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Chapter 1

Introduction

Until now, the most common way to make electronic devices smaller has been

simply to shrink the dimensions of all components by a constant factor: a process

called scaling. The metal-oxide-semiconductor field-effect transistor (MOSFET)

has remained popular because the way it operates changes very little and it main-

tains very favourable cost-to-performance ratios as it is scaled down to smaller

sizes. This scaling has proceeded at an exponential rate, resulting, for example,

in today’s Intel Pentium chips containing over 3 millions of transistors. However

this downscaling process is arriving to its limit, with the MOSFET’s length gate

reaching dimensions around 32 nm. In short, one can say that these size limita-

tion arises mainly from two reasons: The traditionally fabrication methods of the

functional elements contained in the planar technologies involve a large number

of bottom-down processes. These are approaching the physical limits of the reso-

lution of lithographic systems and are causing: (i) an exponential increase in the

cost of production of more and more miniaturized devices; and (ii) the non reli-

ability of such devices and the corresponding integrated circuits, resulting from

1



1. INTRODUCTION

the fact that at this scale the electronic, optical, magnetic and other properties

can be significantly different of the corresponding bulk phases.

From what has been said it is clear that a profound understanding of nano-

metric scale structures is crucial to keep up the downsizing of electronic devices,

because once the electronic devices approach the nanometre and the molecular

scale, the bulk properties of solids are replaced by quantum mechanical proper-

ties of few atoms. On the other hand, these limitations could be overcome by

substituting the traditional inorganic semiconductor components with the sin-

gle functional nano-structures currently being studied in nanotechnology, such as

nano-wires and quantum dos.

In the last twenty years nano-science has emerged as one of the most active

fields of research. This growing interest is mainly due to its short term promising

technological applications and is empowered by a strong demand from industries

for smaller and more effective devices. The main goal of this multidisciplinary

field of research is the understanding (leading to a subsequent control) of the

properties of nano-scale systems –systems having at least one dimension between

1 and 100 nm. Among the wide spectrum of nano-scale systems, the ones that

have drawn most attention upon them recently are: quantum dots (confinement

in all the three dimensions), quantum wires or rods (confinement in only two

dimensions), nano-tubes, nano-ribons, and quantum wells (confinement only in

one dimension).

This branch of research, known as nanotechnology, has already produced some

fascinating results such as: field effect transistors, photovoltaic devices, lasers,

biological tags, nano-scale sensors, optical switches, light emitting diodes, etc.

Nevertheless most of these devices are still far from reaching an industrial ma-
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turity point. One thing that all nano-technologies have in common is the tiny

dimension they operate on, exploiting the fact that many properties of materials

undergo qualitative, often sudden, changes below a certain size scale. In fact this

is one of the most attractive points in nano-scale materials, i.e., their size tunable

properties. The key reason behind this is the spatial confinement of the charge

carriers, witch in turn results in strong modifications of the energy levels available

to the electrons and holes in the crystal.

In brief the objective of this thesis is to understand the physics behind two

of the most popular nano-scale systems, the quantum dots and the nano-wires.

To achieve this goal we will use a broad spectra of state of the art first principles

methods such as: density functional theory, time dependent density functional

theory and many-body perturbation theory (in particular, the GW approximation

and the Bethe-Salpeter equation). At the end of the thesis, we shall not only to

be able to understand how the dimensionality of a system changes it’s properties,

but also to what extent some commonly used methods are well suited to describe

this class of systems.
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Theoretical background
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Chapter 2

Elementary wave mechanics

2.1 The many electron wave function

2.1.1 The electronic problem

Let us consider a system of N electrons moving under the influence of an exter-

nal potential created by an ensemble of M nuclei. We can formally write the

Hamiltonian of such a system in the following general form:

Ĥ = −
N∑
i=1

~2∇2
i

2me

−
M∑
I=1

~2∇2
I

2MI

−
N∑
i=1

M∑
J=I

ZJe
2

4πεriJ
+

N∑
i=1

N∑
j>i

e2

4πεrij
+

M∑
I=1

M∑
J>I

ZIZJe
2

4πεRIJ

(2.1.1)

where R = {RI , I = 1, · · · ,M} is the set of M nuclear coordinates and r =

{ri, i = 1, · · · , N} is the set of N electronic coordinates. ZI and MI are the

nuclear charges and masses, respectively. The Laplacian operators ∇2
i and ∇2

J

involve differentiation with respect to the coordinates of the ith electron (ri)

and the Jth nucleus. The first term in equation (2.1.1) represents the electronic

7



2. ELEMENTARY WAVE MECHANICS

kinetic energy operator, the second term the nuclear kinetic energy operator,

the third term the electrostatic attraction between electrons and nuclei, and the

fourth and fifth terms represent the electrostatic repulsion between electrons and

between nuclei, respectively.

In principle, all information about the electronic system can be obtained by

solving the time-dependent Schrödinger equation.

i
∂

∂t
Ψ = H Ψ ,

where Ψ ({xi}; {QJ}) is the many-body wave function, xi represent the coordi-

nates of electron i (the spin and spatial ones), QJ represent the coordinates of

the nucleus J and Ĥ is the many body Hamiltonian given above.

Nevertheless, in many cases one is interested in studying atoms molecules or

solids in their ground state in absence of any time-dependent potential. In that

case it is sufficient to solve the time independent Schrödinger equation given by:

H Ψ = EΨ ,

where E stands for the total energy of the system. This equation, which de-

scribes the dynamics of a system of electrons moving under the influence of a

given external potential (in this case, a potential created by the ensemble of the

nuclei), is way too complex to be solved exactly for systems with more than a few

electrons. Even if we could solve exactly such eigenvalue problem, the amount of

information contained in the solutions would be too large to make any use of it

without any further analysis and simplification. In view of this, one must resort

8



to suitable methods and approximations to tackle the many body problem.

2.1.2 The Born-Oppenheimer approximation

As mentioned before, there is only a very small number of systems for which

the fully interacting Schrödinger equation for nuclei and electrons can be solved.

Therefore one must try to simplify the problem by making some reasonable as-

sumptions, under which one can still obtain accurate predictions. The first thing

one can think of is to decouple the dynamics of the nuclei and the electrons, since

their masses and therefore their kinetic energies have different orders of magni-

tudes, which implies that their dynamics have different time (energy) scales. In

fact, even in the worst case scenario where we have a nuclei made of a single

proton, the ratio between the masses of the electrons and nucleus is less than

0.2%.

In what follows we briefly describe, in a qualitative way1 the Born-Oppenheimer

approximation. Since the nuclei are much heavier than the electrons, they move

slower. Hence, one can consider that, to a good approximation [132], the elec-

trons in a molecule or a solid move in the field created by the fixed nuclei. Within

this approximation one can neglect the second term in equation (2.1.1) , which

represents the kinetic energy of the nuclei. Furthermore the fifth term of equation

(2.1.1), which represents the electrostatic repulsion between the nuclei, becomes

a constant.2 As we know, adding a constant to an operator will not change the

eigenfunctions of the latter, as it will only add a constant value to its eigenvalues.

Neglecting these two terms one finally obtains the electronic Hamiltonian, which
1Further quantitative details about this approximation, including the problem of deriving

corrections to it, are discussed by Sutcliffe [120].
2Except for a solid, where this term diverges.

9



2. ELEMENTARY WAVE MECHANICS

governs the dynamics of the electrons in a molecule/solid under this approxima-

tion. If is explicitly given by:

Ĥelec = −
N∑
i=1

~2∇2
i

2me

−
N∑
i=1

M∑
J=I

ZJe
2

4πεriJ
+

N∑
i=1

N∑
j>i

e2

4πεrij
. (2.1.2)

The solution of the Schrödinger equation involving the electronic Hamiltonian,

Ĥ Ψelec = EelecΨelec (2.1.3)

is the electronic wave function

Ψelec = Ψelec({xi}; {QJ}) (2.1.4)

which fully describes the motion of the electrons moving under the influence of

a field created by stationary nuclei. The electronic wave function is an explicit

function of the electronic coordinates and it depends parametrically of the nuclear

coordinates, just as the electronic energy

Eelec = Eelec({QJ}) . (2.1.5)

The parametric dependence of the eigenvalues and the eigenfunctions on the

nuclear coordinates means that for each arrangement of the nuclei we will have a

different dependence of the eigenfunctions on the electronic coordinates and also

different values for the electronic energies.

Once that the total electronic energy has been computed, in order to evaluate

the total energy of the system with the frozen nuclei, one must also include the

10



constant nuclei-nuclei repulsion terms, thus giving:

Eelec = Eelec +
M∑
I=1

M∑
J>I

ZIZJe
2

4πεRIJ

, (2.1.6)

which is the total energy of the system.

Once we have the electronic problem solved one tackle the problem of the

motion of the nuclei under the same assumptions considered before. Since the

electrons move much faster than the nuclei, in a good approximation [117] one

can consider that the nuclei move in a potential created by the electrons at their

averaged positions over the electronic wave function. Therefore the Hamiltonian

that governs the motion of the nuclei is given by:

Ĥnuc = −
M∑
I=1

~2∇2
I

2MI

+
M∑
I=1

M∑
J>I

ZIZJe
2

4πεRIJ

+

{〈
−

N∑
i=1

~2∇2
i

2me

−
N∑
i=1

M∑
J=I

ZJe
2

4πεriJ

+
N∑
i=1

N∑
j>i

e2

4πεrij

〉}

= −
M∑
I=1

~2∇2
I

2MI

+
M∑
I=1

M∑
J>I

ZIZJe
2

4πεRIJ

+ Eelec({QI})

= −
M∑
I=1

~2∇2
I

2MI

+ Etot({QI}) (2.1.7)

From this equation one sees that the nuclei, in the Born-Oppenheimer approx-

imation, move in a potential energy surface Etot({QI}) obtained by solving the

electronic problem. The eigenvectors which are the solution of the following the

eigenvalue equation,

Ĥ Ψnucl = EΨnucl (2.1.8)

describe the vibration, rotation and translation of a molecule (phonons in a solid),

11



2. ELEMENTARY WAVE MECHANICS

Ψnucl = Ψnucl({QJ}) (2.1.9)

while the eigenvalue E is the Born-Oppenheimer approximation to the total en-

ergy of this system, therefore including the electronic, vibrational, rotational and

translational energy. The corresponding approximation to the total wave function

is,

Ψ = Ψelec({xi}; {QJ})Ψnucl({QJ}) . (2.1.10)

From now on, until stated otherwise, we will not consider the vibrational-rotational

problem, thus concentrating only in the electronic problem. Since we will only

consider electronic Hamiltonians and wave functions, the “elect” subscript will be

dropped from all quantities.

2.2 Electronic density and related properties

Being one of the central quantities in this thesis, we will devote in this section

some attention to the electronic density and two of its most relevant properties.

The electronic density of a given many-body electronic state, which from now

on we denote by Ψ, gives us the number of electrons per unit of volume. The

electronic density, which we refer to as n(r) , is formally defined as

n(r1) = N

ˆ
. . .

ˆ
|Ψ(x1,x2, . . . ,xN)|2ds1dx2 . . . dxN

which is a non-negative definite function of three spatial variables, which inte-

grates to the total number of electrons of the system N and that (for a finite

12



system) vanishes at infinity, i.e.:

ˆ
n(r)dr = N ,

n(r→∞) = 0 .

Unlike the wave functions, the electronic density is a physical observable,

which means that one can measure it experimentally. Other two important prop-

erties that must be satisfied by the electronic density are the cusp condition and

the asymptotic exponential decay for large distances from all nuclei.

The cusp condition [34] ensures that the electronic density has a finite value

for r at any nucleus in an atom, molecule or solid. Due to the singularities in the

Zi
|Ri−rα| terms present in the electronic hamiltonian, in the vicinity of a nuclei one

needs to have a cusp in the density so that the value of Ĥ Ψ does not diverge.

The specific cusp condition is given by:

lim
rα→Ri

[
∂

∂r
+ 2ZA

]
n(r) = 0 ,

where n(r) is the spherical average of the electronic density.

The asymptotic decay for the electronic density is given by [124]:

n(r) ∝ exp
(
−2
√

2I|r|
)
,

where I is the first ionization energy of the system. It is important to remark that

this law is built upon the fact that the field felt by the electrons is a Coulombic

field, otherwise this law is no longer valid. A simple example of such case is the

13



2. ELEMENTARY WAVE MECHANICS

quantum harmonic oscillator, as we will show latter on.

2.3 The pair density and density matrices

The definition of the N th order density matrix for a pure state of an N -electron

system is mathematically given by

γN(x′1x
′
2 . . .x

′
N ,x1x2 . . .xN) ≡ Ψ(x′1,x

′
2, . . .x

′
N)Ψ?(x1,x2, . . . ,xN) . (2.3.1)

Using (2.3.1) one can furthermore define by recurrence the reduced density matrix

of order p via the following expression:1

γp(x′1x
′
2 . . .x

′
p,x1x2 . . .xp)

=

(
N

p

) ˆ
. . .

ˆ
γN(x′1x

′
2 . . .x

′
pxp+1 . . .xN ,x1x2 . . .xpxp+1 . . .xN) dxp+1 . . . dxN

(2.3.2)

where
(
N
p

)
is the binomial coefficient.

Among all possible orders of the density matrices defined in (2.3.2), we are

particularly interested in the first and in the second order ones. Starting from

(2.3.2) one can explicitly write the spin-dependent second-order density matrix

as follows:

γ2(x′1x
′
2,x1x2) =

N(N − 1)

2

ˆ
. . .

ˆ
Ψ(x′1,x

′
2,x3, . . .xN)Ψ?(x1,x2,x3, . . . ,xN) dx3 . . . dxN ,

(2.3.3)

1Here we are following the normalization adopted by Löwdin [107, 108]. This way is not
the unique one to normalize γD (see Ref. [91]).

14



and the spin dependent first-order density matrix, as

γ1(x′1,x1) = N

ˆ
. . .

ˆ
Ψ(x′1,x2, . . .x′N)Ψ?(x1,x2, . . . ,xN) dx2 . . . dxN , (2.3.4)

From Eq. (2.3.3) one sees immediately that the second order density matrix γ2

is normalized to the number of electron pairs:

Tr [γ2(x′1x
′
2,x1x2)] =

ˆ ˆ
γ2(x1x2,x1x2) dx1dx2 =

N(N − 1)

2
,

while from Eq. (2.3.4) one sees that the first order density matrix γ1 is normalized

to the total number of electrons present in the system,

tr γ1(x′1,x1) =

ˆ
γ1(x1,x1) dx1 = N .

