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List of abbreviations

• DFT: Density functional theory

• ML: Machine learning

• CNN: Convolutional neural network

• SWC: Sliding window convolution

• FD: Fractional densities

• AF: (non-differentiable) Auxiliary function

• PDE: Partial differential equation

• MSE: Mean squared error

• MAE: Mean absolute error

• xc: Exchange-correlation

• tot: Total

• ext: External

• 1D: one-dimensional



1 Introduction

In their now famous paper, Hohenberg and Kohn proved that the electron density ρ(r)
suffices to compute all observables of a system of interacting electrons [1]. Due to a
remarkable balance of computational cost and numerical precision, first principles mod-
eling of electronic systems based on this density functional theory (DFT) is nowadays a
daily practice, with great impact in material science, quantum chemistry or condensed
matter [2]. The success of DFT is to a large extent based on the Kohn-Sham formu-
lation, that utilizes a system of non-interacting electrons that has the same density as
the interacting one [3]. The main ingredient of this formulation is Exc[ρ], the universal
exchange-correlation (xc) functional, whose functional derivative provides an effective
external potential for the non-interacting particles. Yet, while the Hohenberg-Kohn the-
orem proves the uniqueness of such a functional, it does not give any indication regarding
its specific form. To circumvent this issue, a very large number of approximate func-
tionals were developed in the last decades [4, 5], often combining empirical knowledge,
exact mathematical conditions, and a great deal of ingenuity.

Inspired by the success of machine learning (ML) in various technological applica-
tions, including image and speech recognition [6], the last couple of years have seen
the development of several neural-network-based approximations to Exc[ρ]. Indeed, it is
now firmly established that machine-learning offers a new generation of accurate, highly
non-local, xc functionals [7].

Yet, since ML-DFT functionals are mostly trained in Hilbert spaces with an integer
number of particles, they are still unable to reproduce some critical and fundamental
aspects of DFT. For instance, it is known that any satisfactory definition of the energy
functional must depend explicitly on the particle number [8, 9, 10]. Furthermore, the
derivative of the xc functional in terms of the number of particles exhibits a disconti-
nuity that plays a crucial role in the description of electronic bandgaps [11, 12, 13, 14],
charge-transfer excitations [15, 16], molecular dissociation [17, 18, 19, 20], or even Mott
insulators [21], to name but a few examples.

In addition to the discontinuity, a universally useful approximation for the xc func-
tional must be “N -electron self-interaction-free” for all positive integer N [22], meaning
that the total energy of a system with N + γ electrons in the range (N, N + 1) should
exhibit a linear variation with respect to γ. For attractive interactions the energy is a
convex function with straight lines joining subsets of ground-state energies [23]. Yet,
approximate functionals deviate from such a correct behavior.

In this thesis, we propose a way to train a neural network as the ensemble universal
functional of a system of fractional electron numbers that describes correctly the deriva-
tive discontinuity and the piecewise linear behavior. The ML functionals we present
contain explicitly the physics of the derivative discontinuity of DFT, are highly non-
local, and are trained for systems with fractional densities.

In chapter 2 we will give a brief introduction to the fundamentals of density functional
theory and Kohn-Sham formalism (2.1), as well as the machine learning basic concepts
(2.3). The method used for the inversion of the densities to obtain the corresponding
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exchange-correlation potential is presented in section 2.1.2. Since we are going to deal
with electronic numbers in between 1 and 3, section 2.2 provides a scheme to solve the
fermionic many-body problem numerically to extract the (spin-) density from the (spin-
adapted) wave function. The (ρ, Exc[ρ]) pair forms the basis of our training set. Chapter
3 provides a detailed description of the data set we have been used and the design of our
neural network. Multiple aspects to achieve accurate ML functionals will be discussed
and all of our results will be presented in section 3.3.
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2 Theoretical Background

2.1 Density Functional Theory

2.1.1 Basics

Consider a system of N electrons {r1σ1, ..., rNσN} and K nuclei on fixed positions
{R1, ...,RK} (Born-Oppenheimer approximation) in the presence of time-independent
external electro-magnetic fields. The coordinate rσ denotes the spatial position and
z-component of the spin respectively. To find the ground state energy E of the system
one has to solve the Schrödinger equation

ĤΦ = EΦ, (1)

where the Hamiltonian Ĥ, including all interactions, reads

Ĥ = T̂e + V̂n−e + V̂e−e + V̂n−n + V̂e−field + V̂n−field . (2)

T̂e is the kinetic energy of each electron,

T̂e =

N∑
i=1

(−ih̄∇i)2

2m
, (3)

while the kinetic energy of the nuclei will be neglected due to our considerations. Here,
m is the electron mass and h̄ denotes the reduced Planck constant. The interaction
between electrons and nuclei V̂n−e, among the electrons V̂e−e, and between each nuclei
V̂n−n can be expressed as

V̂n−e = −
K∑
j=1

N∑
i=1

Zje
2

|Rj − ri|
, (4)

V̂e−e =
N∑

i,j=1; i<j

e2

|ri − rj |
, (5)

V̂n−n =
K∑

i,j=1; i<j

ZiZje
2

|Ri −Rj |
, (6)

The potentials V̂e−field and V̂n−field represent the coupling between the particles to exter-
nal fields E and B. Note that V̂n−n and V̂n−field just amounts to an additive constant for
the electronic problem and can be neglected for our purposes [24]. For a larger number
of particles solving Eq. (1) analytically tends to be an insurmountable obstacle, even
by using numerical approaches, mainly due to the repulsion term of the electrons and
the huge number of coordinates. Here the density functional theory (DFT) provides a
way to overcome this problem. The theory is based on the existence of a functional E[ρ̃]
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such that minimization of E[ρ̃] with respect to densities ρ̃(r), subject to the constraint
of normalization

∫
ρ̃(r)d3r = N , yields the ground-state density ρ(r) and corresponding

energy E,
δ

δρ̃(r)

{
E[ρ̃]− µ

(∫
ρ̃(r)d3r −N

)}∣∣∣∣
ρ̃(r)=ρ(r)

= 0 , (7)

where µ is a Lagrangian multiplier [12, 1]. The focus lies on the densities

ρσ(r) = N
∑

σ2...σN

∫
d3r2 . . .

∫
d3rN |Ψ (rσ, r2σ2, . . . , rNσN )|2 , (8)

where Ψ is the eigenstate of the Hamiltonian (2) belonging to the lowest energy and
ρ(r) = ρ↑(r) + ρ↓(r) its ground state density [25]. By switching from the interacting
system to a more suitable, but fictitious Kohn-Sham system(

− h̄2

2m
∇2 + vext(r) + vH([ρ]; r) + vσxc ([ρ↑, ρ↓] ; r)

)
ψiσ(r) = εiσψiσ(r) (9)

of non-interacting electrons, we obtain the same densities as in Eq. (8), by simply
occupying Kohn-Sham orbitals according to a function θ [3]:

ρσ(r) =
N∑
i=1

θ (µ− εiσ) |ψiσ(r)|2 . (10)

The terms vext, vH and vσxc in Eq. (9) sum up to an effective potential, while µ in
Eq. (10) denotes a chemical potential. Eq. (9) is known as spin-unrestricted Kohn-
Sham equation, since, in general, the orbitals ψi↑(r) and ψi↓(r) can be different [26].
The chemical potential and the Lagrangian multiplier from Eq. (7) have the same greek
symbol as a denotation in common, since they are identical as we shall see in section
2.1.3. The effective potential is a function of the densities itself, which means Eq. (9)
provide self-consistent equations including exchange and correlation effects. The external
potential vext equals V̂n−e + V̂n−fields (+V̂n−n + V̂n−field) from Eq. (2). The Hartree
potential

vH([ρ] ; r) = e2

∫
ρ (r′)

|r− r′|
d3r′ (11)

describes the repulsion of one electron by the many-electron cloud. The spin-dependent
potential vσxc takes all the remaining exchange and correlations effect into account - and
is therefore called exchange-correlation potential. Unfortunately, the exact form of vσxc

is unknown and therefore must be approximated. The total energy is expressed as a
functional of the spin densities as

E = Ts [ρ↑, ρ↓] +

∫
ρ(r)vext(r)d3r + EH[ρ] + Exc [ρ↑, ρ↓] , (12)
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where

Ts [ρ↑, ρ↓] =
∑
σ

∫
ψ∗iσ(r)

(
− h̄2

2m
∇2

)
ψiσ(r)d3r (13)

is the non-interacting kinetic energy of the Kohn-Sham orbitals, which are functionals
of the spin-densities themselves. The third term of Eq. (12) is the Hartree energy

EH[ρ] =
e2

2

∫∫
ρ (r) ρ (r′)

|r− r′|
d3r′d3r . (14)

The exchange-correlation energy Exc yields the exchange-correlation potential vσxc as its
functional derivative [25]

vσxc ([ρ↑, ρ↓] ; r) =
δExc

δρσ(r)
. (15)

More than 500 approximations of these functionals have been proposed in the past
decades [27]. By solving the Kohn-Sham equations (9) instead of the interacting problem
(1) the computational effort is reduced drastically, since the Kohn-Sham orbitals and
density only depend on σ and the single 3-dimensional vector r.

In the further course of the thesis the occupation function will be assumed to be the
step function

Θ (µ− εiσ) =

{
1 for µ ≥ εiσ
0 elsewhere

(16)

corresponding to a Fermi distribution for a vanishing temperature [24]. Furthermore, we
consider only coloumb-systems as external potentials, i.e. vext = V̂n−e, and the presence
of spin-degeneracy ψi↑(r) = ψi↓(r) ≡ ψi(r) and εi↑ = εi↓ ≡ εi. In this case all observables
in the N -electron system are functionals of the ground-state density ρ alone. Thus, the
ground-state density can be expressed as

ρ(r) = 2

N/2∑
i=1

|ψi(r)|2 . (17)

If N is odd, the orbital with the highest index i = N/2 is occupied just once - and
its spin does not need to be explicitly referenced [26]. Both potentials vσxc ([ρ↑, ρ↓; r]),
σ =↑, ↓, in Eq. (9) can be replaced by one exchange-correlation potential vxc ([ρ; r]). The
resulting modified equation is called spin-restricted Kohn-Sham equation.

