [57]. These
can, however, still be exfoliated to 2D-MXene layers
via chemical etching [58].

4. Titanium oxides

4.1. Geometry
The minima-hopping runs for Ti–O were performed
similarly to the Ba–O case. A total of 70 128 minima
were found, out of which 31 530 are unique. Low-
lying Ti–O structures were re-optimized at the DFT
level without a confinement potential resulting in 328
structures pertaining to 49 stoichiometries. The res-
ulting phase diagram is shown in the bottom panel of
figure 1.

The phase with the lowest formation energy has
a the composition TiO2, and is shown in figure 2.
In what follows, we will denote the aforementioned
structure by its composition, namely TiO2. It has
a thickness of 3.76 Å and a buckling height in the
Ti network of 1.76 Å. The 2D projected Ti network
takes exactly the same square-triangle pattern found
in BaO3.We note that this structure lies 81meV/atom
above the 2D hexagonal TiO2 sheets (referred to as
HNS) reported in the work of Eivari et al [42]. Note
however, that HNS is 4.72 Å thick. Such thickness is
strongly penalized by our confinement potential, res-
ulting in its absence from our data.

Considering the 2D projected TiO2 we find that
all triangles in Ti network are decorated with one
oxygen atom while the squares are decorated by
two oxygen atoms. This pattern ensures a TiO2 stoi-
chiometry for all analogues resulting from the infla-
tion procedure. Unfortunately, the larger TiO2 ana-
logues that we constructed using the inflation rules
underwent large deformations upon geometry relax-
ation. A possible reason is the steric frustration in the
inflated structures that are unable to accommodate
the rather large buckling of the Ti network.

Also on the convex hull we find three further
phases (see figure 1) with the compositions Ti4O5,
TiO, and Ti3O2. The first of these can be rationalized
as composed of small TiO nanowires bridged by O
atoms, while the second is a simple double layer of
hexagonal TiO. Finally, Ti3O2 can be seen as a double
layer of square TiOwithO vacancies aligned along the
b crystallographic directions. As these phases are not
directly related to quasicrystal approximants we will
not discuss them further.
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Figure 6. The double layers of bTi8O5, bTi4O3, bTiO and sbTiO. The structures are depicted as in figure 2, except that we use dark
blue for the Ti atoms in the upper layer.

We find another interesting structure close to the
hull going towards higher Ti content, specifically at
the Ti8O5 stoichiometry. The lowest energy struc-
ture at this composition, denoted bTi8O5 in what
follows, exhibits a bilayer Ti network (see the left
panel of figure 6). Each layer of the Ti network shows
the same square-triangle pattern found in TiO2 and
BaO3. Ti8O5 lies 48 meV/atom above the hull and is
3.38 Å thick. The buckling height in the Ti layers is
not equal: the layer with the extra oxygen atom has a
buckling height of 0.37 Å while for the other layer it
is 0.43 Å.

Due to the asymmetry in the number of oxy-
gen atoms in proximity to the different Ti layers,
we decided to investigate analogous structures with
the same number of oxygen atoms for both Ti lay-
ers. Starting from the bilayer Ti network, we gener-
ate new structures with a random configuration for
the oxygen atoms. The oxygen positions were relaxed
at the DFTB level and a subsequent full relaxation
was carried out for the low energy structures. A full
relaxation at the DFT level was performed as the last
step. This procedure was used to investigate four stoi-
chiometries, namely Ti4O3, TiO, Ti4O5 and Ti2O3.

For O:Ti ratio larger than 1:1, the square-triangle
pattern was destroyed and a hexagonal arrangement
of Ti atoms was produced instead. The bilayer bTi4O3

and bTiO structures are depicted in figure 6. bTi4O3

was found to be 24 meV/atom above the hull. It
is 4.18 Å thick, and each of the Ti layers has a
buckling height of 0.34 Å. bTiO on the other hand lies
17 meV/atom below the hull. The thickness of bTiO
is slightly larger than that of Ti4O3, measuring 4.40 Å.
BothTi layers have the same buckling height of 0.60Å.