It is also worthwhile mentioning that by quadrature one can obtain γ1 knowing

γ2 :

γ1(x′1,x1) =
2

N − 1

ˆ
γ2(x′1x

′
2,x1x2)x′2=x2

dx2

where γ2(x′1x′2,x1x2)x′2=x2
is the three variable contraction of the second order

density matrix.

From the definition of the reduced density matrices γ1 and γ2 one can show

that they are positive semi-definite [43]:

γ1(x1,x1) ≥ 0 ,

γ2(x1x2,x1x2) ≥ 0 ,

15



2. ELEMENTARY WAVE MECHANICS

and that they are Hermitian

γ1(x′1,x1) = γ?1(x1,x′1) ,

γ2(x′1x
′
2,x1x2) = γ?2(x1x2,x′1x

′
2) .

Furthermore the antisymmetry of the wave-function imposes that every density

matrices must change its sign when one exchanges two primed or two unprimed

particle indices. In particular this means that the second order density matrix

satisfies the following relations:

γ2(x′1x
′
2,x1x2) = −γ2(x′2x

′
1,x1x2) = −γ2(x′1x

′
2,x2x1) = γ2(x′2x

′
1,x2x1) .

The diagonal element of γ1(r′1, r1) is the spin-polarized electronic density:

n(x1) = γ1(x1,x1)

= N

ˆ
. . .

ˆ
|Ψ|2 dx2 . . . dxN ,

while the diagonal element of γ2(r′1r′2, r1r2), is the pair density:

γ2(r1s1, r2s2) = γ2(r1s1r2s2, r1s1r2s2, )

=
N(N − 1)

2

ˆ
. . .

ˆ
|Ψ|2 dx3 . . . dxN .

This quantity gives us the probability of finding simultaneously a pair of electrons

with spins s1 and s2 inside two volume elements dr1 and dr2, while the remaining

N − 2 electrons have arbitrary positions and spins.

For all the matrices presented here one can also define the spin-independent

16



analogue, which can be obtained by simple integration of the spin coordinates.

In particular, the spin-independent reduced density matrices of first and second

order are obtained from γ1 and γ2 as follows:

ρ1(r′1, r1) =

ˆ
γ1(r′1s1, r1s1) ds1 , (2.3.5)

ρ2(r′1r
′
2, r1r2) =

ˆ ˆ
γ2(r′1s1r′2s2, r1s1r2s2) ds1ds2 .

In the following, we use ρp to indicate the spin-independent analog of the reduced

density matrix γp.

17
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Chapter 3

Density functional theory

The fundamental problem of theoretical chemistry and condensed matter physics

is not only the determination of the eigenvalues and eigenfunctions of a well

known Hamiltonian, but also how to extract useful information from the solutions

of this eigenvalue problem. As mentioned before, this is quite a difficult task and

therefore several methods have emerged to solve approximately the equations in

question. Among these methods, we can cite as the most successful: quantum

Monte Carlo [73], density functional theory [173]. Hartree-Fock [173] and all

other methods of quantum chemistry also known as post-Hartree-Fock (such as:

configuration interaction [173], Møller-Plesset perturbation theory [122], coupled

cluster [31], etc.).

The density functional theory (DFT) had its origin in the work performed in

the twenties by Thomas and Fermi [44, 178]. The model they proposed brought

the remarkable idea of replacing the complicated N -body wave-function and the

associated Schrödinger equation by the much simpler electron density and its

associated computational scheme. This first model was then further improved by
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3. DENSITY FUNCTIONAL THEORY

several other contributors, such as Dirac and von Weizsäcker. The Thomas-Fermi

approach had the great advantage of being much less computationally involved

then the other models proposed at that time. Nevertheless its lack of robustness

was reflected in the very poor accuracy of the results. In particular, the Thomas-

Fermi model failed dramatically in describing molecules or other systems whose

density differed much from a homogeneous electron gas. As an example, the total

energy of single atoms was always lower than the energy of a molecule formed by

them (result demonstrated by Edward Teller [176]).

Until 1964, DFT was no more than a model since it was based on hypotheses

that lacked formal demonstration. Nevertheless, in that year Hohenberg and

Kohn [80] published the proof that any observable could be written as a functional

of the ground state electronic density, thus transforming this model into a theory.

In this first work, it is only discussed the existence of these functionals, and not

how to construct them. One year afterwards, in San Diego, Kohn and Sham

[93] proposed a scheme which allowed one to actually perform calculations using

DFT. This scheme can be summarized in a set of three equations: the first for

the density; the second for an effective single particle potential; and the third to

obtain the eigenvalues and eigenvectors of a single particle Hamiltonian, where the

effective potential is given by the second equation. Solving these three equations

self-consistently gives us the ground state density and the ground state energy of

the electronic system under study. In principle DFT is an exact theory, allowing

us to achieve the holy grail of theoretical chemistry and solid state physics, the

exact description of the ground state of any given electronic system. Nevertheless,

there is one missing piece of information which prevents DFT from being an exact

theory. Hidden in the effective potential there is one term whose exact form

20



is unknown: the exchange and correlation potential. It includes, as the name

suggests, all electronic correlation effects, as well as the exchange interaction

arising from the Pauli exclusion principle. The first approximation, the local

density approximation, to this functional was proposed also in 1965 by Kohn and

Sham [93].

As one might expect, the exchange and correlation functional is a key quantity

in DFT, as the accuracy of its results heavily relies on having good approxima-

tions to this term. The research field of finding the most accurate exchange and

correlation functionals has been very active for the past decades [160]. It is worth-

while mentioning here two very special classes of functionals called local density

approximation (LDA) and generalized gradient approximation (GGA). The LDA

was the first kind of exchange and correlation functional to be proposed and

it rapidly became popular in the solid state community because with very little

computational cost it allowed one to compute unexpectedly accurate results [134].

Nevertheless this class of functionals did not perform equally well for systems in

which the density is far form the homogeneous electron gas, therefore not much

interest was paid, in the beginning, by the quantum chemistry community to

DFT. Nevertheless, in the end of the eighties a new class of GGA functionals

casted DFT into a main stream theory in the quantum chemistry community.

GGA functionals contain terms that depend on gradients of the density, making

them able to describe much better systems with a non uniform density, such as

molecules and atoms, but still retaining a small computational cost compared to

other competing methods.

Due to the role played by Thomas-Fermi theory in the semi-classical expan-

sions used later in this thesis ,in the rest of this chapter we explain in detail this

21



3. DENSITY FUNCTIONAL THEORY

theory. Furthermore, we will present the Hohenberg-Khon theorems, the Khon-

Sham scheme, several approximations to the exchange and correlations energy

and how we can use DFT to actually perform calculations.

3.1 The Thomas-Fermi model

In 1927 Thomas and Fermi proposed a model [44, 178] that allows one to re-

place the complicated N -body wave function and the corresponding Schrödinger

equation by the much simpler electronic density. The two basic assumptions of

Thomas and Fermi were:

• The “electrons are distributed uniformly in the six-dimensional phase space

for the motion of an electron at the rate of two for each h3 of volume”

[44, 178];

• There is an effective potential field that “is itself determined by the nuclear

charge and this distribution of electrons” [44, 178];

Based on these two assumptions one can derive the Thomas-Fermi (TF) formulas

that allow us to determine an approximation to the ground state density and

energy of any given electronic system.

The assumptions at the basis of Thomas-Fermi model state that the total

energy of a given electronic system is the sum of the kinetic energy of a non-

interacting uniform electron gas, with the electrostatic electron-electron repul-

sion energy, the electrostatic interaction energy of the electrons, and with some

external potential, which, e.g., in a molecule would be the potential created by

an ensemble of nuclei.
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In what follows we derive the Thomas-Fermi-Dirac (TFD) model, which is an

improvement proposed by Dirac [35] to the original TF model. The difference

between these two lies in the electron-electron interaction term: while in the TF

model it is only the classical electrostatic repulsion between the electrons, in the

TFD model it is the sum of the electronic repulsion energy with the exchange

energy of the uniform electron gas.

Several corrections to the TF model have been proposed besides the one made

by Dirac. One of the most relevant class of corrections consisted in adding terms

containing powers of the density gradient to account for some inhomogeneity of

the electronic density. One of the most well known corrections was proposed by

von Weizsäcker in 1935 [187]. These class of corrections, as we will see later,

proved to be quite useful, not for their quantitative results, but for the better

understanding of the behavior of the electronic density, which in turn helped to

develop DFT. Nevertheless for the moment we restrict this discussion only to the

TFD model, which already gives us a good and simple insight on how an actual

density functional looks like, and how to build it.

Let us consider a system of N electrons moving under the influence of a given

external potential Vext(r), with ground state energy, wave function and electronic

density given by E, Ψ and n(r) respectively. For simplicity, we consider a non-

degenerate ground state and a closed shell system. We also assume that the

system is at zero kelvin, so that the Fermi-Dirac distribution reduces to a step

function.
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3. DENSITY FUNCTIONAL THEORY

The total energy of this system is

E[ρ(r1, r2)] = − 1

2

ˆ
dr1∇2

r1ρ(r1, r2)r2=r1 +

ˆ
drn(r)Vext(r) + (3.1.1)

+
1

2

¨
dr1 dr2

n(r1)n(r2)

r12

− 1

4

¨
dr1dr2

|ρ(r1, r2)|2

r12

were ρ(r1, r2) is the one body spin-independent density matrix of the non inter-

acting fermion system (note that the first assumption of the TF model is hidden

in this term). The first term of equation (3.1.1) is the kinetic energy of a non-

interacting fermion gas, which, as we prove later on, can be written as a density

functional, i.e.,

T [n] = − 1

2

ˆ
dr1∇2

r1ρ(r1, r2)r2=r1 (3.1.2)

The second term of (3.1.1) is the electrostatic interaction energy of the electrons

with the external potential. The third and the forth term are the electron-electron

interaction contribution to the total energy, i.e.

Eee[n] = EH [n] + Ex[n] (3.1.3)

where EH [n] is the classical part of Eee, which is merely the electrostatic repulsion

between electrons,

EH [n] =
1

2

¨
dr1 dr2

n(r1)n(r2)

r12

(3.1.4)

and Ex[n] is the Hartree-Fock exchange energy functional,

Ex[n] = − 1

4

¨
dr1dr2

|ρ(r1, r2)|2

r12

(3.1.5)
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First, we derive the total kinetic energy density functional of this system of

electrons using the first assumption of the Thomas-Fermi model. The electrons

are non interacting fermions moving in a 3D infinite square box with periodic

boundary conditions. Solving the time-independent Schrödinger equation for

such a system

− ~2

2me

∇2Φ(r) = EΦ(r) (3.1.6)

one obtains the following eigenvectors (orbitals):

Φ(r) =
1√
V
eik.r (3.1.7)

and eigenvalues (energy levels):

ε =
~2k2

2me

=
~2

2me

(k2
x + k2

y + k2
z), (3.1.8)

where V = l3 is the volume of the confining box. The relation between the

k-vector and the principal quantum numbers can be obtained by imposing the

Born-von Kaarman boundary conditions to Φ,

kx =
2π

l
nx, kx =

2π

l
ny, kx =

2π

l
nz, (3.1.9)

with nx, ny, nz = 0, ± 1, ± 2, ± 3, . . .

We are now in the position to derive the one body spin-independent density

matrix of the periodic non interacting fermion system. Plugging in the spatial

orbitals of the non-interacting uniform electron gas (3.1.7) into the expression for
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3. DENSITY FUNCTIONAL THEORY

the one body density matrix we obtain:

ρ(r1, r2) =
2

V

∑
all occupied k

eik.(r1−r2) (3.1.10)

notice that since we are considering that the electrons are at 0 K, all the low-

est energy states are occupied by two electrons with opposite spin. The Fermi

momentum,kF , is by definition the wave vector corresponding to the highest

occupied state.

In the thermodynamic limit , we can replace the sum by an integral, thus

obtaining

ρ(r1, r2) =
1

4π3

ˆ
dk eik.(r1−r2)

=
1

4π3

ˆ kF

0

dkk2

¨
dθ dφ eik.r12 (3.1.11)

Note that, in going from equation (3.1.10) to equation (3.1.11) we used the iden-

tity df =
(
l

2π

)3
dk = V

8π3dk, where f stands for occupation number. The Fermi

momentum kF can be related to the density via equation (3.1.11) if we take into

account that ρ(r1, r2)r1=r2 = n(r), from which we obtain

n(r) =
k3
F

3π2
⇔ kF =

[
3π2n(r)

] 1
3 (3.1.12)

In order to simplify the evaluation of the integral in equation (3.1.11) let us

now introduce the following reduced coordinates,

r =
1

2
(r1 + r2) , s = (r1 − r2) , (3.1.13)
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where s is fixed to be parallel to kz. From these definitions one can straightfor-

wardly derive the following useful relations:

∇2
r1 =

1

4
∇2

r +∇2
s +∇r∇s ∇2

r2 =
1

4
∇2

r +∇2
s −∇r∇s (3.1.14)

which will be used to derive the kinetic energy density functional.

In equation (3.1.11) if we insert the change of variables (3.1.13), and use the

relation between the Fermi momentum and the density (3.1.12), one gets

ρ(r1, r2) =
1

4π3

ˆ kF

0

dkk2

ˆ π

0

dθ sin(θ)eikr12cos(θ)
ˆ 2π

0

dφ (3.1.15)

= 3n(r)
(

sin(t)− t cos(t)

t3

)
= ρ(r, s) ,

where

t = kF (r) s . (3.1.16)

Eq. (3.1.15) gives the well known first order spin-independent density matrix of

the uniform electron gas [79]. As we show later, there are several ways to improve

this result [6, 87, 89, 161]. In particular, by adding terms that depend on gradients

of the density, thus bringing some non-local information to the overall functional.

Once we have evaluated the TF density matrix, we can obtain the kinetic

energy density functional. Making use of Eqs. (3.1.14), and (3.1.15), one can

then evaluate the integrand of Eq. (3.1.2),

∇2
r1ρ(r1, r2)r2=r1 =

(
1

4
∇2

r +∇2
s +∇r∇s

)
ρ(r, s)s=0

=
1

4
∇2

rn(r)− 3

5
(3π2)2/3n(r)5/3 (3.1.17)
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3. DENSITY FUNCTIONAL THEORY

Since for any well behaved electronic density one has

ˆ
dr∇2n(r) = 0 (3.1.18)

it follows for the Thomas-Fermi-Dirac energy density functional of the kinetic

energy:

TTF [n] = CF

ˆ
drn(r)5/3, CF =

3

10
(3π2)2/3 ≈ 2.8712 (3.1.19)

The exchange energy density functional (3.1.5) can be easily evaluated by

replacing the density matrix with the one calculated within the Thomas-Fermi

model (3.1.15), thus obtaining:

ED
x [n] =

1

4

¨
drds

[ρ(r, s)]2

s
= (3.1.20)

= 9π

ˆ
dr

n2(r)
k2
F

{ˆ ∞
0

dt
[sin(t)− t cos(t)]2

t5

}
=

= Cx

ˆ
dr n4/3(r) , (3.1.21)

with

Cx =
3

4

(
3

π

)1/3

≈ 0.7386 .