2.1.2 Inverse DFT

In the previous section, we have elucidated a way to obtain the exact ground state density
by solving the Kohn-Sham equations if the exact exchange-correlation potential is known.
One might ask, whether it is possible to obtain the exact exchange-correlation potential
if the exact density ρdata is known. In Ref. [28] the authors presented a numerically
robust and accurate scheme to evaluate the exact exchange-correlation potential from
correlated ab-initio densities. Inspired by the concept of partial differential equation

5



(PDE) - constrained optimization they minimized the Lagrangian

L (vxc, {ψi} , {pi} , {εi} , {µi}) =

∫
w(r) (ρdata(r)− ρ(r))2 d3r

+

Ne/2∑
i=1

∫
pi(r)

(
Ĥ − εi

)
ψi d3r +

Ne/2∑
i=1

µi

(∫
|ψi(r)|2 d3r − 1

)
(18)

with respect to all its constituent variables {ψi}, {pi}, {εi}, {µi} and vxc. This equation
represents a cost function (first term) subjected to constraints (second and third term).
The Hamiltonian Ĥ with its eigenvalues {εi} has the same form as in Eq. (9), where
vH := vH([ρdata] ; r). The function w(r) is an appropriately chosen weight to expedite
convergence. Each pi ensures the correspondence between the density and the Kohn-
Sham orbitals, while each µi is the Lagrange multiplier corresponding to the normality
condition of the orbitals. By the derivation of L with respect to all its variables - except
vxc - the following equations will be obtained:

Ĥψi = εiψi , (19)∫
|ψi(r)|2 d3r = 1 , (20)(

Ĥ − εi
)
pi(r) = gi(r) , (21)∫

pi(r)ψi(r)d3r = 0 , (22)

where gi(r) = 4Θiw(r) (ρdata (r)− ρ(r))ψi − 2µiψi, with Θi being a prefactor belonging
to the corresponding orbital ψi according to its occupation in Eq. (17). More precisely:
Θi = 2 in case of double occupied orbitals, otherwise Θi = 1. A unique solution for
pi is guaranteed by taking the orthogonality of pi and ψi in Eq. (22) into account and
projecting Eq. (21) onto a space orthogonal to the corresponding pi, e.g. by multiplying
the right-hand side by 1− |ψi〉 〈ψi|.

The gradient of L with respect to vxc is given by

δL
δvxc

=

N/2∑
i=1

piψi , (23)

where the pi from the previous calculations are needed. This equation constitutes an
updating scheme for vxc using gradient-based optimization techniques. Note that the
obtained potential is unique up to a constant. The constant will be not arbitrary anymore
if we count in the relation of the ionization energy and the highest occupied Kohn-Sham
eigenvalue

εH = −(EN−1 − EN ), (24)

where EN denotes the total energy in Eq. (12) for N particles. Eq. (24) is called
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Koopman’s theorem - and the relation is even true when the Kohn-Sham system describes
a zero-temperature ensemble with non-integer number of electrons N−δN and δN → 0.
This leads to a jump of the Kohn-Sham potential when crossing the integer numbers,
since the infinitesimal excess charge enters the lowest unoccupied orbital. This jumps by
a constant is well known as the infamous derivative discontinuity of density functional
theory [12]. If the eigenvalues of the highest occupied orbital (HOMO) and the lowest
unoccupied orbital (LUMO) of the Kohn-Sham system with N particles is known, as well
as the total energies for systems with N ± 1, the jump can be computed analytically in
the case of the spin-restricted framework. The mathematical formula will be presented
in the next section.

The procedure of the inversion can be easily extended for spin-polarized systems. One
only needs to replace the ρdata by the desired spin-density ρσdata in the cost function,
the ψi s by ψiσ s, and change the occupation of corresponding orbitals Θiσ accordingly.
The Hartree potential vH := vH

([
ρ↑data +ρ↓data

]
; r
)

includes both spin-densities according
to Eq. (11). The analog of Koopmans’ theorem in spin-density functional theory has
been derived in Ref. [29] (where we consider that the majority spin (α) electrons are
↑-electrons): When the lowest ion state (LIS) has spin S − 1/2 the orbital energy of the
highest occupied orbital (ψH), belonging to the open shell with majority spin ↑ electrons,
is equal to the ionization energy to this lowest ion state with spin S − 1/2:

εH↑ = −IS−1/2
(
ψ−1
H

)
, when LIS = S − 1/2 . (25)

For the minority spin ↓ electrons the relation

ε(H−1)↓ = −IS+1/2
(
φ−1

(H−1)

)
, when LIS = S − 1/2 , (26)

holds. And when the lowest ion state has spin S + 1/2, the eigenvalues εH↑ and εH↓ are
equal and satisfy

εH↑ = εH↓ = −IS+1/2
(
φ−1
H

)
, when LIS = S + 1/2 . (27)

Using those relations, the shift of the spin-dependent exchange-correlation potentials vσxc

in Eq. (15) obtained by inversion is determined as well.

2.1.3 Derivative Discontinuity of the Energy

The variational equation (7) can be extended to fractional particle numbers, e.g. for an
open system described by a statistical mixture. Therefore we will take a closer look on
densities integrating up to fractional numbers∫

ρ(r)d3r = N + γ 0 ≤ γ < 1 . (28)
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The most common definition of an energy functional of such densities is the statistical
superposition of the ground states |ΨN 〉 and |ΨN+1〉 with neighboring particle numbers,

Ef [ρ] = Ff [ρ] +

∫
vext(r)ρ(r)d3r , with (29)

Ff [ρ] = min
ΨN ,ΨN+1

{
(1− γ)

〈
ΨN |T̂ + V̂e−e|ΨN

〉
+ γ

〈
ΨN+1|T̂ + V̂e−e|ΨN+1

〉}
(30)

with ρ(r) = (1− γ) 〈ΨN |ρ̂(r)|ΨN 〉+ γ 〈ΨN+1|ρ̂(r)|ΨN+1〉 (31)

and 〈ΨN | ΨN 〉 = 〈ΨN+1 | ΨN+1〉 = 1 . (32)

Here, ρ̂(r) denotes the operator ρ̂(r) =
∑N

i=1 δ
(3) (r− ri). It can be easily verified that

for integer particle number the Lagrange multiplier µ from Eq. (7) is identical with the
chemical potential,

µ(N) :=
∂E

∂N
(N) , (33)

by using functional Taylor expansion of the total energy of a system with fractional
particle number around the ground state density ρ of the N -particle system and using
the relation

δEf [n]

δn(r)
= µ , (34)

from Eq. (7). The minimum of Eq. (29) can be obtained by a linear mixing of the
ground state densities for the integer particle systems,

ρ(r) = (1− γ)ρN (r) + γρN+1(r) ,

and the corresponding ground state energy can be expressed similarly,

E(N + γ) = (1− γ)E(N) + γE(N + 1) . (35)

According to Eq. (33) one obtains:

µ(N − η) = E(N)− E(N − 1) = −I (ionization potential) (36)

µ(N + η) = E(N + 1)− E(N) = −A (electron affinity) (37)

The energy as a function of the particle number is piecewise linear and thus the chemical
potential as its derivative is discontinuous at all integer particle numbers as well as the
Kohn-Sham potential according to Eq. (34) [12, 24]. An analytical expression for the
uniform shift ∆xc of the exchange-correlation potential at the integer particle number
N is given by

∆xc + (εL − εH) = I −A =
∂E

∂N

∣∣∣∣
+

− ∂E

∂N

∣∣∣∣
−
, (38)
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within the framework of the spin-restricted Kohn-Sham formalism. Here, εL and εH are
the eigenvalues corresponding to the LUMO and the HOMO energy of the Kohn-Sham
system respectively [30, 31]. For a detailed physical interpretation and realization of
such a statistical mechanical approach and the resulting straight-line energy behavior,
we refer to Ref. [19].

Fig. 1 illustrates the energy prediction of multiple commonly used functionals. Ex-
cept for the method of full configuration interaction (FCI), which is a linear variational
approach providing numerically exact solutions [32], all other functionals do not catch
the non-differentiability at integer numbers.

Figure 1: Energy of closed-shell H8 where different common functionals were used. Meth-
ods such as RHF, dRPA, BLYP and B3LYP miss the non-differentiable behavior in the
total energy and the exchange-correlation part completely (Figure from [17]).
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2.2 Solving the fermionic Many-Body Problem numerically

In this section, we will focus on giving a full spin-adapted solution to the eigenvalue
problem

ĤΦ =

[
N∑
i=1

(−ih̄∇i)2

2m
−

K∑
j=1

N∑
i=1

Zje
2

|Rj − ri|
+

N∑
i,j=1; i<j

e2

|ri − rj |

]
Φ = EΦ , (39)

where the Hamiltonian Ĥ acting on the spatial coordinates alone. There are various
approaches to solving the eigenvalue problem numerically (see e.g. [33]). Here, we will
write down the Hamiltonian in terms of the finite differences method - and for simplicity,
in just one dimension.

First, consider an one-particle problem on a spatial interval J uniformly divided into
M points {xi}1≤i≤M . By using Taylor expansion of an indefinitely often differentiable
function f one finds the central formula for the its n-th derivative at xi,

f (n)(xi) =
1

∆n

p∑
k=−p

akf(xi+k) +O (∆s) , (40)

where ∆ is the distance between neighboring points and s denotes the order of accuracy.
For the n-th derivative with accuracy s, there are 2 p + 1 = 2

⌊
n+1

2

⌋
− 1 + s central

coefficients a−p, a−p+1, . . . , ap−1, ap, given by the solution of the linear equation system

1 1 . . . 1 1
−p −p+ 1 . . . p− 1 p

(−p)2 (−p+ 1)2 . . . (p− 1)2 p2

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
(−p)2p (−p+ 1)2p . . . (p− 1)2p p2p





a−p
a−p+1

a−p+2

. . .

. . .