In the case of bTiO, larger analogues were invest-
igated, namely sbTiO, hbTiO-I and hbTiO-II, using
the inflation rules to generate planar Ti monolayer
networks. These monoloayers were duplicated and
stacked along the non-periodic direction and shif-
ted with respect to each other to achieve a pattern
similar to the one found from the minima hopping

runs. The final structures including the oxygen pos-
itions were determined at the DFTB level in a mul-
tistep procedure as follows: (a) starting from ran-
dom oxygen configurations, relax the structure with
the constraint of fixed Ti atoms and fixed cell para-
meters. (b) Perform full geometry relaxation starting
from the lowest energy structure of the previous step.
(c) Starting with the structure from the previous step,
perform a minima hopping run with the same con-
straints as the first step. (d) Perform a full geometry
relaxation starting from the lowest energy structure
found in the minima hopping run of the previous
step.

Large structural deformations were found in both
Ti layers in the case of hbTiO-I, while for hbTiO-II
only one of the layers was significantly distorted. The
geometric motives were, to a very good extent, con-
served in the case of sbTiO (figure 6) with a distance
to the convex hull of around 67 meV/atom (see sup-
plementary material for phonon dispersion curves).
We note that this number was obtained with DFT
but at the DFTB geometry. For comparison, for bTiO
the DFTB geometry is 21 meV/atom above the DFT
geometry.

4.2. Electronic properties
We also performed electronic structure calculations
for the TiO2 approximant. This turns out to be a semi-
conductor with a band gap of about 3.3 eV. Note
that this value was calculated with the PBE density-
functional, which tends to considerably underes-
timate this property [59, 60], and one expects the
true value to be significantly higher. This should be
compared to the gap of bulk rutile (1.88 eV) and
anatase (1.94 eV) calculated with the same approxim-
ation [61]. As expected the lower dimensional struc-
ture exhibits a larger band gap due to the confinement
in the third dimension.

The electronic density of states of the 2D TiO2

structure is depicted in figure 7. It looks rather
standard, with the top of the valence dominated by
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Figure 7. The density of states of TiO2 approximant as free standing mono-layer (left), attached on Ru (0001) surface (middle),
and attached to Pt (111) surface (right).

oxygen p-states, and the bottom of the conduction
composed by the d-states of the cations hybridized
with the oxygen p. We note that this structure, in
contrast to BaO3, turns out to be non-magnetic. We
also calculated the atomic charges at the Bader and
DDEC6 levels, that turn out to be consistent with
those of a typical titanium dioxide system [62].

4.3. Substrates
Metal-supported 2D TiOx systems have been the sub-
ject of extensive research [63–67]. It is known from
experimental/computational work for TiO2 on Pt
surfaces [68, 69] that the relative stability of the free
standing TiO2 species (sheets/islands) is the critical
factor controlling the surface structure, due to the
limited role of the Pt surface. At low TiO2 cover-
age, lepidocrocite-like nanosheets are observed which
evolve into TiO2(B) islands as the coverage increases.
It is therefore unlikely that the σ or a quasicrystalline
phase of TiO2 can be realized in such substrates.

In spite of this, and for comparing to our BaO3

results, we constructed supercells of the approxim-
ant structure deposited on Ru (0001) and the Pt(111)
surfaces. A maximum mismatch of 1.5% (0.7%) in
the case of Ru (Pt) was observed when using the
corresponding PBE lattice constants. Contrary to the
case of BaO3, adhesion energies are very small, even
including the van der Waals interaction. This dif-
ference can be understood as Ti and O are in their
most stable oxidation state in the TiO2 approxim-
ant phase, leading to an increased chemical stabil-
ity of the 2D layer. In contrast, BaO3 includes the
superoxide O2

− units that readily bind to the metal-
lic surface, increasing the adhesion energy. These
low numbers, comparable to the adhesion energy of
graphite (about 26meVÅ−2 [70]), are rather interest-
ing, as they indicate that it might be indeed possible
to obtain free-standing oxide quasicrystals via mech-
anical exfoliation.

The reduced adhesion of TiO2 can also be under-
stood from the density of states depicted in figure 7.
In this case, we also see a broadening of the O p-states.

However, the difference between the free-standing
and attached layers is much smaller than the situation
for BaO3, indicating a smaller interaction between the
2D approximant and the substrate.

5. Conclusions

In summary, we used a completely unbiased path
to construct chemically consistent 2D quasicrystal
approximants of barium and titanium oxide. This
consisted in a thorough exploration of the phase dia-
gram of the 2D species (with the help of global struc-
tural predictionmethods), followed by the inspection
and identification of structural elements that can be
used in an inflation procedure.