This is the famous exchange energy density functional proposed by Dirac in 1930

[35].
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Finally, by inserting Eqs. (3.1.19), and (3.1.20) into the formula for the total

energy (3.1.1), one obtains the Thomas-Fermi-Dirac energy functional,

ETFD[n] = CF

ˆ
drn(r)5/3 +

ˆ
drn(r)Vext(r) + (3.1.22)

+
1

2

¨
dr1 dr2

n(r1)n(r2)

r12

− Cx
ˆ
dr n4/3(r) .

As mentioned before, the functional originally derived by Thomas and Fermi in

1927 [44, 178] is recovered by setting the exchange energy coefficient to zero, i.e.

, Cx = 0.

Let us now assume [44, 178] that the ground state density can be found

by minimizing the energy functional (3.1.22) in the space of densities n(r) that

integrate to the total number of electrons of the system, i.e.,

ˆ
d3r n(r) = N (3.1.23)

being N the total number of electrons in the system. Such minimization can be

carried out using the Lagrange multipliers method to perform an unconstrained

minimization of the auxiliary functional

ΩTFD[n] = ETFD[n]− µ
{ˆ

d3r n(r)−N
}
,

where the Lagrange multiplier µ is the Fermi energy (also known as the chemical

potential). Imposing the condition for an extreme value, or stationary point, to
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3. DENSITY FUNCTIONAL THEORY

ΩTFD leads to the Euler-Lagrange equation:

δΩTFD

δn(r)
= 0 ⇒ µTFD =

5

3
CFn

2/3(r)− 4

3
Cxn

1/3(r)− φ(r) (3.1.24)

where φ(r) is the total electrostatic potential at point r due to the external

potential and the entire electron distribution, i.e. ,

φ(r) = Vext(r) +

ˆ
dr′

n(r′)
|r− r′|

.

Eq. (3.1.24) can be solved together with the constraint (3.1.23), and the resulting

electron density can then be plugged in the Eq. (3.1.22), which allows us to obtain

the total energy of the electronic system.

The aim of this exquisitely simple model aim is to to replace the complicated

many body Schrödinger equation with 3N degrees of freedom (N being the num-

ber of electrons in the system) by a much simpler equation for the electronic

density. However, the Thomas-Fermi approach is based on approximations that

are too crude, therefore missing some essential physical properties such as the

shell structure of atoms or molecular binding [176]. This added to the fact that

the Thomas Fermi model is rather inaccurate for most applications [130] casted

this model into a class of oversimplified methods unable to produce quantitative

predictions in solid-state [91] atomic [130], or molecular physics [176].

However the Thomas-Fermi model it is of major importance as it was the seed

for a more accurate theory (DFT) and it gave us some insight into how to build

a density functional.
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3.2 Basic formalism

3.2.1 The Hohenberg-Kohn theorems

As mentioned before, the main idea behind all density functional theories is that

every property of a system of interacting particles can be expressed as a functional

of the ground state density, which means that all information about the ground

state and the excited states of a given system is in principle contained in its ground

state density. As shown in the previous section this idea was first explored by

Thomas and Fermi. Nevertheless at that time this idea was merely intuitive, as

it lacked a formal proof that would formally justify its use. It was in 1964 that

Hohenberg and Kohn [80] formulated and proved two theorems that represent the

major theoretical pillars on which all modern day density functional theories are

based on.

In what follows we introduce the two theorems proposed by Hohenberg and

Khon in 1964, and their incredibly simple derivation. After quoting these two

theorems and their proofs we are also going to mention some extensions proposed

to enlarge their domain of applicability.

From the Schrödinger equation one can establish the following mappings:

Vext ⇒ Ĥ ⇒ Ψ⇒ n0(r) .

The first Hohenberg Kohn theorem shows that under certain circumstances the

above mappings are invertible, i.e.,

n0(r)⇒ Vext ⇒ Ĥ ⇒ Ψ
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3. DENSITY FUNCTIONAL THEORY

Quoting directly from the Hohenberg Kohn paper, this first theorem states that:

Theorem. “The external potential Vext(r) is (to within a constant) a unique

functional of the ground state density n0(r).”

Corollary. “Since Vext(r) fixes the many body Hamiltonian Ĥ , we see that the

full many particle ground state” (as well as all other excited states) “is a unique

functional of the ground state density n0(r).”

Proof. The proof of this theorem will be done by reductio ad absurdum. We start

by considering two external potentials V (1)
ext (r) and V (2)

ext (r) which differ by more

than one constant but that both give rise to the same electron density n0(r)

associated with the corresponding non-degenerate ground states of N particles

(latter on we show that this restriction to non degenerate ground states can be

removed). These two external potentials belong to two Hamiltonians, Ĥ (1) and

Ĥ (2), which only differ in the external potential. Obviously, the two Hamiltonians

have different ground state wave-functions, Ψ(1) and Ψ(2), which by hypothesis

have the same ground state density n0(r). Since Ψ(2) is not the ground state of

Ĥ (1), from the Rayleigh Ritz principle it follows that

E(1) = 〈Ψ(1)|Ĥ (1)|Ψ(1)〉 < 〈Ψ(2)|Ĥ (1)|Ψ(2)〉 . (3.2.1)

Note that this inequality is true only in the case of a non-degenerate ground state,

which, as said before, is one of the restricting hypothesis of the first Hohenberg-

Kohn theorem for the moment. Rewriting the left hand side of Eq. (3.2.1) in
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terms of Ĥ (2), one gets

〈Ψ(2)|Ĥ (1)|Ψ(2)〉 = 〈Ψ(2)|Ĥ (2)|Ψ(2)〉+ 〈Ψ(2)|Ĥ (1) − Ĥ (2)|Ψ(2)〉

= E(2) +

ˆ
dr
[
V

(1)
ext (r)− V

(2)
ext (r)

]
n0(r) (3.2.2)

therefore

E(1) < E(2) +

ˆ
dr
[
V

(1)
ext (r)− V

(2)
ext (r)

]
n0(r) (3.2.3)

On the other hand, if we now repeat the same procedure for the ground state

energy of Ĥ (2) one finally arrives to the following inequality,

E(2) < E(1) +

ˆ
dr
[
V

(2)
ext (r)− V

(1)
ext (r)

]
n0(r) (3.2.4)

Summing up Eqs. (3.2.3) and (3.2.4), one arrives at the following contradic-

tion

E(1) + E(2) < E(1) + E(2) , (3.2.5)

which proves that there can not be two external potentials (differing by more

than one constant) that yield the same ground state density. Equivalently, one

might state that the external potential Vext(r) is (to within a constant) a unique

functional of the density n(r).

The proof of the corollary is now straightforward. Since the ground state

density univocally determines the external potential then also the Hamiltonian

is uniquely determined (to within a constant) by the density. If we now take

into account the fact that the many-body ground state wave-function is obtained

by solving the full many-body Schrödinger equation with this Hamiltonian, then
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it immediately follows that also the ground state wave-function is univocally

determined by the ground state density.

The first Hohenberg Kohn theorem tells us that the ground-state density

is in principle sufficient to obtain all properties of interest, i.e., every physical

observable. But now one is left with the question: How can we determine the

ground state density of a given electronic system? The answer to this question is

given by the second Hohenberg Kohn theorem which we now quote and prove.

Theorem. The first Hohenberg-Kohn theorem asserts the existence of a universal

density functional for the total energy EVext [n] , valid for any external potential

Vext. For any particular Vext, the exact ground state energy of the system, E0,

is the global minimum value of this universal density functional EVext [n]. Fur-

thermore the density associated to this global minimum is the exact ground state

density, n0(r).

Corollary. The universal energy density functional EVext [n] alone is sufficient to

determine the exact ground state energy and density. In general, excited states of

electrons must be determined by other means.

Proof. Having stablished a one to one mapping between the ground state density

and the eigenstates of the Hamiltonian (2.1.2) in the first Hohenberg Kohn the-

orem, it is now obvious that any observable can be written as a functional of the

ground state density. Therefore also the total ground state energy as well as its

individual components are themselves density functionals, i.e. :

E0[n0] = T [n0] + Vee[n0] +

ˆ
dr n0(r)Vext(r) ,
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where E0 is the total ground state energy and n0 is the ground state density.

At this point it is convenient to separate this expression in two parts: one that

depends on the actual system, i.e., the interaction energy between the electrons

and the external potential
´
dr n0(r)Vext(r), and another one, FHK [n0], whose

form is valid for any electronic system:

E0[n0] =

ˆ
dr n0Vext + FHK [n0] . (3.2.6)

The last term of Eq. (3.2.6), called the Hohenberg-Kohn functional, contains

all energy terms that do not depend explicitly on the external potential. In

other words, if the Hohenberg-Khon functional is fed with a given density then it

will output the expectation value of the kinetic energy and the electron-electron

interaction energy of a ground state wave function Ψ that is associated to this

very density n(r), i.e.,

FHK [n] = T [n] + Eee[n] =
〈

Ψ[n]
∣∣∣T̂ + V̂ee

∣∣∣Ψ[n]
〉
.

This functional is the holy grail of DFT. If we knew its exact form then we would

have solved the Schrödinger equation exactly. Furthermore since this functional is

completely independent of the system, it could equally be used to study the simple

hydrogen atom as well as the complex DNA molecule. Nevertheless, the explicit

form of this functional is unknown. One further detail about this functional is

that its domain of validity, by construction, is restricted to pure v-representable

densities, i.e., to densities that are associated with an antisymmetric ground-state

wave-function of a Hamiltonian of the form (2.1.2) with some external potential
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3. DENSITY FUNCTIONAL THEORY

Vext(r) (not necessarily a Coulomb potential).

The universal density functional for the total energy EVext [n], valid for any

external potential Vext, can be written as:

EVext [n] = FHK [n] +

ˆ
dr nVext (3.2.7)

where n(r) is any given v-representable density. Note the explicit association

made between the total energy and the external potential via the sub-index in

the left-hand side of Eq. (3.2.7).

Having defined the universal density functional for the energy and its domain

of applicability, one can now prove the validity of the second Hohenberg-Kohn

theorem. Let us consider a system with a ground-state density n0(r), to which

one can associate an Hamiltonian Ĥ with an external potential Vext(r), with

a ground state wave function Ψ0 and energy E0. Furthermore, let us consider a

trial density ñ(r), to which one can associate an Hamiltonian ˜̂
H with an external

potential Ṽext(r) with a ground state wave function Ψ̃0 and energy Ẽ0. The second

Hohenberg-Kohn theorem can be expressed as:

E0 = EVext [n0] ≤ EVext [ñ] = FHK [ñ] +

ˆ
dr ñVext (3.2.8)

which means that for any trial density ñ(r) that satisfies the necessary conditions

(i.e., that belongs to the domain of the Hohenberg-Kohn density functional) the

energy obtained from the functional (3.2.7) represents an upper bound to the

ground state energy E0. Therefore the global minimum E0 of the total energy

functional EVext [n] is only obtained if we plug in the exact ground state den-
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sity, n0(r). To prove the second theorem it suffices to prove the validity of the

inequality (3.2.8).

If we write down the expectation value of the Hamiltonian Ĥ over the wave-

function Ψ̃0, we obtain:

〈Ψ̃0|Ĥ |Ψ̃0〉 = T [ñ] + Vee[ñ] +

ˆ
dr ñ(r)Vext(r)

= FHK [ñ] +

ˆ
dr ñ(r)Vext(r)

= EVext [ñ] (3.2.9)

From the Rayleigh-Ritz principle one can write down:

E0 = 〈Ψ0|Ĥ |Ψ0〉 ≤ 〈Ψ̃0|Ĥ |Ψ̃0〉

which implies

E0 = 〈Ψ0|Ĥ |Ψ0〉 = EVext [n0] ≤ 〈Ψ̃0|Ĥ |Ψ̃0〉 = EVext [ñ]

therefore proving the validity of the inequality (3.2.8) and, consequently, the

second Hohenberg-Kohn theorem.

The validity of (3.2.1) is now obvious. By minimizing the total energy of the

system (3.2.7) with respect to the density one finds the exact ground state density

and energy.

The simplicity and the implications of these two theorems are astonishing.

Nevertheless there are several complications that one can think of, such as the ana-

lytic form of the exact Hohenberg-Kohn functional, the problem of v-representability
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[98, 99], the extension of these theorems to a broader class of systems [37], such as

systems with degenerate ground states or spin polarized systems. For the purpose

of this thesis there is no need in showing more details about this two theorems.

To the reader interested in those problems we recommend several outstanding

references where one can learn more about such details [37, 92, 132].

3.3 The Kohn-Sham scheme

The Hohenberg-Kohn theorems allow us to replace the complicated many-body

wave-function and the associated Schrödinger equation by the much simpler

ground-state electronic density. The problem now lies in finding a suitable compu-

tational scheme that allow us to determine the ground-state density and all other

physical properties of the system in question (of the ground state and possibly of

the excited states).

Here we only consider the most widespread DFT scheme to determine the

ground-state properties of a given electronic system. This was proposed in 1965,

just one year after the publication of the Hohenberg Kohn theorems, by Kohn and

Sham [93]. Although not as fundamental as the paper by Hohenberg and Kohn

[80], the Kohn-Sham scheme is as important as the former because it actually

provides a way to compute ground-state properties using DFT. Throughout this

section we explain in what consists the Kohn-Sham scheme using spin coordi-

nates, since later on this will be useful in deriving some properties of the energy

functionals.

The Kohn-Sham scheme lays upon two fundamental assumptions:

• The exact ground state density is equal to the ground state density of
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an auxiliary fictitious system of non-interacting particles. This statement

implies what is called non interacting v-representability. The validity of this

assumption can be proved for some systems. Nevertheless, from here on we

will simply assume this to be true for any “physical” electronic system of

interest. If we assume that this non-interacting fictitious system does exist,

then from the first Hohenberg-Kohn theorem follows immediately that it is

unique.

• In this fictitious system, the non-interacting particles move under the in-

fluence of a single-particle local potential V σ
KS(r), acting on an electron at

position r with spin σ. In fact the link between the interacting system and

the auxiliary non-interacting one is hidden in this effective potential.