. . .
ap


=



0
0
0
. . .
n!
. . .
0


, (41)

where the only non-zero value on the right-hand side is in the (m+ 1)-th row [34].
An example of the kinetic energy operator in (3) on a regularly spaced grid with

M = 7 and s = 4 is

T̂ = − h̄2

2m∆2



−5/2 4/3 −1/12 0 0 0 0
4/3 −5/2 4/3 −1/12 0 0 0
−1/12 4/3 −5/2 4/3 −1/12 0 0

0 −1/12 4/3 −5/2 4/3 −1/12 0
0 0 −1/12 4/3 −5/2 4/3 −1/12

0 0 0 −1/12 4/3 −5/2 4/3

0 0 0 0 −1/12 4/3 −5/2


, (42)

acting on the wave function Φ ≡ (Φ(x1),Φ(x2), . . . ,Φ(xM )). The coulomb interaction in
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Eq. (4) yields singularities, which can be bypassed by softening the potential [27],

1

r
→ 1√

1 + r2
. (43)

In the manner of finite differences a potential V̂ acting on the spatial coordinate of just
one particle can be expressed as a diagonal matrix V̂ ≡ diag (V (x1), V (x2), . . . , V (xM )),
e.g. the coulomb interaction between an electron and nuclei. Adding more electrons
will lead to a multi-dimensional problem including the electronic repulsion (5). The
eigenstates as well as the operators appearing in the Hamiltonian can be formulated
by tensor products of the corresponding single-particle representations. For a detailed
description we refer to Ref. [35], where a lot of useful examples and their computational
implementation are presented.

From a mathematical point of view, a certain particle type in solving Eq. (39) is not
determined at all. Solving the eigenvalue problem thus yields all many-particle solutions,
including the bosonic states. Fermionic solutions need to satisfy the Pauli principle,
i.e. the wave function Ψ (rσ, r2σ2, . . . , rNσN ) needs to be antisymmetric under any
permutation of the particles [36]. The spatial solution Φ of Eq. (39) must be multiplied

by a spin function as an certain eigenfunction of Ŝ2 and Ŝz of the system, and the
product antisymmetrized via the Antisymmetrizer

A =
1√
N !

∑
P

(−1)p P . (44)

We denote a set of primitive, degenerated, but orthogonal spin functions as {X(N,S,M ; i)}1≤f ,
where N is the number of particles and S and M are the spin quantum numbers belong-
ing to Ŝ2 and Ŝz respectively. By the index i a certain eigenfunction of f := f(N,S)
degenerated solutions will be described. A permutation Pσ acting on a primitive spin
function, can be expressed as linear combination of all primitive spin functions

PσX(N,S,M ; i) =

f∑
j=1

X(N,S,M ; j)U(P )Sji , (45)

where the expansion coefficients U(P )Sji can be calculated using their orthogonality

〈X(r)|P|X(k)〉 =

f∑
l=1

〈X(r) | X(l)〉U(P )lk =

f∑
l=1

δrlU(P )lk = U(P )rk . (46)

For a chosen X(N,S,M ; i), the antisymmetrization of the product of spatial and spin
part reads

Ψi = AΦX(N,S,M ; i) =
1√
N !

∑
P

(−1)p PrΦPσX(N,S,M ; i) , (47)
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where Pr and Pσ shall denote that the permutations operate on spatial and spin coordi-
nates respectively. Using Eq. (45) and after interchanging the order of summation over
P and j we obtain a sum of products of spatial and spin functions

Ψi =
1√
f

f∑
j=1

X(N,S,M ; j)ΦS
ji . (48)

Here we used the notation

ΦS
ji :=

√
f

N !

∑
P

U(P )Sji(−1)pPrΦ (r1, . . . , rN ) . (49)

Note that index i has only effect on the spatial functions ΦS
ji [37]. If the full spin-adapted

solution Φi is available, the spin densities ρ̂σ can be computed as the expectation values
of the operator [24]

ρ̂σ(r) =
1

2

N∑
i=1

[1 + sign(σ)σz,i] δ
(3) (r− ri) , (50)

where σ =↑, ↓ is the z-component of the spin and

σz,i =

(
1 0
0 −1

)
(51)

is the corresponding Pauli matrix acting on electron i. Here, we determined the axis of
magnetization caused by spin-polarization to be the z-axis.

We will describe this procedure more precisely for the calculation of the spin-densities
of the ground-state for N = 3 electrons in one dimension (1D), since it appears as an
input for the training of our neural network beside 1-and 2-electron densities. For N = 1
there is nothing to explain in detail, and for N = 2 one only needs to make sure, that the
spatial part obtained by solving Eq. (39) is symmetric itself, since the (non-degenerated)
spin part X(2, 0, 0) := X(2, 0, 0; 1) = 1√

2

[
↑↓ − ↓↑

]
is purely antisymmetric. For N = 3

the antisymmetrizer in Eq (44) reads

A =
1

6
(I − P12 − P13 − P23 + P231 + P312) . (52)

For the groundstate (S = 1/2,M = 1/2) two linear independent spin-eigenfunctions can
be chosen,

X

(
3,

1

2
,
1

2
; 1

)
=

1√
6

[
2 ↑↑↓ −(↑↓↑ + ↓↑↑)

]
(53a)

X

(
3,

1

2
,
1

2
; 2

)
=

1√
2

[
↑↓↑ − ↓↑↑

]
. (53b)
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Choosing i = 1, the (normalized) spatial parts in Eq. (49) become

Φ
1/2
11 =

1

2

[
2φ(x1, x2, x3)− 2φ(x2, x1, x3) + φ(x3, x2, x1) + φ(x1, x3, x2)

− φ(x3, x1, x2)− φ(x2, x3, x1)
]

(54a)

Φ
1/2
21 =

√
3

2

[
φ(x3, x2, x1)− φ(x1, x3, x2)− φ(x3, x1, x2) + φ(x2, x3, x1)

]
(54b)

For an easier legibility we write Φ̃1 := 2 Φ
1/2
11 and Φ̃2 := 2√

3
Φ

1/2
21 . Then the full spin-

adapted wave function can be written as

Ψ := C
[

Φ̃1(2 ↑↑↓ − ↑↓↑ − ↓↑↑) + 3 Φ̃2(↑↓↑ − ↓↑↑)
]
, (55)

where C is the normalizing constant. It can be shown that Φ̃1 and Φ̃2 are orthogonal
among each other. Using this property and assuming the spatial functions are real, the
spin densities as the expectation value of

ρ̂σ(x) =
1

2

N∑
i=1

[1 + sign(σ)σz,i] (x− xi) (56)

can be computed as follows:

ρ↑(x) = 〈Ψ|ρ̂↑(x)|Ψ〉 = C2

(∫∫ [
5 |Φ̃1(x, x2, x3)|2 + 9 Φ̃2(x, x2, x3)|2

]
dx2dx3

∫∫ [
5 |Φ̃1(x1, x, x3)|2 + 9 Φ̃2(x1, x, x3)|2

]
dx1dx3

∫∫ [
2 |Φ̃1(x1, x2, x)|2 + 18 Φ̃2(x1, x2, x)|2

]
dx1dx2

)
(57)

ρ↓(x) = 〈Ψ|ρ̂↓(x)|Ψ〉 = C2

(∫∫ [
|Φ̃1(x, x2, x3)|2 + 9 Φ̃2(x, x2, x3)|2

]
dx2dx3

∫∫ [
|Φ̃1(x1, x, x3)|2 + 9 Φ̃2(x1, x, x3)|2

]
dx1dx3

∫∫ [
4 |Φ̃1(x1, x2, x)|2

]
dx1dx2

)
(58)
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And the normalization constant C is determined by the condition
∫ [
ρ↑(x)+ρ↓(x)

]
dx =

3.
The question remains whether a numerical solution Φ of Eq. (39) is a proper function

that can be used for the construction of the spatial parts in Eq. (54) having the correct
symmetries. Therefore Young diagrams can be used. For a detailed description we refer
to Ref. [37], [38] and [39]. The corresponding diagrams for N = 3, S = 1/2 and M = 1/2

are shown in Fig. 2.

a) 1

2

3

b) 1 2

3

c) 1 3

2

d) 1 2 3

Figure 2: Young diagrams for three particles. Diagram d) is not allowed for spin-1/2

particles.

The boxes are labeled with a number from 1 to 3, which increases from left to
right as well as from top to bottom. Since we are dealing with spin-1/2 particles, the
diagrams need to contain at most two columns and hence diagram d) is not allowed. Each
diagram corresponds to an operator, whose specific form depends on the position of each
number and their neighborhood. Horizontally neighbored numbers i and j correspond
to the symmetrizer Ŝij = I + P̂ij - and if vertically positioned, to the antisymmetrizer
Âij = I − P̂ij . Here, the operator I is the identity and P̂ij describes the exchange of the
coordinates on position i and j of a wave function. For example, according to diagram
b) one needs to perform the following operations on the wave function Φ (x1, x2, x3):

Â13Ŝ12Φ (x1, x2, x3) = (Φ (x1, x2, x3) + Φ (x2, x1, x3))

− (Φ (x3, x2, x1) + Φ (x3, x1, x2)) (59)

Note that symmetrization always comes before antisymmetrization. If the norm of the
wave function does not vanish after this transformation, one can keep the function as a
proper fermionic spatial part, which can be used to build the spin-adapted wave function

in Eq. 55 [40]. A deeper insight shows that the sets {Φ1/2
11 ,Φ

1/2
21 } and {Φ1/2

12 ,Φ
1/2
22 } form

an invariant subspace under S3 respectively and leading to the same (2-dimensional)
irreducible representation of S3. This representation is “mixed”, that is, neither purely

symmetric nor purely antisymmetric under transpositions. Φ
1/2
21 and Φ

1/2
22 are symmetric

under the transposition P12, they correspond to the Young diagram b). On the contrary

Φ
1/2
11 and Φ

1/2
12 are antisymmetric under the same transposition, corresponding to tableau

c). In that sense the operator, so-called Young symmetrizer, described in Eq. (59) is a
projection of Φ on Young tableau b) [41]. The Young diagrams can be used to compute
the expansion coefficients in Eq. (46) as well (see e.q. Ref. [37]).
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2.3 Neural Networks

A succinct definition of machine learning have been provided by Tom M. Mitchell (1997)
[42]:

Figure 3: A fully connected neural
network with two hidden layers [43]

Figure 4: A single neuron with bias
b and activation function ϕ [43]

”A computer program is said to
learn from experience E with re-
spect to some class of tasks T and
performance measure P, if its per-
formance at tasks in T, as mea-
sured by P, improves with experi-
ence E.”