We could easily find examples of a c-axis projected
Frank–Kasper-like σ-phase for both Ba–O and Ti–O.
These phases are rather stable with respect to the, thin
species, phase diagram from the energetic point of
view, without having to resort to any entropy argu-
ments. In our opinion, the key issue for the appear-
ance of these square-triangle tilings is related to the
existence of, and the competition between square
and hexagonal phases in the modified phase dia-
gram. When they both are close to, or on the con-
vex hull of thermodynamical stability, then there is a
good chance that stable square-triangle-based struc-
tures are also low-energy, provided that edge shar-
ing among squares and triangles does not introduce
instabilities. This is indeed the case in both the 2D
barium and titanium oxide phase diagrams. From
this (very limited) experience with these two binary
oxides, wemay hope that square-triangle-tiled phases
are actually common in binary oxides. And per-
haps, some are approximants to real quasicrystalline
structures.

We found that the σ-phase of BaO3 is flat, while
TiO2 is highly buckled. Buckling can lead to frustra-
tion upon inflation, destabilizing the quasicrystalline
phases. However, buckling can be decreased by form-
ing bilayers (like the bilayer of silicene [71]). Further-
more, and depending on the oxygen decoration of the
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squares and triangles, the quasicrystalline phase can
be stoichiometric, or the ratio between the cation and
the anion can become irrational. Finally, depending
on the chemistry of the 2D layer, it may bind more
or less strongly with a metallic substrate. It may be
even possible to exfoliate the layer, to generate free-
standing samples. These would be dynamically stable,
as all the phonon frequencies are real.

It is hard to state if these phases can be synthes-
ized or not, as this depends on finding an appropri-
ate substrate and growth conditions that stabilizes the
quasicrystal or its approximants with respect to the
other competing periodic phases. However, in view
of the fact that BaTiO3 quasicrystals have been pro-
duced, and owing to the ease of finding the σ-phase
in the low-energy region of the phase diagrams of the
2D oxides, we are optimistic that such exotic phases
of matter will soon be discovered experimentally, in
particular in the Ba–O system.

Finally, we are confident that our methodology is
capable of shedding light into the important problem
of the chemical structure of the BaTiO3, that remains
elusive to date. We have already started working in
that direction.

Data availability statement

The data that support the findings of this study are
available upon reasonable request from the authors.

Appendix Square-triangle tiling

Figure 8 illustrates the initial steps of applying the
maximally randomised Stämpfli inflation rules. We
consider two vertices of a square (or a triangle) and
the edge that connects them. An inflation factor of
2+

√
3 is applied, and the new vertices are used as

centers for regular dodecagons with sides equal to the
length of the original edge in question. Moreover, the
dodecagons need to have sides perpendicular
to the direction along this edge. Finally, the interior
of the dodecagons is tiled by randomly choosing one
of the two possibilities shown in figure 9.

When constructing periodic approximants, extra
constraints need to be imposed on the orientation
of the dodecagons in accordance with periodicity. As
starting points for the inflation process we choose the
lattice points of a square or hexagonal lattice since
these are natural choices for squares and triangles.
Figure 10 shows the first inflation of the square lattice.
In this case taking one orientation of the dodecagons
or the other amounts to interchanging the lattice vec-
tors and the resulting structures are equivalent. This
is not the case when inflating the hexagonal lattice
(see figures 11 and 12) where the different orientation
of the dodecagons results in two different structures.
One of these structures has only square-triangle and
triangle-triangle edges, while in the other one square-
square edges are also present.

9
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Figure 8. Initial steps of the maximally randomised Stämpfli inflation rule (explained in text).

Figure 9. The two possible choices for tiling the dodecagons of figure 8.

Figure 10. Panel (b) shows first inflation of a 1× 1 cell of the structure (square lattice) depicted in (a). The unit cells are outlined
with dashed lines. The red atoms designate the atoms in (a) after inflation.
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Figure 11. Panel (b) shows first inflation of a 1× 1 cell of the structure (hexagonal lattice) depicted in (a) using the first
orientation for the dodecagons (figure 9 left). The unit cells are outlined with dashed lines. The red atoms designate the atoms in
(a) after inflation.

)B()A(

Figure 12. Panel (b) shows first inflation of a 1× 1 cell of the structure (hexagonal lattice) depicted in (a) using the second
orientation for the dodecagons (figure 9 right). The unit cells are outlined with dashed lines. The red atoms designate the atoms
in (a) after inflation.
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