After defining the fundamental assumptions, state the Kohn-Sham theorem.

Theorem 1. Let us consider an arbitrary system of N = N↓ + N↑ electrons at

zero temperature. The exact ground state density n0(r) of this system can be

obtained by self-consistently solving the following set of equations:

(
− ~2

2m
∇2 + V σ

KS[n; r]

)
Φi,σ = εi,σΦi,σ (3.3.1)

where

V σ
KS[n; r] = Vext(r) +

ˆ
d3r′

n(r′)
|r− r′|

+ V σ
xc[n; r] (3.3.2)

and the density is given by

n0(r) =
∑
σ

Nσ∑
i=1

|Φi,σ|2 (3.3.3)
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The potential defined by Eq. (3.3.2) is the already mentioned single particle Kohn-

Sham potential, which contains all many-body effects of the system. This potential

is a sum of the external potential, the Hartree potential and the so-called exchange

and correlation potential. The latter is an unknown functional of the density,

containing all exchange effects (due to the fermionic nature of the electrons) and

correlation effects.

The total energy density functional for the real system can be written in terms

of the Hohenberg-Kohn functional in the following form:

E[n] = FHK [n] +

ˆ
drVext(r)n(r) (3.3.4)

and the total energy density functional for the auxiliary non interacting system

is given by:

EKS = Ts[n] +

ˆ
drV σ

KS[n; r]n(r) (3.3.5)

where

Ts[n] = −
∑
σ

occ∑
i=1

<Φi,σ|
~2

2m
∇2|Φi,σ> (3.3.6)

is kinetic energy of the non-interacting electrons. Adding and subtracting to Eq.

(3.3.4) the quantity

Ts[n] +
1

2

ˆ ˆ
drdr′

n(r)n(r′)
|r− r′|

we finally obtain

E[n] = Ts[n] +

ˆ
dr Vext(r)n(r) +

1

2

ˆ ˆ
drdr′

n(r)n(r′)
|r− r′|

+ Eσ
xc[n] ,
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with

Exc[n] = T [n]− Ts[n] + Eee[n]− 1

2

ˆ ˆ
drdr′

n(r)n(r′)
|r− r′|

(3.3.7)

that represents the exchange and correlation energy. Since we want to obtain the

density that minimizes the total energy, we must impose that δE[n] = 0, which

leads to

δTs[n] +

ˆ
drδn(r)

[
Vext(r)n(r) +

ˆ
dr′

n(r′)
|r− r′|

+
δEσ

xc[n]

δn(r, σ)

]
= 0

Making use of Eq. (3.3.5) we can rewrite the first term of the previous equation

as:

δTs[n] = −
ˆ
drV σ

KS[n; r]δn(r, σ)

thus giving rise to the result in Eq. (3.3.2) where δEσxc[n]
δn(r,σ)

= V σ
xc is the exchange

and correlation potential.

The set of Eqs. (3.3.1), (3.3.2) and (3.3.3) are known as the Kohn-Sham equa-

tions. These equations are formally exact, which means that in principle they

allow us to determine exactly the ground-state density, and therefore all physical

properties of an arbitrary electronic system. Nevertheless the Kohn-Sham equa-

tions contain one unknown term, the exchange and correlation potential, which

must be approximated in order perform calculations using them. As we show

later on, this term must obey certain properties that can guide us in the process

of developing approximations to this functional.

The equations presented here are all that we need to perform a practical

calculation for a many-electron system. Furthermore they allow us to draw upon
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3. DENSITY FUNCTIONAL THEORY

the intuition and experience that has been developed for one-particle systems.

The many-body effects are included trivially in the Hartree term and less trivially

in the exchange and correlation term.

3.4 Exchange and correlation functionals

In this section we only give a very brief overview about the exchange and cor-

relation energy functionals. More details will be given in Chap. 7, where we

explain most of the properties that an exchange and correlation functional must

obey in a 2D system. we start by looking at the formal definition of the exchange

and correlation energy and then we present some physical comments about this

term. Second, we briefly explain John Perdew’s classification [137] of the existing

approximations to the exchange and correlation functionals. Finally, w discuss

which are the main paths of development of approximations to the exchange and

correlations functionals [37, 47, 88, 117].

The exchange and correlation energy is generally a very small fraction of the

total energy of an atom, molecule or solid. Nevertheless the contribution from Exc

to the total energy is of the same order of magnitude as the total binding energy

[135]. One might say that Exc works like a glue, without which atoms would

be weekly bounded, if at all. Therefore this means that a good approximation

of this functional is indispensable to accurately predict properties of any given

electronic system.

In order to get some insight into the exchange and correlation energy let us

have a closer look at its formal definition. In the last section we defined Exc[n]
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as:

Exc[n] = T [n] + Eee[n]− (Ts[n] + EH [n])

= (T [n]− Ts[n]) + (Eee[n]− EH [n]) .

In the first line of this equation we see that Exc is given by the difference between

the internal energy of the real system (the interacting one) and the non-interacting

kinetic energy and the classic electrostatic Hartree energy of a distribution of

charges.

In the Kohn-Sham approach we separate explicitly from the total energy an

independent-particle kinetic energy and a long-range Hartree term. In this way

one manages to leave only one unknown, Exc, that can be reasonably approxi-

mated by a local or nearly local functional of the density. One can express the

exchange and correlation energy by the form

Exc[n] =

ˆ
drn(r)εxc([n]; r) (3.4.1)

where εxc([n]; r) is the energy per electron at the point r. The first term in

the integrand is the total density, which means that in a spin-polarized system

this term is merely n↓ + n↑, thus leaving the information about the effects of

spin-polarization to be included in the εxc([n]; r) term.

In actual Kohn-Sham DFT calculations one usually separates the exchange

and correlation functional Exc[n] into two distinct parts,

Exc[n] = Ex[n] + Ec[n] ,
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3. DENSITY FUNCTIONAL THEORY

where the first term is called exchange energy and the second is the correlation

energy.

The exchange energy is formally defined by:

Ex[n] =
〈

Φmin
n |V̂ee|Φmin

n

〉
− EH [n] (3.4.2)

where Φmin
n is a Slater determinant built with Kohn-Sham orbitals and EH [n] is

the Hartree energy. Making use of this expression one can show that the exact

formula for the exchange energy of a spin compensated system of N electrons is

given by:

Eexact
x = −1

2

ˆ ˆ ∣∣∣∑N
k=1 Φk(r1)Φ?

k(r2)
∣∣∣2

r12

dr1dr2 (3.4.3)

where Φk(r1) are the orbitals arising from the self-consistent solution of the Kohn-

Sham equations. This equation looks exactly like the expression for the exchange

energy in the Hartree-Fock theory, EHF
x . However, it should be emphasized that

in general EHF
x 6= Eexact

x , due to the fact that the orbitals used to evaluate

EHF
x are Hartree-Fock orbitals while the ones used to evaluate Eexact

x are Kohn-

Sham orbitals [89]. These two sets of orbitals are different, because they come

from solving different sets of equations. As we know the true exchange functional,

one might think that there is no need to approximate it. Nevertheless, there exist

several approximations to the exchange functional, and there are two main reasons

for this. Firstly, Eexact
x as defined in Eq. (3.4.3) is not an explicit functional of

the density. Therefore, the corresponding exchange potential can not be readily

evaluated as the functional derivative of Eexact
x with respect to the density. For

this purpose, an indirect procedure, such as the optimized effective potential
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Figure 3.4.1: “Jacob’s Ladder” of density functional approximations to the
exchange-correlation energy according to Perdew and collaborators.

method (OEP) [23, 26, 62] must be used. The second reason for avoiding the

exact-exchange functional is that in practice it is difficult to achieve accurate

results by combining the exact exchange with approximate correlation functionals.

The correlation energy is taken formally as the difference

Ec[n] = Exc[n]− Ex[n] =
〈

Ψmin
n |V̂ee|Ψmin

n

〉
−
〈

Φmin
n |V̂ee|Φmin

n

〉
(3.4.4)

where Ψmin
n is the exact interacting wave-function which yields n(r) and minimizes〈

T̂ + V̂ee

〉
.

The best way to give a general overview of the existing exchange and correla-

tion functionals is to use Jacob’s Ladder devised by Perdew [137], and schemat-

ically displayed in Fig. 3.4.1. In June 2000 at the DFT2000 symposium, John

Perdew presented a very useful classification of the existing exchange and corre-

lation functionals. In this classification, known as Jacob’s Ladder for exchange

and correlation functionals, the exchange and correlation functionals are sepa-
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rated accordingly to the ingredients used to build them. Also, one interesting

feature of this classification is that generally the higher we go in the ladder the

better is the accuracy of the calculation. At the bottom of the ladder we have the

Hartree world of unrealistic weak or missing binding. At the top of the ladder we

have the heaven of chemical accuracy (∼1Kcal/mol). In face of this picture one

could think that we should always aim at the highest rung because the others are

generally less accurate. Nevertheless the intermediate rungs are as important as

the higher ones. The lower rungs may be less accurate, but they are also simpler

to understand and they require less programming and computational time, thus

allowing the study of more complex systems. Let us see how the exchange and

correlation functionals corresponding to each rung look like.

LDA stands for local density approximation. This class of approximations to

Exc[n] consist, in a narrow sense, in deriving a functional from the exact results

for a uniform electron gas. Once derived, the functional can then be used to

study real non-uniform densities. In particular, an LDA is any approximation of

the form:

ELDA
xc [n↓, n↑] =

ˆ
dr n(r)εhomxc (n↓, n↑)

where εxc(n) = εx(n) + εc(n) is the exchange and correlation energy per particle

of the electron gas, which is a function of the density only. The exchange energy

per particle can be evaluated analytically using the Dirac functional (3.1.20).

This exchange energy functional, although exact for the uniform electron gas,

underestimates the exchange energy for inhomogeneous systems. The correlation

energy per particle is a much more difficult problem since the analytic form of

εLDAc [n] is only known for two limiting cases. The first limiting case, derived by
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Gell-Man, Brueckner [52], and Car [25], corresponds to the high density (weak

correlation) limit of a spin-compensated uniform electron gas. The second limit-

ing case, obtained by Nozières, Pine [126], and Car [24], is the low density (strong

correlation) limit. The exact numerical values of εLDAc [n] for intermediate values

of the density are obtained using Monte Carlo simulations of the uniform electron

gas, such as the ones carried out by Ceperley & Alder [27] and Ortiz & Ballone

[129]. Based on these results and the limiting values for the correlation energy,

several interpolation formulas for εLDAc [n] have been devised to connect the high

density and low density limits and simultaneously reproduce the Monte-Carlo for

intermediate values of n. The LDA, although is exact for the uniform electron gas

and quite accurate in predicting bond-lengths and the atomic structure of solids,

the results obtained (e.g. atomization energies, and energy barriers) for molecules

and atoms are less than satisfactory. The natural step beyond the LDA is to use

not only the information about the density n(r) at a particular point r, but also

the information about the gradient of the density ∇n thus accounting for the

non-homogeneity of the true electronic density. The first class of approximations

that included gradients of the density is known as the gradient expansion approx-

imation (GEA). In spite of being able, in principle, to better model systems with

non uniform densities, the GEA yielded generally worst results than the LDA.

The reason for this failure is that the GEA violates sum rules and other rele-

vant conditions respected by the LDA. In a very elegant way, this problem was

solved by enforcing the restrictions valid for the true exchange and correlations

hole,1 and in some cases even some more properties, to the GEA’s. The resulting

functionals that include not only the gradients of the electron density but also

1In Chap. 7 this will be explained in more detail.
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retain these LDA exact properties are collectively known as generalized gradient

approximations (GGA).

The next rung in the ladder are the GGA’s. All GGA’s have the following

form:

EGGA
xc [n↓, n↑] =

ˆ
dr n(r)εGGAxc (n↓, n↑, |∇n↓| , |∇n↑|)

where Fxc is the enhancement factor, which is dimensionless. Some of the most

popular examples of GGA’s include the Perdew-Burke-Ernzerhof [134], Becke 88

[8], Becke 86 [7, 10], Lee, Yang, and Parr [97], etc.

Going up in the ladder we find the meta-GGAs. This class of functionals

is essentially an extension of the GGA as it is evidenced by its generic formal

definition:

EMGGA
xc =

ˆ
dr n(r)εMGGA

xc

(
n↓, n↑, |∇n↓| , |∇n↑| ,∇2n↓,∇2n↑, τ↑, τ↓

)
. (3.4.5)

where τσ(r) =
∑occ

i
1
2
|∇φiσ(r)| is the kinetic energy of the occupied Kohn-Sham

orbitals φiσ(r). As we can see from the Eq. (3.4.5) the meta-GGA adds the

further ingredients ∇2n↓,∇2n↑, τ↑, τ↓ (or at least one of them). The meta-GGAs

have the advantage of still being semi-local functionals of the occupied Kohn-

Sham orbitals. Therefore, computationally the MGGAs are more advantageous

than a functional with a fully non-local exchange term. However, meta-GGAs

do not improve much over the GGAs. They provide better surface energies and

in some cases they describe weakly bound systems better than GGAs. Some of

the most popular examples of this class of functionals are: TPSS (Perdew, Tao,
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Staroverov, and Scuseria) [138, 174], BR89 (Becke and Roussel) [9], VSXC (Van

Voorhis and Scuseria) [184], etc.

In the fourth rung one has the hyper-GGAs. In this class of functionals

one disposes of an extra ingredient to build approximations to Exc[n], the exact

exchange energy density. This term is a fully non local functional of the occupied

Kohn-Sham orbitals, which means that also the hyper-GGAs are fully non-local

functionals. One example of hyper-GGAs are the hybrid functionals. These

functionals have typically the form:

Ehyb
xc = αEexact

x + (1− α)EGGA
x + EGGA

c

where Eexact
x is the exact exchange energy (3.4.3), EGGA

xc is a (meta-)GGA ex-

change and correlation functional and α is a constant that can be fitted empir-

ically or estimated theoretically. It is important to stress that there are hyper-

GGA’s that are not hybrid functionals. Some hyper-GGAs make use of full exact

exchange and a fully nonlocal correlation functional [137]. The hyper-GGAs can

solve the self interaction error and to some extent, give much better band gaps

and reaction barrier heights than LDA and GGAs. Nevertheless, the description

of metals is worse than with GGAs. They are also more expensive than GGAs

and technically hard to apply for periodic systems. The most widely used hyper-

GGAs are hybrid functionals such as: B3LYP (Stephens, Devlin, Chabalowski,

and Frisch) [121], PBE0 ( Ernzerhof, Scuseria) [41], HSE (Heyd, Scuseria, and

Ernzerhof) [77], etc.