Here, we briefly portray a commonly
used architectural concept of machine learning
models inspired by neurobiological processes:
the (artificial) neural network. Neural net-
works are formed by hidden layers of multiple
abstract neurons (see Fig. 3 and 4). A neuron
can be described as a quadruple (x,w, ϕ, y),
where xT = (x0, x1, . . . , xn) is the input vec-
tor, wT = (w0, w1, . . . , wn) is the weights vec-
tor, with x0 = −1 and w0 = b, the bias, and ϕ
is an activation function that defines the out-
come function y = ϕ

(
xTw

)
= ϕ (

∑n
i=wixi)

[43]. We will denote all the weights and bi-
ases of a neural network as its parameters W
and B. According to the universal approxi-
mation theorem, any well-behaved function f
can be approximated by a neural network if
non-polynomial activation functions are used
[44, 45, 46]. We note that the neural network,
shown in Fig. 3, is fully connected, since each
neuron of one layer is connected to all neurons of the neighbored layers.

There are other architectural designs like convolutional neural networks (CNN) with
shared weights and sparse interaction. Given fewer numbers of parameters, CNNs are
more efficient to train than any similarly sized fully-connected layer networks [43]. Their
greatest success is their performance in image processing and pattern recognition [47].
A detailed description of CNNs can be found in chapter 9 of [48]. A similar method
related to the CNN concept is the sliding window convolution, which will be presented
in detail in section 3.2.1.

In the learning process, the parameters are subject to minimize a cost function L.
For chosen activation functions, the neural network transforms a given input vector to
an output vector, whose values depends on the weights and biases of all neurons and
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their connections among each other. The proximity between the output fW,B(x) as the
prediction of the neural network and the associated target y is measured via the cost
function and the parameters are accordingly updated with a certain learning rate. An
example for an often-used cost function is the mean squared error (MSE),

L(W,B) =
1

n

n∑
j=1

(fW,B (xj)− yj)2 . (60)

The updating process is done by computing the gradients of the cost function with re-
spect to the parameters of the neural network and using a gradient-based optimization
algorithm. To train a model, a training set is needed, containing inputs and correspond-
ing targets. A validation set is necessary to keep track of how well it is doing as it learns.
It can be of the same type as the training set (with different data), but while validating
the parameters will not be changed. For example, the validation loss can increase while
the training loss decreases, which indicates overfitting and thus the loss of generaliza-
tion. Therefore, it is used to optimize the hyperparameters of the neural network, e.g.
the number of layers, the number of neurons per layer, learning rate, or the number of
simultaneously handled inputs (batch size). The test set is used to provide an unbiased
evaluation of a final model fit on the training data set [49].
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3 Machine Learning Functionals and Ensemble DFT

A large number of useful exchange-correlation functional approximations have been pro-
posed in the last decades [50], most of them designed by physical intuition with some
(or no) fitting parameters [51]. As mentioned in the introduction already, any well-
approximated xc functional should reproduce some critical and fundamental aspects of
DFT, such as the derivative discontinuity and the piecewise linear behavior of the total
energy by varying the (fractional) particle number. In practice, standard approxima-
tions to the xc functionals that depend explicitly on the electronic density, such as the
local-density (LDA) and generalized-gradient (GGA) approximations, are continuously
differentiable functions of N and lack therefore a derivative discontinuity. Meta-GGAs
can exhibit a discontinuity due to their dependence on the kinetic-energy density, but it
is usually too small or even negative [30]. Due to their dependence on the Kohn-Sham
orbitals, orbital functionals are discontinuous [52], but this comes at the price of a much
higher computational effort. Regarding the piecewise linearity, it has been shown that
semi-local density functionals are in general convex with perhaps small concave pieces
[53]. Even the Hartree Fock theory leads to piecewise concave curves between integers
[53]. We note that the relatively well-defined curvature of the curves is ultimately the
reason for the success of the Slater half-occupation scheme [54] or the LDA-1/2 method
[55]. In fact, these schemes use the derivative at the midpoint (i.e., at N − 0.5), which
can be shown to be equal to the slope of the straight line between E(N − 1) and E(N)
if the curvature is constant, irrespective of its sign [56].

A new and revolutionary way to design highly accurate functionals might be based
on machine learning (ML). The application of machine learning techniques to the formu-
lation of density functionals has already a long history as well and showed remarkable
improvements in the last couple of years based on the enormous development in differ-
entiable programming [57]. While those functionals are designed to perform tasks of
different degrees of complexity, all share the aim of learning one of the maps of DFT,
namely, the Hohenberg-Kohn map between the external potential vext(r) and the density
ρ(r) [58, 51, 59, 60, 61], or the Kohn-Sham map between the density ρ(r) and the xc
functional Exc[ρ(r)] and its functional derivative vxc[ρ(r)] = δExc[ρ(r)]/δρ(r) [27, 62, 63].

In this section, we present machine learning functionals trained with densities of
different numbers of electrons concurrently, including fractional numbers. In addition
to that, we propose a way how to implement the derivative discontinuity directly into
the training. We evaluate the predictions for the total energy, by using the xc output of
the neural network and by subsequently solving the Kohn-Sham equations (9). Ways to
reduce the deviation from the exact, analytical results (35) will be proposed. Our neural
network has been build with the open-source machine learning framework PyTorch [64]
and PyTorch Lightning [65].

3.1 The Data

To build a set with a sufficiently large number of samples we reduced the numerical
effort by limiting the physical systems to be one-dimensional. We sampled over 1500
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external (coulomb-) potentials and computed the electronic ground state densities and
corresponding energies by solving the eigenvalue problem

ĤΦ =

[
N∑
i=1

(−i∂i)2

2
−

K∑
j=1

N∑
i=1

Zj
1 + (Rj − xi)2

+
N∑

i,j=1; i<j

1

1 + (xi − xj)2

]
Φ = EΦ , (61)

for N ∈ {1, 2, 3} particles via octopus [40], where atomic units have been used (i.e.
h̄ = m = e = 1). Here, K is the total number of nuclei and the variables Rj and Zj
denotes the position and charge of the j-th nuclei respectively, while each xi describes
the position of the i-th electron with elementary charge e. The external potentials have
been determined to be coulomb potentials with softened interaction:

1

|x|
→ 1√

1 + x2
. (62)

The spin-densities were calculated using the methods described in section 2.2. A spin-
adapted, fermionic solution Ψ (x1σ1, x2σ2, . . . , xNσN ) of Eq. (61) can be obtained by
projecting any spatial solution Φ on Young diagrams belonging to certain spin quan-
tum numbers S and M . If the projected function does not vanish, one keeps the
spatial function Φ as a proper fermionic, spatial part and use it to build the spin-
adapted solution Ψ. The spin densities ρ↑ and ρ↓ as expectation values of ρ̂σ(x) =
1
2

∑N
i=1 [1 + sign(σ)σz,i] (x− xi) can be computed eventually.
We used a grid spacing of ∆ = 0.1 a.u. and a box size of 23 a.u., leading to a grid

with 231 points. The total number of nuclei K have been set to be 1, 2, or 3, such that
their individual charges {Zj} satisfy

∑
j Zj = 3, to maintain electrical neutrality in case

N = 3. Their position {Rj} have been randomly distributed with |R|max = 4 a.u., i.e.
the distance between the nuclei is bounded by 8 a.u. With those determinations, the
majority of the computed densities satisfy our condition of a sufficient decay ρ < 10−7

at the boundaries.
For the inversion of the densities, we used the PDE optimization algorithm described

in section 2.1.2 and used the conjugate gradient method (CG) for updating the potential
according to Eq. (23). A constant weight function w(x) ≡ 1 was used so that the cost
function just equals the MSE function (60) times the grid constant ∆. The densities of
N = 1, 2, 3 particles belonging to an external potential have been mixed so that a set
of fractional densities (FDs) for each external potential can be generated. An example
could be an FDs based on γ = {0.2, 0.7}, containing 0.2′ and 0.7′ fractional densities.
Here, we introduced the notation 0.x′, denoting both 1.x as well as 2.x particle densities.
In the further course of the text, the notation N will be explicitly used for integer particle
numbers, while ñ denotes the particle number in a more general manner, including
integer as well as fractional values. All integer densities as well as the densities of a
joint FDs corresponding to a certain external potential have been dropped completely
if a single system belonging to a certain particle number could not yield an MSE below
1.5 × 10−7. All remaining successfully computed exchange-correlation potentials were
shifted by a constant to be in agreement with Koopman’s theorem (24, 25, 26, 27). The
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exchange-correlation energy Exc has been calculated using formula (12).
A few samples of the data set are shown in Fig.5.
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Figure 5: Densities and corresponding exchange-correlation potentials for a certain exter-
nal potential of different particle numbers. The positive shift of the exchange-correlation
potential caused by the ∆xc jump is clearly visible in (b).
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3.2 The Neural Network

3.2.1 Concept and Architecture

A schematic illustration of the training and testing procedure is shown in Fig. 6 and is
inspired by the approach proposed in Ref. [27].

Figure 6: Illustration of the training and testing procedure. The dotted lines mark the
additional computation of Etot while testing the model.

The neural network takes an electronic density as an input and returns the exchange-
correlation energy, which can be used to solve the Kohn-Sham equations to obtain the
total energy. For the sake of clarity, we will denote the total energy as Etot in contrast to
the exchange-correlation energy Exc in the following. Depending on the spin-restricted
or spin-unrestricted framework the input channels can be 1 or 2 (for σ =↑, ↓). Here,
we will focus on the spin-unrestricted formalism, since in the case of the spin-restricted
framework one does not need to distinguish between spin-depended quantities, such as
ρσ and vσxc, and can just use ρ and vxc in all presented formulas. The correspond-
ing exchange-correlation potential can be computed via Eq. (15) and using PyTorch’s
automatic differentiation engine torch.autograd.