The highest rung of Perdew’s Jacob ladder is devoted to functionals that,

besides all the ingredients mentioned so far, also use unoccupied Kohn-Sham or-
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bitals. The random-phase-approximation (RPA) [48, 49, 139, 181], is an example

of this kind of functionals. This fifth rung requires huge basis sets, and is not yet

practical for any general use.

The Jacob ladder of John Perdew helps us to classify the existing functionals

according to their accuracy, ingredients they use, and computational cost. Nev-

ertheless it does not help us to learn how these functionals are built. There is a

clear divide when it comes to the usage of empirical data or the usage of exact

constraints in the developing of approximation to Exc. For this reason there are

mainly two major lines for developing functionals:

• One, in which functionals are designed by fitting reasonably chosen analytic

forms of Exc to experimental values of some properties of interest. The

analytic form of these functionals may be: (i) either derived from some

exact conditions or (ii) simply postulated without any rigorous derivation.

Also, some of the fitted functionals are simply a linear combination of pre-

existing functionals, i.e.:

Efitted
xc [n] =

∑
k

Ck

ˆ
dr n(r)εkxc

(
nσ, |∇nσ| ,∇2nσ, τσ, εx,σ, φi,σ; ak, bk, . . .

)
where the parameters {k ∈ N : Ck; ak, bk, . . .} are to be fitted to empirical

data. Generally the functionals obtained in this way yield good results for

the materials that present similar properties to the ones used in the fit.

Nevertheless the transferability of this kind of functionals is weak, i.e., the

results obtained for systems that differ much from the ones used to do the

fitting of usually come out bad (worse than the ones obtained with a simpler

functional without any empirical parameter, such as the LDA).
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• The other way of developing functionals consists in finding an analytical

functional (an ansatz) that obeys a certain number of exact conditions. All

the constants present in the functional must be determined via a known

exact condition for Exc. There are a manifold of ways in which one can

build this kind of approximations.

In Chap. 7 we will derive some functionals for the 2D electron gas. It will

become clearer then how one can really derive a Exc functional and what are the

exact properties that they must obey.

3.5 Some details on actual calculations

The Kohn-Sham scheme belongs to a larger class of electronic structure methods

that rely on the single-particle picture to tackle the complicated 3N -dimensional

(N , being the number of electrons present in the system) many-body problem. All

these methods tackle a common mathematical problem which consists in solving a

set of N coupled, three-dimensional, partial differential equations. In this section

we cover some general aspects related to the practical numerical solution of this

problem. In the first sub-section we focus on two main issues, which are the

treatment of the nucleus-electron interaction and the mathematical representation

of the single particle orbitals present in the calculations. This will allow us to

introduce, in an qualitative way, the useful concept of pseudo-potentials and the

most common basis sets used in electronic structure calculations. In the second

sub-section we review some results from solid state theory, which are relevant to

study condensed phases with translational invariance (such as crystal solids).
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3.5.1 Kohn-Sham equations: pseudo-potentials and basis

sets

All DFT codes solve the Kohn-Sham equations :

(
− ~2

2m
∇2 + Vext(r) +

ˆ
d3r′

n(r′)
|r− r′|

+ V σ
xc[n; r]

)
Φi,σ = εi,σΦi,σ

with the electronic density given by:

n(r) =
∑
σ

Nσ∑
i=1

ωi |Φi,σ|2

where ωi stands for the occupation number of the Kohn-Sham orbital Φi,σ, and

Vext(r) is the external potential felt by the electrons. As we have seen in Chap.

2, in solids, molecules, or atoms this external potential can be written as the

potential created by the fixed point nuclear charges over the electrons.

We have rewritten here the central equations of the Kohn-Sham scheme to ev-

idence the fact that, if we intend to solve these differential equations numerically,

one needs to solve two main issues:

• How do we represent mathematically our single particle orbitals? Since we

can not use an infinitely large basis set, we must choose a basis set that is

at the same time complete enough to accurately describe our system and

small enough so that we can actually perform the simulation in a reasonable

time and with finite computer resources.

• How shall we describe the electron-nuclear interactions? In principle we

could include all the electrons present in each atom in the system. Never-
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theless some of the core electrons are known to have little influence on the

chemical bonding. Therefore a trick to reduce the number of electrons in

our simulation can be of great interest.

Classes of basis sets

In order to represent mathematically the Kohn-Sham orbitals one needs first to

choose a basis set for the Hilbert space. This choice will mostly depend on two

aspects: the general characteristics of the electronic problem in question, and the

particular features of the problem we are interested in studying. Since the early

times of quantum mechanics the problem of finding a suitable basis set has been

explored, and therefore there are a manifold of possibilities. All existing basis

sets can be classified into four main groups:

• Localized basis sets [191, 192]: These basis sets are composed by localized

functions (e.g. Gaussians). The functions are usually centered at the atomic

positions, but they can also be centered in bonds (e.g. the midpoint between

two covalently bounded atoms), fictitious atoms or at some fixed space

positions instead of atomic positions. This class of basis sets is more suited

to describe systems with localized electrons such as molecules or atoms. In

some cases they might also be used to describe solids.

• Delocalized basis sets [189, 190, 193]: These basis sets are composed by de-

localized functions (e.g., plane waves), which are independent of the atomic

positions. The main feature of these functions is that they cover all space.

For this same reason they are useful for condensed phases such as periodic

solids, and they tend to be inefficient to describe molecular systems.
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• Mixed basis sets [30]: As the name evidences these basis sets are composed

by extended and localized basis functions. The aim in using this kind of

basis set is to get the best of both worlds. But this does not come for free,

since this kind of basis sets usually bring the technical difficulties of both

(e.g., over-completeness).

• Augmented basis sets [39, 81]: The functions used to build this class of basis,

atom-centered or extended, are augmented with atomic-like wave-functions

in a spherical region around the nuclei. In comparison with delocalized basis

sets, the augmented basis sets gives more accurate results. The reason lays

in the fact that since these functions are very flexible, fewer of them are

needed to obtain a converged basis set. As a result the level of accuracy

can be pushed to higher limits than the other classes of basis sets.

The simulations presented in this thesis were performed using plane-waves (de-

localized basis sets), real space grid (floating localized basis sets) and projector-

augmented plane waves (augmented basis sets).

One last comment about the choice of the basis set is that depending on its

choice might be more or less difficult to converge the calculation. While for plane

waves and real grid method the way to get more accurate results is merely to

increase the cutoff or decrease the grid spacing, respectively, for other kinds of

basis sets it might not be so obvious how to increase the basis set and therefore

the numerical precision.
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The electron-nuclear interaction: pseudo-potentials

In a solid, molecule, or an atom the external potential felt by the electrons is

given by the bare coulomb potential created by the ensemble of nuclei present

in the system. Even though the electrons are indistinguishable particles, when

one is using a single particle picture to describe them, it can be convenient to

distinguish some of these single-particle electronic states. Three classes of orbitals

can be distinguished in a system: those that participate actively in chemical

bonding, called valence electrons, those that are tightly bound to the nuclei,

named core electrons, and finally those that do not participate actively in the

chemical bonding, but are sufficiently close in energy to the valence states to feel

the effect of the environment, called semi-core electrons.

If we are dealing with a solid, the natural choice for a basis set is one composed

by delocalized functions such as plane waves. As a result of this one might expect

that the description of highly localized electrons such as the ones in the core will

be a costly procedure, i.e., it will increase tremendously the basis set size and

consequently the computational effort. Since core orbitals are basically frozen,

and also most of the physical properties of solids only depend on the valence

electrons, one can replace the atomic nuclei with a still point-like, but effective,

nuclei of charge ZV = Z − Zcore . This effective nucleus, or ionic core, represents

the nucleus together with its core electrons. In this way one gets rid of the

core electrons, by representing their influence on the valence electrons by an

effective (pseudo) potential. This separation not only reduces the number of

degrees of freedom (since the number of electrons that will enter our calculations

is Nvalence = Ntotal − Ncore), but also decreases the basis set size (since core
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electrons are more localized we need a larger basis set of delocalized functions,

e.g. a larger number of plane-waves, to represent such states).

There are several ways to build these pseudo-potentials. To get an overview

of how one actually builds a pseudo-potential and to learn more about the most

commonly used schemes to build them we refer to [47, 92, 117].

3.5.2 Density functional theory for periodic crystalline solids

Let us consider a crystalline solid defined by the unit vectors {a1, a2, a3} and a

given set of atoms. By definition, the reciprocal vectors are the set of all k-vectors

such that:

eiRi.k = 1

for all lattice point positions Ri = R(i1, i2, i3) = i1a1 + i2a2 + i3a3. The primitive

vectors {b1,b2,b3} in the reciprocal space are defined by the relation ai.bj =

2πδij. The symmetric cell defined in reciprocal space by these primitive vectors

is usually called the first Brillouin zone.

Since a crystalline solid is made of an infinite number of atoms, it would

be, in principle, impossible to study such system, because it contains an infinite

number of electrons. Fortunately, this problem can be tackled by using the Bloch

theorem, which allow us to connect the properties of the electrons in the infinite

system with those of the unit cell.

The Bloch theorem states that the wave-function of an electron in an external

periodic potential, i.e. V (r) = V (r + ai), can be written as the product of an

imaginary phase factor arising form the translational symmetry and a function
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that has the same periodicity as the potential, i.e.,

Φk(r) = eik.ruk(r) , (3.5.1)

where uk(r) = uk(r + R). 1

Replacing the single particle orbitals present in the Kohn-Sham equations by

Eq. (3.5.1), and after performing some necessary operations, we arrive at:

(
− ~2

2m
(∇2 + ik)2 + VKS[n; r]

)
ui,k = εi,kui,k

which are the Kohn-Sham equations for the periodic function ui,k. Note that the

operator in brackets is an explicit function of k. Therefore the eigenvalues and

the eigenvectors of this equation are both function of the continuous variable k.

To calculate many properties of a crystalline solid, such as the electronic

density, it is necessary to integrate over all k-points in the first Brillouin zone.

Nevertheless, these integrals can be easily transformed into a discrete sums (which

a computer can actually perform) over some a special set of k-points. The validity

of this approximation relies on the fact that the electronic states are continuous

and smooth in the k-space.

An effective method to choose a set of k-points for sampling the Brillouin

zone was proposed by Monkhorst-Pack [123]. This method allows us to obtain,

in reduced coordinates, a rectangular grid of points with dimensionMx×My×Mz

and spaced evenly throughout the Brillouin zone. The larger the dimensions of

the grid, the finer and more accurate will be the sampling. Just as the basis set

size, the size of the grid of k-points required to meet a given accuracy will depend
1The proof of this theorem can be found in any book of solid state physics (see e.g. [4, 127]).
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of the system under study. As we will see in the following, this is a parameter to

be converged.

Explaining the situation in a nutshell, for a crystalline solid one has to solve

a set of coupled Kohn-Sham equations, one for each k-point included in the

Brillouin zone sampling. The coupling between the k-points comes through the

density, which is now an average over the Brillouin zone, i.e.

nσ(r) =
∑
k∈BZ

Ωk

∑
f

(k)
i,σ

∣∣∣u(k)
i,σ

∣∣∣2

where f (k)
i,σ is the occupation number of the band i with spin σ at the wave-vector

k and Ωk are weight factors that depend on the symmetry of the unit cell.
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Chapter 4

Time-dependent density functional

theory

Time-dependent density functional theory (TDDFT) is a quantum mechanical

theory that is able to describe the dynamics and related properties of many-

body systems involving in time-dependent fields. Studying the effect of these

time-dependent fields on a given system with TDDFT allow us to access useful

properties such as: excitation energies, frequency dependent response, photo-

absorption cross sections, etc. In particular, one of the most successful application

of TDDFT, nowadays, is the calculation of the optical absorption spectra of finite

systems.

The pillars of TDDFT were carved in the seminal paper published by Runge

and Gross in 1984 [155]. This article contains two major breakthroughs: the

proof that there is a one-to-one correspondence between the time-dependent po-

tential and the density (within a time-dependent constant) for a sufficient general

class of problems, and the establishment of three schemes that allow us to cal-
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4. TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

culate the time-dependent density. These schemes, derived by Runge and Gross,

are: the stationary action principle (the time-dependent equivalent to the second

Hohenberg-Kohn theorem), the time-dependent Kohn-Sham scheme, and a set of

hydrodynamical equations.

The purpose of this chapter is to give a theoretical background to better

understand the TDDFT results obtained for the optical response of CdSe nano-

wires (see Chap. 6). Therefore, in what follows we will discuss the theoretical

foundations of TDDFT with a special attention to the linear density-response

function and its connections to electronic excitations. In the following, will be

using atomic units.

4.1 The Runge-Gross theorem

In this section we present the time-dependent analog of the two Hohenberg-Kohn

theorems. Nevertheless, we would like to stress the fact that the results presented

here are a special case of the ones originally derived by Runge and Gross [155].

Since we are interested in the optical response of a many electron system, we are

imposing two extra restrictions that will help to make the matter clearer. Firstly,

we are assuming that the original interacting particles proposed by RG are elec-

trons. Secondly, we are considering that before the time-dependent perturbation

is turned on at t = t0, the electronic system is in its ground state Ψ0 = Ψ(t = t0).

The pertinence of the last assumptions rest in the fact that, in spectroscopy, be-

fore the system is probed with a time-dependent perturbation, it is at rest in a

static potential.

Let us consider a system of N electrons moving under the influence of a time-
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dependent spinless potential V̂ext(r1, r2, . . . , rN ; t). This external time-dependent

potential is such that:

V̂ext(r1, r2, . . . , rN ; t) =


V̂ gs

ext(r1, r2, . . . , rN) ; t<t0

V̂ext(r1, r2, . . . , rN ; t) ; t≥t0

where V̂ gs
ext(r1, r2, . . . , rN) is the static ground state potential felt by the electrons.

Furthermore let us impose [114] that this external potential can be written in the

following form:

V̂ext(r1, r2, . . . , rN ; t) =
N∑
i=1

Vext(ri; t)

=
N∑
i

∞∑
k

Ck(ri)
k!

(t− t0)k ; Ck(ri) =
∂k

∂tk
Vext(ri; t)t=t0

i.e., V̂ext(r1, r2, . . . , rN ; t) is assumed to be single particle and Taylor expandable

around t0. Having specified the number of electrons and the external potential,

the system is now fully defined. The Hamiltonian operator is then given by:

Ĥ (r1, r2, . . . , rN ; t) = T̂ (r1, r2, . . . , rN ; t) + V̂ee(r1, r2, . . . , rN ; t)+

+ V̂ext(r1, r2, . . . , rN ; t) ,

where T̂ is the kinetic energy operator and V̂ee is the electron-electron interaction.

The evolution of the many-body wave-function is governed by the time-dependent

Schrödinger equation:

i
∂

∂t
Ψ(r1, r2, . . . , rN ; t) = Ĥ (r1, r2, . . . , rN ; t)Ψ(r1, r2, . . . , rN ; t) .
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4. TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

Since this is a first-order differential equation in time, the wave-function must be

specified at a given point in time. In this case, the obvious choice for this initial

condition is:

Ψ(r1, r2, . . . , rN ; t = t0) = Ψ0

where Ψ0 is the ground sate of the unperturbed electronic system. Moreover, as

a result of the first Hohenberg-Kohn theorem, this state is a functional of the

ground state density, i.e., n(r; t = t0).

The first Runge and Gross theorem proves that there exists a one-to-one corre-

spondence between the external potential, V̂ext(r1, r2, . . . , rN ; t), and the electron

density, n(r; t) (up to an addictive purely time-dependent function in the poten-

tial), for time-dependent systems evolving from a fixed many-body ground state,

Ψ0 [105, 114]. On the other hand, via the Schrödinger equation we can then estab-

lish a bijective mapping between the potential and the many-body wave-function,

which from the first RG theorem means that:

Ψ(t) = e−iα(t)Ψ[n] ,

i.e. the many-body wave-function is also a functional of the density. The time-

dependent phase arises from the fact that the potential that corresponds to a

certain density is fixed up to a time-dependent constant (two potentials that

differ solely by a time-dependent constant will produce two wave-functions that

differ only by a time-dependent phase). Since all observables from the system can

be obtained from the many-body wave-function, this mean that all observables
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are also functionals of the time-dependent density, i.e.:

〈Ψ(t)| Ô |Ψ(t)〉 = O([n]; t)

where Ô is an operator, which is a function of time but does not contains any

integral or derivatives with respect to time. This last condition is necessary so

that the phase factor cancels out when evaluating the expectation value.

In static quantum mechanics, the Rayleigh-Ritz principle assure us that the

wave-function (or density) that minimizes the total energy is the ground state

of that system. Unfortunately, since in the presence of a time-dependent field

the total energy is no longer a conserved quantity, no minimum energy princi-

ple is available. Nevertheless we know that the solution of the time-dependent

Schrödinger equation under a given initial condition Ψ = Ψt0 , corresponds to a

stationary point of the quantum mechanical action,

A[Ψ] =

ˆ t1

t0

dt 〈Ψ| i ∂
∂t
− Ĥ (t) |Ψ〉 ,

where Ψ is the many body function defined in some convenient space. From this

definition of the action integral it is not possible to state that it can be written

univocally as a functional of the density, since it depends on a time derivative and

an integral with respect to time. In the original paper of Runge and Gross, they

propose an action integral which is a functional of the density. Nevertheless the

latter is ill defined, since it yelds response functions that are not casual [64, 69].

In 1998 this problem was solved by van Leeuwen [183], by introducing a new
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4. TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

action functional that does not depend explicitly on time:

A[n] = −i log 〈Ψ(t0)| Û(τf , τi) |Ψ(t0)〉+

ˆ
C

dτ
dt

dτ

ˆ
drn(r, τ)Vext(r; τ) ,

where τ is a pseudo-time defined such that t(τ) goes from t0 to t1 and back to t0

if τ goes along a given contour C. Also in the last equation we made use of the

operator Û , which is the evolution operator defined by:

Û(τf , τi) = T̂C exp

{
−i
ˆ τi→τf

C

dτĤ (τ)

}
.

In the previous equation the operator T̂C stands for time ordering in τ . For

further details please refer to [113, 114, 115].

Once defined the density functional of the action integral, and knowing that

the wave-function Ψ(t) that makes the action integral stationary is a solution of

the time-dependent Schrödinger, it then follows that:

δA[Ψ]

δΨ? Ψ=Ψ(t)
= 0 ⇒ δA[n]

δn n=n(r,t)
= 0 ,

i.e., the correct time-dependent density is a stationary point of the action density

functional.

So far, we presented the time-dependent equivalents of the first and the second

Hohenberg-Kohn theorem, by showing that any observable can be written as a

functional of the time-dependent density, and also by showing that the correct

ground state density is a stationary point of the quantum mechanical action. This

is in fact a weaker condition than the second Hohenberg-Kohn theorem, since in

the latter we have a minimization principle while here we only have a stationary
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principle. Let us see how one can actually use this information to compute the

optical response of an electronic system.

4.2 The time-dependent Kohn-Sham equations

Just as we did in the static DFT, we can resort to a Kohn-Sham system, i.e.,

a fictitious auxiliary system of non-interacting electrons which will help us to

determine the density of the corresponding interacting system . These Kohn-

Sham electrons obey single-particle and time-dependent equations:

i
∂

∂t
Φi(r, t) = hKS(r, t)Φi(r, t) ,

where the time-dependent Kohn-Sham Hamiltonian is defined as:

hKS(r, t) = −1

2
∇2 + VKS[n](r, t) .

The time-dependent Kohn-Sham potential VKS[n; r, t] is such that the density of

the auxiliary non interacting system reproduces the density of the corresponding

interacting system at all instants of time, i.e.:

n(r, t) =
N∑
j=1

|Φi(r, t)|2 .

Just as we did in the static case, we can split the Kohn-Sham potential into a

sum of three terms,

VKS[n](r, t) = Vext(r, t) + VH [n; r, t] + Vxc[n](r, t) . (4.2.1)
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The first terms is the single particle external potential felt by the electrons and

the second term is the Hartree exchange potential, which has the usual form,

VH [n](r, t) =

ˆ
dr′

n(r′, t)
|r − r′|

,

but for a time-dependent density. The third term of the Kohn Sham potential is

the exchange and correlation functional. The latter is a very complex functional,

even more complex than the ground state one, since it’s knowledge implies the

solution of all time-dependent electronic problems. This functional can be written

as the functional derivative of the exchange and correlation part of the quantum

mechanical action,i.e.,

Vxc[n](r, t) =
δAxc[n]

δn(r, τ)n=n(r,t)

The exchange and correlation part of the action is defined by:

A[n] = AKS[n]− Axc[n]− 1

2

ˆ
C

dτ
dt

dτ

ˆ
dr
ˆ
dr′

n(r, τ)n(r′, τ)

|r − r′|
,

where AKS is the quantum mechanical action, but now defined for the non-

interacting Kohn-Sham system. Since at the beginning we have postulated that

the system is in its ground state at t = t0, this implies that the exchange and

correlation potential is a functional of the density alone. On the other hand, if

this was not the case, the exchange and correlation potential would also depend

on the initial wave-function as well as on the initial Kohn-Sham wave-function.
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4.3 Linear-response theory

The previous section evidences that the true time-dependent density of an inter-

acting system of electrons can be obtained via the time dependent Kohn-Sham or-

bitals. In turn, the first Runge-Gross theorem allow us to state that any property

of the system (whose operator obeys the conditions of the mentioned theorem) is

also accessible via the Kohn-Sham scheme. Nevertheless, as we will show in this

section, one does not always need to solve the full time-dependent Kohn-Sham

equations. In particular, for the purpose of this thesis, i.e., to compute optical

spectra of CdSe nano-wires, one does not need to solve them.

Let us now consider an electronic system in its ground state before we turn

on the external time-dependent perturbation at an instant in time t0 , i.e.:

for t < to we have:


Ĥ = T̂ + V̂ee + V̂ gs

ext

Ψ(t) = Ψ0

n(r, t) = n0

and

for t ≥ to we have: Ĥ =T̂ + V̂ee + V̂ext(t) = T̂ + V̂ee + V̂ gs
ext + V̂

(1)
ext (t) .

This time-dependent external perturbation V̂
(1)
ext (t) will induce a change in the

ground state electronic density. If the external potential is small and sufficiently

well behaved, we can expand the density in a perturbative series,

n(r, t) = n0 + n(1)(r, t) + n(2)(r, t) + . . . , (4.3.1)
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where n(1)(r, t) is a term that depends linearly on V̂ (1)
ext (t), n(2)(r, t) is a term that

depends quadratically on V̂
(1)
ext (t), etc. Since the perturbation is small, we can

truncate the expansion to retain only terms that depend on the first order of

V̂
(1)
ext (t).

The term that depends linearly on the time-dependent external potential in

equation (4.3.1) is formally defined as:

n(1)(r, t) =

ˆ +∞

−∞
dt′
ˆ
dr′χ(r, r′, t− t′)V (1)

ext (r
′, t′) ,

or equivalently in frequency space:

n(1)(r, ω) =

ˆ
dr′χ(r, r′, ω)V

(1)
ext (r

′, ω) , (4.3.2)

where χ(r, r′, t − t′) is the linear density response function of the system. Since

the density at a given instant in time cannot be influenced by the density at any

latter instant, the causality condition requires that χ(r, r′, t − t′) = 0 for t > t0.

Furthermore, the explicit expression for linear response function in terms of the

density and the external potential is given by:

χ(r, r′, ω) =
δn(r, ω)

δVext(r′, ω)

∣∣∣∣
Vext(r′,ω)=V gsext(r′)

, (4.3.3)

as it is evidenced by the Taylor expansion of the density.

By using time-dependent perturbation theory [46, 68] one can write down

the linear response function in terms of the eigenvalues and eigenvectors of the
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unperturbed Hamiltonian as:

χ(r, r′, ω) =
∑
j

[
〈Ψ0 |n̂(r)|Ψj〉 〈Ψj |n̂(r′)|Ψ0〉

ω − (Ej − E0) + iη
− 〈Ψ0 |n̂(r′)|Ψj〉 〈Ψj |n̂(r)|Ψ0〉

ω + (Ej − E0) + iη

]
,

(4.3.4)

where η is a small positive infinitesimal,Ψ0 is the ground state wave-function,

Ψj is the jth excited state of the ground state Hamiltonian, E0 and Ej are the

corresponding eigenvalues and n̂ is the density operator. Analyzing this equation

one realizes that the polarizability of an electronic system has poles at the true

excitation energies of the system. The computation of this term using perturba-

tion theory is a very demanding task, nevertheless this can be eased by by the

use of TDDFT.

In the same spirit as we did for the interacting electronic system, we can

calculate the linear change of the density of the fictitious system of Kohn-Sham

particles as follows [167]:

n(1)(r, ω) =

ˆ
dr′χ0(r, r′, ω)V

(1)
KS(r′, ω) , (4.3.5)

where V (1)
KS(r′, t′) stands for the change in the Kohn-Sham potential induced by

V
(1)
ext (t), and χ0 is the linear density response function of the non-interacting

Kohn-Sham system. We can define the explicit form of response function of

this fictitious system as:

χ0(r, r′, ω) =
δn(r, ω)

δVKS(r′, ω)

∣∣∣∣
VKS(r′,ω)=V GSKS (r′)

, (4.3.6)

where V GS
KS (r′) stands for the Kohn-Sham potential of the system before the time-
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4. TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

dependent external perturbation is turned on.

For a system of Kohn-Sham particles, equation (4.3.4) is greatly simplified

since in this case we are dealing with excitations of single particles from an oc-

cupied state to an unoccupied state. In this case, equation (4.3.4) is given by:

χ0(r, r′, ω) =
∑
j,k

(fk − fj)
Φj(r)Φ?

j(r′)Φk(r′)Φ?
k(r)

ω − (εj − εk) + iη
, (4.3.7)

where fk represents the occupation number of the k state, Φk(r′) is the unper-

turbed stationary kth Kohn-Sham orbital and εk is the corresponding eigenvalue.

As expected, the non-interacting Kohn-Sham linear response function has its

poles located at the difference of single particle eigenvalues.

From TDDFT, we know that the density of the non-interacting Kohn-Sham

system is the same as the density of the interacting one, which implies that the

right-hand sides of Eq. (4.3.5) and (4.3.2) are equal. Therefore, χ and χ0 can be

related via the Eqs. (4.3.5), (4.3.2) and (4.2.1), thus obtaining [13]:

χ = χ0 + χ0 (v + fxc)χ

or, more explicitly:

χ(r, r′, ω) = χ0 (r, r′, ω) + (4.3.8)

+

¨
dr′′dr′′′

{
χ0(r, r′′, ω)

[
1

|r′′ − r′′′|
+ fxc(r′′, r′′′, ω)

]
χ(r′′′, r′, ω)

}
.

If we knew the exact form of fxc, this equation would give us the exact linear

response function of the interacting system. Unfortunately this is not the case.

In equation (4.3.8), we introduced the quantity fxc, which can be obtained
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from the exchange and correlation functional by:

fxc(r, r′, t− t′) =
δVxc([n]; r, t)
δn(r, t)

.

This quantity, called the exchange and correlation kernel, is an essential ingredi-

ent in linear response theory. It takes into account all dynamical exchange and

correlation effects to linear order in the perturbing potential. There are several

approximations to the exchange and correlation kernel [114]. Here we focus on

three different approximations to this kernel, namely the Random Phase Ap-

proximation (RPA) [1, 188], the adiabatic local density approximation (ALDA)

[66, 67] and the long range correlation (LRC) kernels [15, 18, 149] which are the

ones we used to determine the optical response of CdSe nano-wires.

The simplest approximation to the exchange and correlation kernel is the RPA

[1, 188], where

fRPAxc = 0 .

In this approximation the kernel in equation (4.3.8) is composed only by the clas-

sical Coulomb term. Despite it’s simplicity, RPA yields results with a reasonable

accuracy for a broad range of systems [13] with a low computational cost.

The next step in the ladder of complexity is the adiabatic local density approx-

imation. Within this approximation, fxc is defined to be the functional derivative

of the static LDA (therefore adiabatic, because it doesn’t depend on frequency)

exchange and correlation functional, i.e.:

fALDAxc (r, r′, t− t′) = δ(t− t′)δ(r− r′)
∂V LDA

xc ([n]; r)
∂n(r)

.
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From its definition we see that the ALDA is local both in time (since it’s frequency

independent) and in space. Despite being a crude approximation, the ALDA has

proven to be quite successful in applications to finite systems, such as molecules

or small clusters (up to hundreds of atoms). Nevertheless this is not the case for

extended systems such as solids where ALDA appears to be systematically less

satisfactory [50, 128, 168] (mostly in the limit of vanishing momentum transfer, as

one has in photo-absorption experiments). As an example, the results obtained

within ALDA of the photo-absorption spectrum of small systems (e.g. small

clusters) can be very good [112, 197], while when one starts to increase the system

size the results worsen [112]. Two final remarks about the ALDA must be made:

the first is that it is incapable of reproducing Rydberg series, the second is that

it completely misses any excitonic effects in solids [167].