The parameters of the neural network will be updated according to a loss function
L consisting of the sum of weighted MSE’s of Exc, v

↑
xc and v↓xc:

L(θ;α, β) = αMSE
(
v↑xc [ρ↑, ρ↓] , v

↓
xc [ρ↑, ρ↓]

)
+ βMSE (Exc [ρ↑, ρ↓]) , (63)

20



where MSE is the mean squared error. The weighting parameters α and β can be
adjusted to expedite convergence. The validation step just equals the training step
without optimizing the parameters of the neural network after each iteration. While
testing, the inputs can be an arbitrary linear mixing of (neighbored) integer particle
densities, (1− γ)[ρ↑(x), ρ↓(x)]TN + γ[ρ↑(x), ρ↓(x)]TN+1, where 0 ≤ γ ≤ 1. Those fractional
densities do not necessarily have to be trained FDs and thus the corresponding neural
networks output is an extrapolation. The associated potentials v↑xc and v↓xc will then
be used to solve the self-consistent Kohn-Sham equations (9) iteratively. Therefore, we
used a Broyden mixing of input densities to ensure convergence (e.g. max-norm < 10−8

of the difference between input and output density). The obtained density and kinetic
energy of the orbitals calculated via Kohn-Sham formalism can eventually be inserted
into Eq. (12) - and together with the Exc output of the neural network, one obtains the
total energy Etot.

The design of all our neural networks is based on sliding window convolution (SWC)
proposed in Ref. [27], which is illustrated in Fig. 7. This method was originally devel-
oped for the spin-restricted case.

SWC unit

Figure 7: Illustration of sliding window convolution (SWC). The yellow coloring marks
a window with kernelsize κ = 5 and zero-padding of 2, scanning each density point and
its neighborhood to produce a local energy εθloc[η(xj , κ)]. The sum over all local energies
gives the exchange-correlation energy Exc(ρ).

For an 1D system of discrete spatial points {x1, ..., xW }, a window with a certain ker-
nelsize κ scans each data point ρ(xj) and its κ−1 nearest neighbors to produce the local
energies εθloc[η(xj , κ)], with the local domains η(xj , κ) = {ρ(xj−(κ−1)/2), ..., ρ(xj+(κ−1)/2)},
such that those local energies give the exchange-correlation energy of the system through
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the formula:
Exc [ρ] =

∑
j

εθloc

[
η(xj , κ)

]
. (64)

Here, θ denotes the trainable parameters. While scanning the density via convolution
a number of output channels S can be determined, so that for each point xj there are
S values which can be rearranged to obtain a ”local” S-dimensional vector s(xj). The
vector s(xj) will be the input of our SWC unit consisting of multiple fully connected
hidden layers and non-linear activation functions, which outputs eventually the local
values εθloc

[
η(xj , κ)

]
. In Ref. [27] they applied the Exponential Linear Unit (ELU) [66]

ELU(x) =

{
x, if x > 0
exp(x)− 1, if x ≤ 0

(65)

as non-linear activation functions. The SWC offers a degree of freedom of the local-
ity and is independent of the input size. Even though it is known that the exact
exchange-correlation functional is highly non-local, they demonstrated - based on the
H2-dissociation curve - that increasing the kernelsize has its limits in terms of its ben-
efit. A large kernelsize makes the learning process easier in general, but for kernelsizes
far beyond the H-H bond length, the neural network predictions tend to be unphys-
ical. This discovery leads to a dilemma, since there are important properties of the
exchange-correlation functional necessitating its high non-locality, as we shall see soon
by evaluating our trained models.

The SWC can also be applied when spin densities are included. Here, the input
data is composed of spin-up and spin-down components of the density corresponding to
one separated channel respectively. Therefore, SWC can be easily extended to the spin-
unrestricted case, where the local energies are εθloc[π↑(xj , κ), π↓(xj , κ)] with πσ(xj , κ) =
{ρσ(rj−(κ−1)/2), ..., ρσ(rj+(κ−1)/2)}, σ =↑, ↓.

We made an additional change by using a different approach of combining the local
energies,

Exc [ρ↑, ρ↓] =
∑
j

ρ(xj) ε
θ
loc

[
π↑(xj , κ), π↓(xj , κ)

]
, (66)

such that Exc = 0 for ρ ≡ 0. We chose the Sigmoid Linear Unit (SiLU)

SiLU(x) =
x

1 + e−x
(67)

to be our non-linear activation function [67]. The number of zero-paddings at the bound-
aries has been set to (kernelsize - 1)/2, where the kernelsize is always an odd number.

Additionally, the symmetries of the physical systems can be taken into account by
incorporating it into the training set or even into the network’s architecture itself. One
might ensure that the optimizable parameters of the SWC unit are spatially symmetric,
since the exchange-correlation energy has to be isotropic, i.e Exc[ρ(−x)] = Exc[ρ(x)].
Since there is no external magnetic field and thus no energetically preferability in terms
of magnetization in positive or negative z-direction, an additional training step can be
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implemented in the case of the spin-unrestricted framework, where the spin-channels are
merely swapped and the Loss L in Eq. (63) is evaluated again (where both vσxc, σ =↑, ↓,
need to be swapped as well).

3.2.2 Ways to optimize the Prediction of the Total Energy

In this section, we will present ways to make the learning process easier for the machine
as well as optimizing the extrapolation outside the distribution of the samples used for
the training.

Locality. As described in the sections 2.1.2 and 2.1.3 a jump of the exchange-correlation
potential occurs at the integer particle numbers. Imagine two separated systems, far
away from each other, wherein one of the systems the ionization can be controlled by
a charge-transfer. As soon as an integer particle number in this system is crossed, the
exchange-correlation potential will be shifted everywhere, even in the region of the other,
untouched system. That is a highly non-local phenomenon of the functional. Thus, we
expect a better convergence while training, when a larger kernelsize κ is used.

Fractional Densities. When training a model with only integer densities, the ex-
trapolated total energy curve in between N and N ± γ is hard to predict, regardless if
a small loss L in Eq. (63) has been achieved or not. This problem remains the same
for the range between two neighbored fractional densities, if they are part of the FDs
used while training. Nevertheless, we expect that if a uniformly distributed FDs is cho-
sen, e.g. adding 0.5′ fractional densities beside the integer densities into the training,
a smaller MSE loss can be achieved. Furthermore, adding more and more fractional
densities, while decreasing the spacing between neighbored densities, will lead to better
approximations of the exact energy curve overall. This approach is mainly limited by
the computational effort of calculating all those inversions of the fractional densities, and
further by the instability of the inversion for densities close above the integer densities
as we shall see soon.

Use of a non-differentiable Auxiliary Function. A highly non-local functional,
trained by a large number of fractional densities, is generally not able to reproduce one
of the most infamous properties of the total energy E(N): the non-differentiability at
integer particle numbers. With our current choice of layers and activation functions,
the machine learning functional in Eq. (66) will always be fully differentiable. Even if
non-differentiable activation functions are used, e.g. the Rectified Linear Unit (ReLU)
[68], there is no obvious reason, why a non-differentiability at integer particle numbers
will appear. Even worse, it is more likely that the exchange-correlation potential as the
derivative of the functional will be discontinuous everywhere in space. That is surely
not what we desire. A possible way to overcome this problem might be to include an
auxiliary function (AF) - we will name it u - which is non-differentiable at all integer
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particle numbers N = ∫ ρdx. Thus, we make the following ansatz:

u [ρ↑, ρ↓] =
|sin(πñ)|
ñ+ b

∑
j

uθ
′

loc

[
η↑(xj , κ), η↓(xj , κ)

]
+ a . (68)

SWC
unit

Figure 8: Integration of the non-
differentiable auxiliary function u as
a third channel in case of the spin-
unrestricted framework. Here, the SWC
method is used again. The input data
contains two channels for both spin-
densities ρ↑ and ρ↓, respectively.

Here, a and b > 0 are arbitrary con-
stants and ñ =

∫
(ρ↑ + ρ↓) dr is the

(fractional) number of particles. No-
tice that the non-differentiability of the
AF comes from the non-differentiability
of the function | sin(πñ)|. But how do
we install the AF in the network’s ar-
chitecture precisely? The local functions
uθ

′
loc can also be obtained by using an-

other SWC network. To install it in
the networks architecture, we make the
most general ansatz and replace the previ-
ous functional Exc [ρ↑, ρ↓] by E′xc[ρ↑, ρ↓] ≡
Exc [ρ↑, ρ↓, u [ρ↑, ρ↓]], where the additional
channel has been appended to the spin
channels. Here, each density point carries
the (same) information about the value of
the non-differentiable AF as illustrated in
Fig. 8. This procedure ensures that the
machine can learn to implement the non-
differentiable function in the most efficient
way itself. The complete neural networks
topology is pictured in Fig. 9.

In conclusion, we would like to men-
tion that in both many-body physics and
quantum chemistry, there is a deep aver-
sion to methods that have an explicit de-
pendence on the electron number. It is
based on a possible violation of both size-
extensivity and size-consistency. If the en-
ergy of a system consisting of two non-
interacting subsystems equals the sum of
the energies of the isolated subsystems, we
call it size-consistent. Size-extensivity, on the other hand, is the requirement that a quan-
tity scales proportionally to the particle number, e.g. total energy [69]. Even though
the aversion to number dependence is both reasonable and understandable, it ignores
the important result of E. H. Lieb, that any mathematically satisfactory definition of
the functional Etot[ρ] ”... must depend explicitly on the particle number N . This fact
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is unavoidable and frequently overlooked.” [8]

Extending the loss function by incorporating the ∆xc-shift. Even if the non-
differentiable auxiliary function is used and fractional densities - belonging to the same
external potential - close around N are trained, there is still no guarantee that the exact
gap ∂E

∂N

∣∣
+
− ∂E

∂N

∣∣
− from Eq. (38) will be reproduced. When aiming at the particular

problem of reproducing the correct xc jump of the xc potential, it is sufficient to just
focus on the trained integer densities N and fractional densities N + γ with γ > 0,
since limγ→0 vxc(N − γ) = vxc(N

−) = vxc(N) is just the (spin-restricted) exchange-
correlation potential at the integer number N . Here, vxc(N) denotes the exchange-
correlation potential for N particles belonging to a certain external potential. We remain
at the spin-restricted framework and therefore present a way to approximate the exact
gap efficiently. The exact shift vxc(N