One last approximation to the fxc are the long range correlation kernels which

aim to imitate the kernels derived from the Bethe-Saltpeter equation [15, 18, 149].

These kernels may be either static

fLRC static
xc (q) = −α

static

q2
,

or dynamical (frequency dependent)

fLRC dyn
xc (q, ω) = − 1

q2

(
α + βω2

)
.

For convenience we have represented these kernels in Fourier space. The constants

present in these kernels αstatic , α , β are material dependent. In the case of

the static kernel, αstatic is related to the macroscopic dielectric constant of the
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material [149]. In the case of the dynamical kernel the constants α and β are

related to the dielectric constant and the plasma frequency [15]. In contrast to the

ALDA and RPA, these functionals include long range corrections due to not only

the non local term 1
q2
, but also from the quasi-particle shift of the eigenvalues [15].

This latter contribution arrises from the fact that in this approximation one must

use in the formulas (4.3.7) and (4.3.8) not the Kohn-Sham eigenvalues, but the

quasi-particle ones obtained from a GW calculation. For several extended systems

these kernels yield very good optical absorption spectra, comparable to the ones

obtained by solving the BSE, a much more computationally expensive method

[15]. Also they seem to reproduce much better the electron-electron and electron-

hole interaction than the ALDA or the RPA, thus correctly capturing the excitonic

effects in a wide range of materials [15]. By construction, these functionals do not

aim at providing an ab-initio approximation to the exact TDDFT kernel, instead

they intend to offer a efficient framework for calculations of response properties

of complex solids and nano-structures. For more details about this kernels please

refer to [15, 149].
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Chapter 5

The GW approximation and the

Bethe-Salpeter equation

The aim of this chapter is to give a brief introduction to the so-called GW and

BSE (Bethe-Salpeter equation) approximations. We decided to give a practical

overview of these methods, thus sketching only the most important equations to

take into consideration during a calculation. A more detailed explanation of these

approximations can be found in [59, 75, 111, 172]. All equations present in this

chapter are written in atomic units.

5.1 The GW approximation

When calculating electronic excitations, such as the addiction or removal energies

(which can be measured in photoemission experiments) of a single-electron, the

GW approximation proposed by Hedin has proved to be a very accurate method,

improving significantly the results predicted by simple DFT methods [3, 56, 57,
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58, 83, 84]. For this reason, it is clear that to compute the electronic band-

structure of a given solid1 GW is the method of choice. Nevertheless, this high

accuracy comes with a high computational cost, and therefore one cannot always

perform this type of calculations.2

An important concept present in the GW approximation is that of a quasi-

particle. In the Kohn-Sham scheme we have resorted to a system of non-interacting

particles to solve a many body problem. Within the GW approximation, the

Green’s functions allow us to map the fully interacting system onto a system of

weakly interacting particles, i.e., an electron plus its screening cloud created by

the surrounding charges. In turn, these quasi-particles interact via a screened

potential, rather than a bare Coulomb potential. The main advantages of this

method are: (i) a better representation of the electrons in a many-body frame-

work, (ii) to allow the expansion the quasi-particle interaction in a perturbative

series.

The time ordered Green’s function is defined as

G(1, 2) = −i 〈N |T [ψ̂(1)ψ̂†(2)] |N〉 ,

where |N〉 is the many-body N particle ground state, ψ̂(1) and ψ̂†(1) are re-

spectively the annihilation and creation operator in the Heisenberg picture, T

is the time ordering operator and the symbol (1) represent the five coordinates

(r1, σ1 = ±1/2, t1) of the Nth electron. Now, from the Heisenberg equation for

the field operator

1From here on we center the discussion on solids, since this is the class of systems we want
to describe using this approximation.

2Some tricks and further approximations on the method can help us to make an “unfeasible”
GW calculation possible [59].
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i
∂ψ̂

∂t
=
[
ψ̂, Ĥ

]
,

where Ĥ is the many-body Hamiltonian in second quantization, it can be shown

that [13] the time evolution of G, i.e., the propagation of an electron (or hole),

obeys the following equation:

[
i
∂

∂t1
− h(1)

]
G(1, 2)−

ˆ
d3Σ(1, 3)G(3, 2) = δ(1, 2) , (5.1.1)

where h(1) = −1
2
∇2

1 + Vext(1) + VH(1), and the newly introduced quantity Σ is

an effective non-local and dynamical potential that describes all exchange and

correlation effects in the system. This quantity, Σ, is usually called self energy,

and can be seen as an effective potential that an extra particle feels in the material.

In the Lehmann representation, the Green’s function reads [59]

G(r1, r2, ω) =
∑
i

fN+1
i (r1)

(
fN+1
i (r2)

)?
ω − εN+1

i + iη
+
∑
i

fN−1
i (r1)

(
fN−1
i (r2)

)?
ω − εN−1

i − iη

=
∑
i

fi(r1) [fi(r2)]?

ω − εi ± iη
, (5.1.2)

with

fN−1
i (r) = 〈N − 1, i| ψ̂(r1) |N〉

fN+1
i (r) = 〈N | ψ̂(r1) |N + 1, i〉 ,

where the we have dropped the indices N ± 1 in Eq. (5.1.2), nevertheless it is

understood that ±η corresponds to the N ± 1 system. This representation of the

Green’s function evidences that it has poles at frequencies εi. Also, one can show
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that the imaginary part of the Green’s function, called the spectral function, is

closely related to direct and inverse photoemission spectra. Therefore, one can

state that the Green’s function has poles at the many-particle excitation energies

εi.

Additional insight into the meaning of Eq. (5.1.1) can be gained if we rewrite

it in the frequency domain. In this way, Fourier transforming Eq. (5.1.1), and

plugin the Green’s function in the Lehmann representation (see Eq. (5.1.2)), after

some algebra one finally obtains the following Schrödinger-like equation

h(r)fi(r) +

ˆ
dr′′Σ(r, r′′, εj)fj(r) = εjfj(r) . (5.1.3)

From this equation, one realizes that the self-energy can be seen as a non-local,

frequency dependent potential in a Schrödinger like equation of motion of the

Lehmann amplitudes fj and energies εj. It is worthwhile mentioning that this is

not a mean-field formulation as it is the case for the KS equations. Therefore, the

functions fj and their energies εj are not single-particle quantities, but instead

properties of a many-body particle system.

A systematic way to approximate the self-energy was proposed by Hedin [75].

This scheme, represented diagrammatically in Fig. 5.1.1 consists of five coupled

integral equations1 to be solved iteratively. In order to solve these equations one

can start by setting the self-energy to zero, then using this self-energy to calculate

the Green’s function G, then the vertex Γ, polarizability P , screened interaction

W, and again Σ until one reaches self-consistency.

The GW approximation consists in taking a shortcut in the Hedin pentagon.

1More details on these equations represented along the arrows in Fig. 5.1.1 can be found
in [59, 111, 172].
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Figure 5.1.1: (Left) Hedin’s pentagon [75] connecting the Green’s function, G, the
self-energy, Σ, the vertex Γ, the irreducible polarizability P and the screened in-
teraction W. (Right) Schematic representation of the GW approximation. Figure
obtained from Ref. [167]

In this approximation, one avoids calculating the vertex function by setting it

equal to a delta function. If only one iteration is performed starting from Σ = 0,

and taking GKS = G0 (where GKS is the KS Green function ), one obtains

the G0W0 approximation, or single shot GW. In this approximation the set of

equations (in the frequency domain) that one needs to solve to obtain the self

energy are:

P 0(r, r′;ω) =
∑
nkn′k′

Φnk(r)Φ?
n′k′(r)Φ

?
nk(r′)Φn′k′(r′)×

×
[

fnk(1− fn′k′)
ε0nk − ε0n′k′ + ω + iη

− (1− fnk)fn′k′

ε0
n′k′ − ε

0
nk + ω + iη

]
(5.1.4)

W 0(r, r′;ω) =

ˆ
dr′′ε−1(r, r′′;ω)v(r′′ − r′) (5.1.5)

Σ(r, r′;ω) = Σx(r, r′;ω) + Σc(r, r′;ω) (5.1.6)

where,
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Σx(r, r′;ω) =
i

2π

ˆ
dω′eiω

′ηG0(r, r′;ω + ω′)v(r− r′) (5.1.7)

Σc(r, r′;ω) =
i

2π

ˆ
dω′eiω

′ηG0(r, r′;ω + ω′)(W 0(r, r′;ω′)− v(r− r′)) ,(5.1.8)

where G0 is the KS independent particle Green’s function, P 0 = −iG0G0 is the

RPA polarizability, v is the bare Coulomb interaction, ε−1 is the inverse of the

dielectric function that in the frequency domain reads,

ε(r, r′;ω) = δ(r− r′)−
ˆ
dr′′v(r′′ − r′)χ0(r′′, r′;ω) . (5.1.9)

Practical G0W0 calculations

In this thesis we are interested in using the the GW approximation to compute the

quasi-particle corrections to DFT band-structures. As in many cases the quasi-

particle orbitals are very similar to the KS ones,1 in the G0W0 approximation

one assumes that ΦQP = ΦKS. Writing the exchange and correlation functional

as a local approximation to the self-energy

Σ(r, r′;ω) = Vxc(r)δ(r− r′) ,

then the quasi-particle Eq. (5.1.3) becomes a KS equation, i.e.,

(h+ Vxc)Φ
KS = εKSi ΦKS ,

1For example, in bulk silicon
〈
ΦKS |ΦQP

〉
> 0.999. For more details and discussion see

[83, 84].
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where h is the single particle Hamiltonian as defined in Eq. (5.1.1). Since the

potential Σ(r, r, εi)− Vxcδ(r− r′) is usually small [167], this means that one can

use first-order perturbation theory to compute the GW quasi-particle corrections

to the KS eigenenergies. In this way, the G0W0 quasi-particle energies are given

by:

εi ≈ εKSi +
〈
φKSi |Σ(r, r′, εi)− Vxc|φKSi

〉
. (5.1.10)

Note that Eq. (5.1.10) is a non-linear equation, since Σ depends on the quasi-

particle energies.Nevertheless this can be simplified by expanding the self-energy

as a Taylor expansion around the KS eigenenergies as follows:

Σ(r, r′, εi) ≈ Σ(r, r′, εKSi ) + (εi − εKSi )
∂Σ(r, r′, εi)

∂εi εi=εKSi

. (5.1.11)

Replacing the self-energy operator in Eq. (5.1.10) by Eq. (5.1.11) one finally

obtains:

εi ≈ εKSi + Zi
〈
φKSi

∣∣Σ(r, r′, εKSi )− Vxc
∣∣φKSi 〉

, (5.1.12)

where

Zi = 1−

〈
φKSi

∣∣∣∣∣ ∂Σ(r, r′, εi)
∂εi

∣∣∣∣
εi=εKSi

∣∣∣∣∣φKSi
〉

is a quasi-particle renormalization factor. Now, one only needs to solve the set of

equations (5.1.4), (5.1.5) and (5.1.6) to obtain the self-energy and consequently

(from Eq. (5.1.12)) the G0W0 quasi-particle energies of a given electronic system.1

1Further details on the practical implementation of this method in a plane wave basis set
approach can be obtained in [59].
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5.2 The Bethe-Salpeter equation

For absorption experiments, one has to deal with neutral excitations, since we

have the simultaneous creation of a quasi-electron and a quasi-hole that interact

with the system. For this kind of processes a one-particle description is no longer

adequate. In this section, we introduce a method that is able to describe neutral

excitations, the Bethe-Salpeter equation [157, 172].

The two-particle Green’s function is defined as:

G(1, 2, 3, 4) = (−i)2
〈
N
∣∣∣T [ψ̂(1)ψ̂(3)ψ̂†(4)ψ̂†(2)]

∣∣∣N〉 . (5.2.1)

which, analogously to the one particle Green’ function, is the quantity with which

one usually describes processes involving two particle excitations. Now, let us

introduce the four point reducible polarizability L, that can be expressed in terms

in terms of two-particle Green’s function:

L(1, 2, 3, 4) = L0(1, 2, 3, 4)−G(1, 2, 3, 4) , (5.2.2)

and the independent-electron-hole polarizability

L0(1, 2, 3, 4) = G(1, 2)G(3, 4) . (5.2.3)

Since two-particle Green’s functions describe two particle processes, one can infer

that Eq. (5.2.2) describes the propagation of two particles, e.g, an electron and

a hole in an absorption process. On the other hand, Eq. (5.2.3), as the name

suggests, describes the propagation of an electron and a hole separately.
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The four point polarizability obeys a Dyson-like equation, known as Bethe-

Salpeter equation (BSE) [157, 172]

L(1, 2, 3, 4) = L0(1, 2, 3, 4) +

ˆ
d5678 L0(1, 2, 5, 6)×

× [v(5, 7)δ(5, 6)δ(7, 8) + Ξ(5, 6, 7, 8)]× L(7, 8, 3, 4) (5.2.4)

where the quantity Ξ is the many-body interaction kernel, defined as:

Ξ(1, 2, 3, 4) = i
∂Σ(1, 3)

∂G(2, 4)
. (5.2.5)

The self-energy in Eq. (5.2.5) is unknown, therefore one has to approximate it.

The standard approximation consists in using the GW approximation to the self

energy, i.e.

Σ(1, 2) = iG(1, 2)W (2, 1) . (5.2.6)

Plugin Eq.(5.2.6) into Eq. (5.2.5), leads to

Ξ(1, 2, 3, 4) = −δ(1, 3)δ(2, 4)W (1, 2) ,

where the term iG(1, 2) δW (1,2)
δG(3,4)

, that corresponds to the variation of the screening

due to the excitation, is small and can therefore be neglected [74, 171]. Using

this approximation to the kernel, the BSE can be written as

4L = 4L0 + 4L0(4v −4 W )4L , (5.2.7)

where we used a compact notation where 4L is used to indicate that L is a four

point-quantity. In the kernel of Eq. (5.2.7) we have two quantities, the four-
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point extension of the Coulomb interaction, 4v, and the four-point extension of

the screened coulomb potential 4W . The first term is the unscreened electron-

hole exchange energy, and is a repulsive term (as the Pauli principle requires).

The second term is the screened electron-hole Coulomb interaction, therefore and

is attractive (this term includes all non-trivial many-body effects). Now, in order

to solve the BSE one needs to calculate the screening. In our calculations, we

considered that the screened interaction is static and given by

W (1, 2) = ε−1
RPA(1, 2; ω = 0) ,

where ε−1
RPA is the inverse of the dielectric function obtained in the RPA.