+) − vxc(N
−) is given by Eq. (38), where the

information about the total energy EN and EN±1 as well as the eigenvalues corresponding
to the LUMO and HOMO is needed. Those quantities can be computed while creating
the training set, so that for each external potential the value ∆N

xc belonging to the integer
N can be incorporated into the loss function L in Eq. (63). The original input - the
density alone - will not be extended in any way using this approach. That means that the
additional information - necessitated to compute the shift - is not needed while testing
the functional eventually. In the previous learning process, the neural network has been
optimized by minimizing the loss function L in Eq. (63) based on the input of various
fractional densities out of a large training set. In addition to that, when the input is an
integer density ρN , one computes ρN+γ = (1− γ)ρ+ γρ for a γ > 0 as small as possible,
while keeping numerical stability and accuracy, and one extend the loss function by the
term

L → L+ λMSE(vxc(N + γ)− vxc(N)) , (69)

where eventually the information about the uniform shift can be used. Here λ is a
weight hyperparameter again. We expect that the non-differentiable auxiliary function
can expedite the convergence considerably in this case. Notice, that the numerically
calculated integer particle number N = ∫ ρdx in Eq. (8) is fraught with errors itself
(computer precision), such that a threshold ε with γ > ε > 0 needs to be added in the
sinus term to avoid that the integer particle densities are randomly assigned below or
above the exact non-differentiable point at N . Furthermore, this method can always be
applied independently of trained fractional densities ñ in a neighborhood of the integer
density. It could lead to remarkable improvements of the behavior of the predicted
energy close around the integer points at N .
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SWC
unit

SWC
unit

Figure 9: Schematic illustration of the complete neural network when the non-
differentiable auxiliary function is used and spin is included. Here, the SWC is applied
twice and both SWC-units - marked by a green and blue box - acting independently, i.e.
not sharing their optimizable parameters.
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3.3 Evaluation

In this section, we present the predictions of various trained models, where the influence
of the degree of the locality, the number of trained fractional densities, the implementa-
tion of the non-differential auxiliary functional, and - in the case of the spin-restricted
framework - the incorporation of the ∆xc-shift will be studied in detail. A table contain-
ing errors, such as the MSE (see section 3.3.1), of all presented and illustrated models
is given at the end of this section.

3.3.1 Hyperparameters and Testing Procedure

As discussed before, we applied the SWC as proposed in section 3.2.1. Unless otherwise
stated, all models were trained with a kernelsize κ = 201, corresponding to highly non-
local funtionals. Each local density was fed into a fully connected network with SILU
[67] activation functions, and the output layer returned the local functions described in
the previous sections. The number of hidden layers was set to 4 with a size of 32 each.
The additional SWC unit for the AF shared the same hyperparameters. The network
weights were optimized with Adam while using a cyclic learning rate scheduler. We used
a learning rate of 7 × 10−4 with a batch size of 30. The only exceptions were models
trained with the xc-jump in the loss function. In this case, each batch contained one
density, corresponding to a random external potential. If the ∆xc-shift was incorporated
in the loss function, the densities per batch consisted of all fractional densities of a cer-
tain external potential. For these networks, we kept the learning rate used before but
changed the batch size to one. The models were trained for 30 000 epochs and the model
with the best validation loss was selected for testing.

When a set of M external potentials {v(1)
ext, ..., v

(M)
ext } is given and a error estimation is

desired, one can measure the averaged mean squared error - which we will simply denote
as MSE in the following -

MSE :=
1

KM

M∑
m=1

K∑
k=1

(
EML

tot (ñk; v
(m)
ext )− EExact

tot (ñk; v
(m)
ext )

)2
, (70)

and the averaged variance (Var)

Var2 :=
1

KM

M∑
m=1

K∑
k=1

(
∆Etot(ñk; v

(m)
ext )− µ(v

(m)
ext )

)2
, (71)

where ∆Etot(ñk; v
(m)
ext ) = EML

tot (ñk; v
(m)
ext )− EExact

tot (ñk; v
(m)
ext ) is the difference between the

predicted energy and the exact energy and µ(v
(m)
ext ) = ∆Etot(v

(m)
ext ) is the mean value

averaged over particle numbers corresponding to the densities belonging to a certain

external potential v
(m)
ext . K denotes the number of equally distributed densities (with

corresponding particle number ñk) - in the range [ 1, 3 ]. The averaged MSEs and vari-
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ances for a sufficiently large number of external potentials provide information about
the accuracy of the prediction of the total energy for arbitrary fractional densities in
general.

In addition to the MSE we calculated the relative energy error

RelE(N) :=
1

M

M∑
m=1

∣∣(EML
Tot(N ; v

(m)
ext )− EExact

Tot (N ; v
(m)
ext )) /EExact

xc (N ; v
(m)
ext )

∣∣ (72)

at the integer particle numbers N (averaged over multiple external potentials as well).
This formula offers (i) a way to measure the impact of changing hyperparameters on the
training process in general, since a small loss L(θ;α, β) is the condition for a small RelE
in principle, and (ii) a qualitative estimation of the energy error per particle number,
since EExact

xc increases with N .
The computation of the derivative of the total energy with respect to the particle

number offers the opportunity to estimate the success of including the AF in the network
or the xc jump in the training, when analyzing the gap

∆ε(N ; v
(m)
ext ) :=

∂ETot

∂n

∣∣∣∣
n=N+ε

(v
(m)
ext ) − ∂ETot

∂n

∣∣∣∣
n=N−ε

(v
(m)
ext ) , ε > 0 (73)

that might occur at the integer particle number N . The numerical derivatives have been
approximated using the central finite differences

∂ETot

∂n

∣∣∣∣
n=ñ

(v
(m)
ext ) ≈

(
ETot(ñ+ ∆; v

(m)
ext )− ETot(ñ−∆; v

(m)
ext )

2∆

)
, (74)

where ñ is a computed fractional particle number in the interval [ 1, 3 ] and ∆ is the
corresponding spacing. Since a non-differentiability at integer particle numbers occur
in theory, the numerical derivatives - whose derivation is based on the assumption of
having fully differentiable functions - have been computed separately on open intervals
(N, N + 1), such that the non-differentiable points E(N) never appear in one of the
calculations using Eq. (74). By doing so, we kept staying on the path of mathematical
correctness. Using Eq. (73) and (74) we are able to evaluate the mean percentage error
between the estimated and the actual gap

gapE(N, ε)mean :=
1

M

M∑
m=1

∣∣∣∣∆ML
ε (N ; v

(m)
ext )−∆Exact

ε (N ; v
(m)
ext )

∆Exact
ε (N ; v

(m)
ext )

∣∣∣∣ , (75)

where ∆Exact
ε (N ; v

(m)
ext ) is just the difference between ionization potential and electron

affinity according to Eq. (38). We explicitly underscored the denotation of the error by
”mean”, since we will additionally evaluate the median percentage error gapE(N, ε)median,
which is the midpoint of the sorted distribution consisting of all the summands in
Eq. (75). For the evaluation of the prediction of our models, while testing, we chose
K = 100 and M = 100 when computing all the errors described before. We estimate
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the gap errors at N = 2 only with ε = 5× 10−9. Therefore, we will simply use the short
forms gapE := gapE(N = 2, ε = 5× 10−9) from now on.

3.3.2 Locality

First, we compared the predictions of models trained with different kernelsizes κ between
3 and 301, corresponding to different degrees of the locality. Fig. 11 (a) and (b) demon-
strate, that in the case of using spin-restricted functionals, the MSE decreases overall
when reducing the locality, as expected. On the other hand, the models trained within
the spin-DFT framework do not show such a monotonically increasing behavior. Re-
markably, changing the kernelsize from 201 to 301 leads to an MSE being even 10 times
larger! Interestingly, in some cases, an increasement of the error comes from a peculiar
behavior of the energy ”in-between” certain trained fractional densities. An example
illustrating this kind of phenomenon is shown in Fig. 10, corresponding to models with
κ = 11. The average over the relative errors RelE at integer particle numbers shown in
Fig. 11 (c) becomes smaller for larger values κ overall, except for a few outliers. When
comparing the results of the training based on both spin-restricted and spin-restricted
calculation, the spin-restricted functionals tend to guarantee a much more stable depen-
dency of energy curves when changing their locality. Concurrently, the averaged RelE is
slightly worse, especially for smaller kernelsizes (κ ≤ 51).

Figure 10: Difference between the predicted energies ETot
ML and the exact energies ETot

Exact

belonging to a spin-restricted and a spin-unrestricted functional respectively, sharing the
same kernelsize κ = 11. Both models were trained with γ = {0.25, 0.5, 0.75} fractional
densities and for each one an AF has been implemented. Here, large errors are obtained
specifically in the range (1.25, 1.5). 1

1 We would like to point out that the models presented in Fig. 10 do not belong to the models
shown in Fig. 11 for κ = 11, since they have been trained differently. Nevertheless, we do not
want to withheld them, since they highlight the aspect of very curious ML predictions which
might occur.

29



3 11 21 51 101 201 301
Kernelsize

10-7

10-6

10-5

10-4

10-3

M
SE

 [a
.u

.]
Spin-restricted

MSE

(a) MSEs (spin-restricted)

3 11 21 51 101 201 301
Kernelsize

10-7

10-6

10-5

10-4

10-3

M
SE

 [a
.u

.]

Spin-unrestricted

MSE

(b) MSEs (spin-unrestricted)

101 102

10-3

10-2

10-1

Re
lE

(N
)

spin-unrestricted

Average Error
N= 1 
N= 2 
N= 3 

101 102

spin-restricted

Kernelsize
(c) RelEs

Figure 11: Comparison of the averaged MSEs and variances, (a) and (b), and the RelEs
(c) for models (spin-restricted and spin-unrestricted) trained with different kernelsizes
κ corresponding to different degrees of the locality. Here, the ”Average Error” for a
certain kernelsize in (c) denotes the mean over the RelE(N) values, N ∈ {1, 2, 3}. All
models have been trained with γ = {0.05, 0.2, 0.5, 0.8, 0.95} fractional densities and an
AF has been implemented into the networks architecture.
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3.3.3 Fractional Densities

The effect of increasing the number of trained fractional densities in (N,N + 1) on
the error is illustrated in Fig. 13. Here, all models share a kernelsize of κ = 201
and an AF has been included. As expected, the MSE decreases when adding more
fractional densities to the training set, while - on the other hand - the RelE for the
integer densities becomes larger overall. That means that the machine can be forced to
produce an excellent approximation of the exact energy curve between the integers but
at the cost of the accuracy of the predicted energy for densities belonging to trained
particle numbers. The choice of training with spin does not seem to have any visible
benefits in general compared to the training based on spin-restricted calculations. Fig.
12 confirms that. Here, we evaluated the dependency of mean absolute error (MAE) on
the particle number ñk, averaged over 100 external potentials,

MAE(ñk) :=
1

M

M∑
m=1

∣∣∣EML
tot (ñk; v

(m)
ext )− EExact

tot (ñk; v
(m)
ext )

∣∣∣ , k ∈ {1, ...,K} (76)

where K is the total number of uniformly distributed densities again (in our case K =
200). The results demonstrate (i) the significant improvement by including fractional
densities in the training, while (ii) there is no visible benefit using a spin-DFT framework
- in agreement with the statement given in section 2.1.1.

Figure 12: Comparison of the mean absolute error (MAE) of the total energy - here,
dependent on the particle number - between different models, averaged over 100 external
potentials. “FDs” means that fractional densities γ = {0.05, 0.2, 0.5, 0.8, 0.95} has been
included in the training. The yellow and green curves belong to spin-restricted and spin-
unrestricted models respectively and both have been trained with integer particles only,
while the red and blue curves belong to spin-restricted and spin-unrestricted models
respectively as well, but both have been additionally trained with fractional densities.
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Figure 13: Comparison of the averaged MSEs and variances, (a) and (b), and the RelEs
(c) for models (spin-restricted and spin-unrestricted) trained with different numbers of
fractional densities. Here, the ”Average Error” for a certain FD in (c) denotes the mean
over the RelE(N) values, N ∈ {1, 2, 3}. The values corresponding to the number of
FDs represent the following fractional densities in detail: 0 ≡ no fractionals, 1 ≡ {0.5′},
3 ≡ {0.2′, 0.5′, 0.8′} and 5 ≡ {0.05′, 0.2′, 0.5′, 0.8′, 0.95′}. The errors are averaged over
100 external potentials. For all models, an AF has been implemented and the kernelsize
of each SWC unit is κ = 201.
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3.3.4 The non-differentiable Auxiliary Function and the ∆xc-shift

Finally, we demonstrate how the incorporation of the non-differentiable auxiliary func-
tion and the ∆xc-shift affects the prediction of the energy in a close neighborhood of
integer particle numbers in the case of the spin-restricted framework. As described in
detail in section 3.2.2, the parameters γ and ε, with γ > ε > 0, have to be determined.
To keep a high precision while not being jeopardized to handle values in order of machine
precision (≈ 10−15), we chose ε = 10−14 and γ = 1× 10−14.

To study the performance of our approach, Fig. 14 presents the predicted derivative
of the total energy for three different spin-restricted models: (i) a model trained only
with fractional densities, (ii) a model using the AF in the network architecture and
trained with fractional densities, and (iii) a model using the AF, the shift in the loss
function and fractional densities. The results correspond to a certain, randomly picked
external potential - but it can be seen as representative for a large number of systems
as we shall see by analyzing the averaged errors presented in the table at the end of this
section. As expected, the first model does not predict the correct derivative discontinuity,
despite yielding very small errors at fractional particle numbers. While the second model
already demonstrates major improvements, especially at N = 2, our most important
finding is that the predictions of the third model show remarkable accordance with the
exact results. Further away from the integer points it did not show any advantages or
improvements of the energy prediction compared with the other (standard) model. It
should be noted that we also trained models without an AF, but with the ∆xc-shift.
Those models had huge problems to converge in general. In this case the use of an AF
showed its real benefit.

Figure 14: Comparison of the derivatives of the energy with respect to the particle
number for three different models evaluated at a randomly chosen external potential.
All models have been trained with γ = {0.05, 0.2, 0.5, 0.8, 0.95} fractional densities. The
first model uses only fractional densities, the second one is additionally trained with the
non-differentiable AF and the third one incorporates the exact xc shift, in addition to
an AF and fractional densities.

In Fig. 15 the energy as a function of the particle number is displayed for two models:
(A) a model trained with integer densities only and (B) a model using fractional densities,
the shift in the loss function and the AF. The situation is clearly much better for model
B, as the energy is very close to linear between integers and shows a cusp at N = 2.
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As shown in Fig. 16, this model is also able to reproduce the correct jump in the xc
potential. There, we display the xc potentials and densities for a randomly selected
external potential at 2 and 2.01 electrons. On the left panel of Fig. 16 we can see that
the xc potential of the basic model A is correct at 2 electrons but barely changes when
going from 2 to 2.01. Model B, on the other hand, shows the correct uniform shift in its
xc potential.

The percentage errors of the gap (see Eq.(75)) of each model presented in this section
are listed in the following table:

FDs AF ∆xc gapEmean gapEmedian Figure

0 — — 57.43 % 55.61 % (15), (16, A)

5 — — 57.46 % 53.32 % (14)

5
√

— 14.35 % 9.69 % (14)

5
√ √

7.24 % 3.18 % (14), (15), (16, B), (22)

Figure 15: Comparison of the total energy for a certain external potential (top) as well
as its derivative with respect to the particle number (bottom) for two different models:
Model A has been trained with integer densities only. Model B has been trained with
fractional densities, the exact ∆xc-shift, and employs the AF (see text). The MSE of
Model A, averaged over 100 external potentials, is 8.49×10−4±6.43×10−4 a.u. and the
MSE of Model B is 3.85× 10−7 ± 1.49× 10−7 a.u, such that the predictions illustrated
in the plot can be seen as representative for multiple external potentials.
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Figure 16: Comparison between the predicted jump of the xc potential at N = 2 for
Model A and Model B (as explained in the text). The results correspond to the same
external potential used in Fig. 15.
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3.3.5 Dissociation Curve of H2

Here, we present the predicted dissociation curves of the H2-molecule of several trained
ML functionals. Over many years, the study of this extremely simple model has been part
of determining the origin of pathologies of widely used xc functionals at the most basic
level (such as the dissociation of ions). Many failures can be traced to the delocalization
error and static correlation error of commonly used xc approximations. An overview of
those challenges is given in Ref. [70].

First, we want to take a look at the predictions of our best ML functional presented
in section 3.3.4 (Model B in Fig. 15). The result is illustrated in Fig. 17. The functional
reproduces the exact dissociation curve with high precision for bond lengths smaller
than 4 atom units. Beyond this value, the functional spectacularly fails. As mentioned
before, this kind of problem has been already described by Ref. [27] in detail. This
kind of unphysical behavior could be the price of using huge kernelsizes, being much
larger than the usual bond lengths of the (trained) physical systems (corresponding to
highly non-local functionals). Therefore, we analyzed the dependency on the degree of
the locality. Fig. 19 shows the predictions of models using different kernelsizes, which
have been trained with integer densities only. Remarkably, all models show a poor
approximation of the exact dissociation curve. Again, there is no apparent advantage
of using a spin-DFT framework here. In the case of spin-restricted models, there seems
to exist an ideal kernelsize (here κ = 51) - in agreement with the results presented in
Ref. [27]. Varying the number of fractional densities in the training while keeping a
kernelsize of κ = 201 does not reproduce any discernible pattern (see Fig. 20) and all
functionals show poor predictions for larger distances (> 4 a.u.), too.

Finally, we evaluate the predictions of a model, which has been trained with spin-
mirrored densities in addition to the original ones as proposed in section 3.2.1 to keep the
physical symmetries. In Fig. 18 we plotted the predictions of (i) a spin-restricted model,
(ii) a spin-unrestricted model, and (iii) a model, which has been additionally trained
with flipped spin-densities. The spin-restricted model reproduces better results than
the models, where the spin has been included. Surprisingly, the ML functional based
on spin-flipped training shows even worse predictions than the standard spin-restricted
model.
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Figure 17: Comparison of the exact dissociation curve of the 1D H2-molecule and the
prediction of the ML functional presented in section 3.3.4 (Model B in Fig. 15).

Figure 18: Errors of the dissociation curve of the 1D H2-molecule for (i) a spin-restricted
model, (ii) a spin-unrestricted model, and (iii) a model, which has been additionally
trained with flipped spin-densities. All models share the same kernelsize (κ = 201) and
are trained with integer densities only.
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Figure 19: Errors of the dissociation curve of the 1D H2-molecule. The ML functionals
differ from each other by their degrees of the locality (kernelsizes).
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Figure 20: Errors of the dissociation curve of the 1D H2-molecule. The ML functionals
differ from each other by the number of fractional densities they have been trained
with. Here, the values corresponding to the number of FDs represent the following
fractional densities in detail: 0 ≡ no fractionals, 1 ≡ {0.5′}, 3 ≡ {0.2′, 0.5′, 0.8′} and
5 ≡ {0.05′, 0.2′, 0.5′, 0.8′, 0.95′}.
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3.3.6 Dependency on the Number of Samples per Training Set

In this section, we briefly demonstrate that the testing errors (MSE and RelE) decrease
when increasing the number of physical systems in the training set. The results are
illustrated in Fig. 21 (a) and 21 (b). Here, we trained models (spin included) with 8,
16, 51, 201, and 1001 external potentials per training set. Since all models have been
trained with γ = {0.05, 0.2, 0.5, 0.8, 0.95} fractional densities, one vext per training sets
equals 13 physical systems with different number of electrons. As expected, the errors
decrease when adding more samples into the training data.

8 16 51 201 1001
Number of Vext 's per trainings set

10-7
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10-5

10-4

M
SE
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.]
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(a) MSEs and variances
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Figure 21: (a) Comparison of the averaged MSEs and variances of models (spin included)
based on different numbers of external potentials contained in the training set.
(b) Comparison of the averaged RelEs for integer particle numbers of models (spin
included) based on different numbers of external potentials contained in the training set.
The ”Average Error” for a certain number of external potentials is the mean computed
over the RelE(N) values, N ∈ {1, 2, 3}.
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Table of Errors

Spin FDs AF Kernelsize Vext ∆xc Spin-mirr. MSE RelE({1, 2, 3})
√

0
√

201 1200 — — 1.39× 10−4 ± 1.17× 10−4 1.37× 10−4

√
1
√

201 1200 — — 2.91× 10−5 ± 2.69× 10−5 1.33× 10−4

√
3
√

201 1200 — — 1.86× 10−5 ± 1.76× 10−5 3.92× 10−4

√
5
√

201 1200 — — 7.20× 10−7 ± 2.65× 10−7 1.54× 10−3

— 0
√

201 1200 — — 2.66× 10−4 ± 1.98× 10−4 2.47× 10−4

— 1
√

201 1200 — — 3.28× 10−5 ± 2.76× 10−5 1.61× 10−4

— 3
√

201 1200 — — 7.93× 10−6 ± 6.50× 10−6 3.77× 10−4

— 5
√

201 1200 — — 7.16× 10−7 ± 3.77× 10−7 2.38× 10−3

√
5
√

3 1200 — — 2.15× 10−4 ± 2.00× 10−4 5.45× 10−3

√
5
√

11 1200 — — 1.72× 10−4 ± 1.66× 10−4 7.18× 10−3

√
5
√

21 1200 — — 5.09× 10−4 ± 4.82× 10−4 4.74× 10−3

√
5
√

51 1200 — — 2.02× 10−5 ± 1.92× 10−5 8.06× 10−4

√
5
√

101 1200 — — 3.57× 10−6 ± 3.43× 10−6 1.41× 10−3

√
5
√

201 1200 — — 7.20× 10−7 ± 2.65× 10−7 1.54× 10−3

√
5
√

301 1200 — — 2.50× 10−5 ± 2.48× 10−5 6.09× 10−4

— 5
√

3 1200 — — 2.44× 10−4 ± 2.30× 10−4 4.05× 10−2

— 5
√

11 1200 — — 2.10× 10−4 ± 2.07× 10−4 3.43× 10−2

— 5
√

21 1200 — — 8.11× 10−5 ± 7.98× 10−5 2.62× 10−2

— 5
√

51 1200 — — 7.03× 10−6 ± 6.94× 10−6 2.93× 10−3

— 5
√

101 1200 — — 2.20× 10−6 ± 2.14× 10−6 3.12× 10−3

— 5
√

201 1200 — — 7.16× 10−7 ± 3.77× 10−7 2.38× 10−3

— 5
√

301 1200 — — 2.27× 10−7 ± 1.96× 10−7 6.11× 10−4

√
3
√

201 8 — — 4.60× 10−5 ± 3.01× 10−5 4.70× 10−3

√
3
√

201 16 — — 3.50× 10−5 ± 1.83× 10−5 1.19× 10−2

√
3
√

201 51 — — 1.26× 10−5 ± 1.04× 10−5 6.95× 10−3

√
3
√

201 201 — — 4.72× 10−6 ± 4.28× 10−6 2.20× 10−3

√
3
√

201 1001 — — 2.30× 10−6 ± 2.21× 10−6 3.20× 10−4

— 0 201 1200 — — 8.49× 10−4 ± 6.43× 10−4 2.10× 10−4

— 5 201 1200 — — 1.10× 10−5 ± 7.15× 10−6 5.54× 10−3

— 5
√

201 1200 — — 7.16× 10−7 ± 3.77× 10−7 2.38× 10−3

— 5
√

201 1200
√

— 3.85× 10−7 ± 1.49× 10−7 7.33× 10−4

√
5
√

201 1200 —
√

4.88× 10−4 ± 2.99× 10−4 3.70× 10−4
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3.4 Conclusion
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Figure 22: Prediction of the total energy and exchange-correlation energy of one of
our best models (spin-restricted, trained with FDs, AF and ∆xc-shift) for a randomly
picked external potential. The MSE of the total energy curve, averaged over 100 external
potentials, is 3.85× 10−7 ± 1.49× 10−7 a.u.

We trained a neural network as an exchange-correlation functional that (i) depends ex-
plicitly on the number of particles, (ii) yields total energies that are piecewise linear
between the integers, and (iii) reproduces the infamous derivative discontinuity of the
exchange-correlation energy with remarkable accuracy. To do so we extended the slid-
ing window convolution algorithm to systems with fractional number of particles and
developed a non-differentiable auxiliary function that allows the network to learn cor-
rectly the derivative discontinuity. The most efficient way to train a model yielding
highly accurate predictions for the energy in the entire range of particle numbers is
by (i) adding multiple fractional densities into the training data, (ii) training for the
correct shift in the xc potential at integer particle numbers, and (iii) incorporating an
auxiliary function with a discontinuous derivative with respect to the particle number
at integers. The predictions of a model combining all those multiple beneficial aspects
are illustrated in Fig. 22. We noticed that including the spin does not show any benefits
for our purposes - in agreement with the statement given in section 2.1.1. In the case of
using spin-unrestricted ML functionals, the dependency on the locality is unpredictable
to some extent. In addition to that, the spin-unrestricted models have shown even worse
predictions for the H2 dissociation. We assume that using an SWC unit could be an in-
appropriate way to train models within a spin-DFT framework. As expected, non-local
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ML functionals trained with multiple fractional densities seem to be the best choice to
approximate the exact energy curve - at least for similar external potentials used in the
training and validation set. Regarding the H2 dissociation, decreasing the locality can
lead to even worse predictions - in agreement with the results presented in Ref. [27].
It should be noted, that all of our ML functionals predicted the H2 dissociation curve
quite poorly. Here, we can also question if the SWC approach is the most suitable one
for designing neural networks as xc functionals or if other methods are yielding better
predictions.

Our work pushes forward the ongoing research on machine-learning functionals by
incorporating the correct physics into the training process, thereby improving the path
towards an exact functional [71]. As an outlook, we think it will be important to in-
corporate and test our results for realistic 3D systems. We also expect that our results
can stimulate research on similar problems for ensemble DFT (understood as mixtures
of ground and excites states), orbital free DFT, or functional theories of reduced density
matrices [72, 73, 74, 75, 76].
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[13] M. Grüning, A. Marini, and A. Rubio. Effect of spatial nonlocality on the density
functional band gap. Phys. Rev. B, 74:161103, Oct 2006.

[14] X. Andrade and A. Aspuru-Guzik. Prediction of the Derivative Discontinuity in
Density Functional Theory from an Electrostatic Description of the Exchange and
Correlation Potential. Phys. Rev. Lett., 107:183002, Oct 2011.

44



[15] M. J. P. Hodgson, E. Kraisler, A. Schild, and E. K. U. Gross. How Interatomic
Steps in the Exact Kohn–Sham Potential Relate to Derivative Discontinuities of
the Energy. J. Phys. Chem. Lett., 8(24):5974, 2017.

[16] A. Mirtschink, M. Seidl, and P. Gori-Giorgi. Derivative Discontinuity in the Strong-
Interaction Limit of Density-Functional Theory. Phys. Rev. Lett., 111:126402, Sep
2013.

[17] Paula Mori-Sánchez and Aron Cohen. The derivative discontinuity of the exchange-
correlation functional. Physical chemistry chemical physics : PCCP, 16, 03 2014.

[18] M. Mosquera and A. Wasserman. Derivative discontinuities in density functional
theory. Mol. Phys., 112(23):2997, 2014.

[19] E. J. Baerends. On derivatives of the energy with respect to total electron num-
ber and orbital occupation numbers. A critique of Janak’s theorem. Mol. Phys.,
118(5):e1612955, 2020.

[20] J. Perdew. What do the Kohn-Sham Orbital Energies Mean? How do Atoms
Dissociate? In R. Dreizler and J. da Providência, editors, Density Functional
Methods In Physics, pages 265–308. Plenum Press, 1985.

[21] A. J. Cohen, P. Mori-Sánchez, and W. Yang. Challenges for Density Functional
Theory. Chem. Rev., 112(1):289, 2012.

[22] A. Ruzsinszky, J. Perdew, G. Csonka, O. Vydrov, and G. Scuseria. Spurious frac-
tional charge on dissociated atoms: Pervasive and resilient self-interaction error of
common density functionals. J. Chem. Phys., 125(19):194112, 2006.

[23] E. Perfetto and G. Stefanucci. Missing derivative discontinuity of the exchange-
correlation energy for attractive interactions: The charge Kondo effect. Phys. Rev.
B, 86:081409, Aug 2012.

[24] E. Engel and R.M. Dreizler. Density Functional Theory. Springer, 2011.

[25] C. Fiolhais, F. Nogueira, and M. Marques. A primer in density functional theory.
Lecture Notes in Physics, 620, 01 2003.

[26] Carsten A. Ullrich. (spin-)density-functional theory for open-shell systems: Exact
magnetization density functional for the half-filled hubbard trimer. Phys. Rev. A,
100:012516, Jul 2019.

[27] J. Schmidt, C. Benavides-Riveros, and M. Marques. Machine learning the physical
nonlocal exchange–correlation functional of density-functional theory. The Journal
of Physical Chemistry Letters, 10:6425–6431, 10 2019.

[28] B. Kanungo, P. Zimmerman, and V. Gavini. Exact exchange-correlation potentials
from ground-state electron densities. Nature Communications, 10, 10 2019.

45



[29] Oleg Gritsenko and Evert Baerends. The analog of koopmans’ theorem in spin-
density functional theory. J. Chem. Phys., 117, 11 2002.

[30] F. Eich and Maria Hellgren. Derivative discontinuity and exchange-correlation po-
tential of meta-ggas in density-functional theory. The Journal of chemical physics,
141, 09 2014.

[31] Matthew Hodgson. Exact expressions for the height of the interatomic step in the
exchange-correlation potential from the derivative discontinuity of the energy, 04
2021.

[32] I. G. Ross. Calculations of the energy levels of acetylene by the method of anti-
symmetric molecular orbitals, including σ − π interaction. Trans. Faraday Soc.,
48:973–991, 1952.

[33] J. Peiro and S. Sherwin. Finite difference, finite element, and finite volume method.
Handbook of Materials Modeling, Volume I, Methods and Models, pages 1–32, 01
2005.

[34] B. Fornberg. Generation of finite difference formulas on arbitrarily spaced grids.
Mathematics of Computations, 51:699–706, 1988.

[35] R. Schmied. Using Mathematica for Quantum Mechanics. Springer, 2020.
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