Once we have calculated the four point reduced polarizability, we can obtain

the two point polarizability by a contraction of 4L, i.e.,

χ(1, 2) = −L(1, 1, 2, 2) ,

where it is understood that ω > 0, so that the polarizability, χ is a casual response

function.

The absorption spectra can then be calculated, in the limit of vanishing mo-

mentum transfer as:

=(εM(ω)) = =
(

1− lim
q→0

v(q)

ˆ
drdr′eiq.(r−r′)χ(r, r′, ω)

)
.

The results achieved with the BSE are remarkable in a large variety of systems,

like bulk semiconductors [2], insulators [11], surfaces [152], atoms [151], molecules

[71], nano-structures [150], etc. Furthermore, this four-point character of the
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polarizability renders the description of excitons, hydrogen-like pairs of electrons

and holes, natural.
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Chapter 6

The quasi-1D electron gas

(nano-wires)

6.1 State of the art

Nano-wires (NW) exhibit a wide range of unique properties [96] including tunable

band gaps, ballistic transport [163], optical anisotropy [162], and strong excitonic

effects [159]. It is therefore not surprising that for the past twenty years NWs

have emerged as one of the most active fields of research in material science [96].

This growing interest is mainly due to their short term promising applications

[102, 159, 163] and is empowered by a strong demand from industries for smaller

and more effective devices. To a large extent, the novel properties emerge from

the lateral confinement of the electrons in the wire, leading to a blue shift of the

electronic band gap with decreasing diameter.

NWs still belong to the experimental world of laboratories. Nevertheless, they

are expected to play a critical role in future electronic and optoelectronic devices.
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Figure 6.1.1: (Left-panel) Photoluminescence image of a single 20 nm InP NW
with exciting laser polarized along and perpendicularly to the wire axis. In the
inset it is represented the overall variation of the photoluminescence intensity as
a function of polarization angle with respect to the wire axis. The scale bar is 3
µm. From Ref. [186]. (Center-panel) Schematic diagram of a NW based battery
structure. The cathode contains lithium sulfide (Li2S) encapsulated within or-
dered mesoporous carbon, and the anode consists of silicon nanowires grown by
the VLS mechanism. This battery has a much higher theoretical specific energy
than other systems used nowadays. From Ref. [198]. (Right-panel) Scheme of a
silicon wafer with novel vertical transistors made out of silicon NWs (without the
upper p-contact). From Ref. [164]
.

Their versatility (due to its tunable properties), makes of them a useful material

in a manifold of devices, such as: field effect transistors [32, 78], solar cells [164,

180], optical sensors [33], batteries [198], electronic circuits [119], etc. Several

of these applications are already on a mature level of development, i.e. ready

to be commercialized in a near future. One good example of such applications

is the Si NWs battery represented in Fig. 6.1.1. This batteries, invented by a

team led by Yi Cui at Stanford University in 2007 [198], have an stainless steel

anode covered by Si-NWs, in contrast to the conventional batteries which use a

graphite anode. The morphology of the Si-NWs allows these batteries to store

ten times more lithium than graphite (the most commonly used anode), therefore

increasing the battery capacitance by a factor of ten. Also these batteries have

a far greater energy density on the anode, thus reducing the mass of the battery.

Another example is the field-effect transistors made of a vertical Si-NWs arrays.1

1It is worthwhile mention that this is only one of a manifold of possibilities to produce a
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In this kind of device, instead of arranging the transistors on a planar substrate,

the silicon transistors are turned by 90 degrees so that they stick out of the chip

substrate like tiny columns. In this way, numerous vertical transistors could be

built on the area normally occupied by only one planar transistor. This would

be the final step from micro to nanoelectronics. Unlike conventional transistors,

the current flow in these column-like transistors will be vertical, and they will be

smaller and more energy-saving than the ones existing today. Nevertheless, there

needs to be a more thorough research into the electrical properties of NWs in

order to be able to build reliable transistors for a new generation of microchips.

The same goes for other kind of devices one can build with NWs. In fact, despite

their technological potential, more needs to be known in order to use them as

building blocks of a new generation of nano electronic or optical devices.

At the heart of the success of NW as building blocks of nanoscale devices is

the development of a general strategy for the controlled growth of these materials.

The interest in this class of materials depends strongly on the possibility of their

mass production, in order to have a ratio cost-to-performance that is favorable.

Traditionally, the fabrication of nano-structures has been carried out by a host of

top-down techniques [118, 142, 170] (see Fig. 6.1.2), whose major drawbacks are:

small amounts of produced material, limited flexibility in the material composi-

tion, elevated costs, and a time consuming production. The natural alternatives

to these are the bottom-up techniques (see Fig. 6.1.2), such as chemical synthe-

sis, which include gas phase and solution-based synthesis [158, 185, 195]. The

essence of the formation of these 1D nano structures, through the later processes,

is about crystallization, a process that has been investigated for hundred of years.

FET using NWs. For more details see Ref. [32, 78].
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Figure 6.1.2: (Left-panel) Scan electron microscope image of some NWs trans-
ferred to a bare Si wafer. From Ref. [162] (Center-panel) Schematic top-down
generated nanowire by using electron bean lithography, after etching step. The
S, D and G indicate respectively the source, drain and gate. From Ref. [170]
(Right-panel) Schematic illustration showing the growth of a NW via the vapor-
liquid-solid mechanism. From Ref. [195].

Nevertheless, the control of the processes involved has only recently achieved a

degree of maturation that allowed the production of large amounts of these NW

with a controlled radius size, composition, length, growth direction, and a consid-

erably small polydispersity. These experimental achievements make NWs an even

more interesting nanostructure, because it has all the outstanding properties of

a nano-material (unique thermal, optoelectronic, chemical and mechanical prop-

erties) and at the same time has a lower cost of production then the traditional

bottom-down products.

As mentioned earlier, one of the fundamental aspects of NWs is their size-

dependent properties. Among a wide spectrum of unique properties, the ones

that we want to focus on are: size tunable band gap, optical anisotropy, and

strong excitonic effects.

A blue shift of the band gap with the decrease of the confining dimension

in a semiconducting nanostructure is a well known phenomenon [96]. This bad

gap tunability arises from the quantum confinement of the charge carriers in these

systems. Several models have already been proposed to describe how the band gap
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increases with the shrinking of the system [22, 82, 100, 162, 186]. In particular,

the description of this phenomenon provided by particle-in-a-box-type models

predict a 1/d2 (where d stands for the diameter) size dependence of the band-

gap. Some more accurate models have been proposed, and they point always to an

exponent between one and two. Nevertheless their transferability is very fragile,

and every case must be studied with care. As an example, for InP NWs [109] a

recent detailed study of the effect of dimensionality on the confinement in wires

concluded that the size-dependence of the band gap fits best a 1/d1.45 relation,

while a similar study conducted on Si NWs [22] concludes that the band-gap fits

best a 1/d1.7 form. Despite this fragile transferability, this kind of models predict

with an unexpected accuracy the evolution of the band-gap with the diameter of

the NW.

Concerning the optical response of NWs several new interesting properties

arise due to their shape and size. The most striking property, that can be im-

mediately inferred from the band structure, is the blue-shift of the fundamental

absorption frequency with the shrinking of the wire radius. The other two most

relevant optical properties in this system are strong excitonic effects and giant

optical anisotropy. These two effects can be fully explained by the microscopic

anisotropy and the confinement of the charge carriers in the system.

When the polarization of the light is perpendicular to the long axis there is

an accumulation of charges at the wire surface, which in turn is responsible for

the electric field attenuation inside the nanowire, i.e. smaller dielectric matrix

elements along the perpendicular directions. On the other hand, if the polar-

ization is parallel to the long axis of the wire, the charge carriers will behave

in a similar way they would in a piece of bulk. This anisotropic dielectric ma-
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trix can then be used to calculate the optical absorption, which will lead us to

the conclusion that the absorption of this system will be polarization dependent,

stronger when the polarization is parallel to the wire and weaker on the other

case, i.e. optical anisotropy. This effect has already been measured in polarized

photo-luminescence experiments [162], nevertheless some recent theoretical stud-

ies [82, 202] do not take into account crystal local field effects, which necessarily

yields wrong results.

Light absorption by a semiconducting crystal might, under certain circum-

stances, create an exciton. This quasiparticle is a bound state between an electron

in the conduction band and the hole that the excitation created in the valence

band. The binding between them, in a bulk semiconductor, arises mainly from

the Coulombic attraction between the electron-hole pair. Therefore the binding

term (neglecting for the moment additional interaction potentials such as spin-

orbit coupling) of the Hamiltonian of this quasi-particle (the exciton) should be

inversely proportional to the dielectric function of the material. From the last

paragraph one can then state that excitonic effects in the semiconducting NWs

will be very pronounced due to the stronger binding of the electron-hole pair

resulting from an attenuation of the dielectric matrix in such confined systems.

This strong binding of the electron-hole pair has already been detected exper-

imentally [36], and is responsible for a red shift of the fundamental absorption

frequency, partially compensating the observed blue shift [36]. Due to this effect,

NWs are seen as exciton traps, a property that also endows them with a great

technological interest.

Several studies of the optical properties of CdSe NWs appeared in the past

years [82, 100, 162, 201]. Classical [162] and semi-empirical [201] methods have
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been quite useful in describing large-diameter wires but they fail for small and

medium diameters. Moreover, none of the articles using first-principle methods

[82, 100] present in the literature was capable of capturing the physics of electronic

excitations in these confined systems. This was due to the neglect of at least one

of the previously mentioned physical effects that are fundamental for an accurate

description of nanoscale objects. In what follows we describe the results and some

of the procedures used to describe accurately, using state of the art first-principle

methods, the optical response of CdSe NWs. As a result of this study we were

able not only to see the above mentioned effects (crystal local fields, excitonic

effects, and size dependance of the band-gap) on the optical properties of these

NWs, but also to present a simple analytical model, which is in extraordinary

agreement with existing experimental results [162, 199]. Also, as a result of this

study, we were able to test some commonly used first principles methods in such

nanoscale materials.

6.2 Ground state calculations

In this study we have considered unpassivated CdSe NWs with 5 different di-

ameters: 0.73 nm, 1.17 nm, 1.59 nm, 1.77 nm and 2.01 nm. The initial atomic

positions of the atoms composing each nanowire were considered to be the same

as in the corresponding bulk of wurtzite structured CdSe [196] (see Fig. 6.2.1

, where we demonstrate this procedure for the smallest NW) . Also the NWs

considered here are assumed to be infinitely long with periodic length 7.01Angs

and axis parallel to the wurtzite [0001] axis.

For all calculations, the core electrons of Cd ([Kr]4d10) and Se ([Ar]3d10) were
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Figure 6.2.1: (Left-panel) Top view of a 7 × 7 × 1 supercell of wurtzite CdSe;
(Right-panel) Representation of a CdSe nanowire with a diameter of 0.73nm. The
atomic positions of the atoms of this NW are relaxed.

described by Hamann [72] and Troullier-Martins [179] norm conserving pseudo-

potentials. We have verified that using a pseudo-potential with 12 valence elec-

trons for the Cd did not change significantly nor the relaxed atomic positions

nor the electronic structure of these NWs. Also, in all calculations we applied

the supercell technique in order to eliminate the influence of the periodic neigh-

boring images on the electric/optical properties of a single NW. This method

largely increases the unit cell parameters along the [1000] and [0100] directions

and uses the periodicity along [0001] to extend the wire to infinity. In this way,

one can make use of a plane-wave code, and at the same time avoid/minimize the

interaction between the neighboring NWs due to the large vacuum space existing

between these images. The amount of vacuum needed depends mostly on the

radius of the NW and on the unoccupied states needed to perform the calcula-

tion. Consequently, this quantity must change accordingly (e.g., for the smallest

NW the cell-volume/calculation-type vary as: (13)2c Å3/DFT , (14)2c Å3/RPA,

(19)2c Å3/BSE), where c is the lattice parameter in the z direction.
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Figure 6.2.2: Cross sections of all calculated CdSe NW. The atomic positions of
Cd (in dark red) and Se atoms were relaxed using the BFGS method implemented
in ABINIT. The number of atoms and the corresponding diameters are: (a) 12
atoms, d=0.73nm; (b) 26 atoms, d=1.17nm; (c) 44 atoms, d=1.59nm; (d) 48
atoms, d=1.77nm; (e) 74 atoms, d=2.01nm;

The ground state calculations were done using DFT, as implemented in ABINIT

[59, 60, 194], a plane-wave basis code. In these calculations, we used a cutoff en-

ergy of 20 Ha, a 1 × 1 × 8 Monkhorst-Pack [123] grid of k-points, and for the

exchange and correlation energy potential we used the Perdew-Burke-Ernzerhof

functional [134]. The ground state calculations were performed with three major

objectives in mind: The first was to obtain the relaxed ground state geometries

of the five different NWs; The second was to analyze the effect of quantum con-

finement in the electronic structure of these NWs; The third and last, was to

produce the necessary input for the optical response calculations, in particular

the Kohn-Sham orbitals and the corresponding eigenvalues.

In a first step, the positions of the atoms in the supercell were relaxed using

the Broyden-Fletcher-Goldfarb-Shanno (BFGS) scheme available in the ABINIT

code. The resulting NWs, represented with ball and stick models in Fig. 6.2.2,
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suffer a contraction, thus reducing the distance between the atoms with respect

to the bulk. The largest change in the atomic positions occurs on the outer most

atoms. For example, the distance between the closest in-plane Cd atoms changes:

0.5% for the NW with a diameter of 0.73 nm; 10% at the border of the 2.01 nm

NW; and 1.3% for the atoms at the center of the 2.01 nm NW. Also another

interesting phenomenon happening in this relaxation is that the contraction does

not conserve the overall shape, since the Cd atoms are pulled in the NW while

the Se atoms are puckered out. As a consequence, the Cd-Cd average distances

can be reduced by 10% while the Se-Se distances remain essentially the same.

It’s worthwhile mention that these results were expected, since previous DFT

calculations performed for CdSe clusters have also captured this effect [16]. This

reconstruction effect can be reduced, if desired, by passivating the NW with

hydrogen. However, to better compare our results agains the experiment, it is

better to study them unpassivated, since most experiments were carried out with

unpassivated NWs [199].

After having relaxed the atomic positions, we computed the Kohn-Sham band

structure for all NWs along the k-path Γ → (0, 0, 1/2), so we could analyze the

effect of quantum confinement on the electronic band structure. Looking at the

results obtained, represented in Fig. 6.2.3, five major aspects stand out: (i) The

NWs, like the bulk, are direct band-gap semiconductors; (ii) The blue-shift of the

electronic band-gap with the decrease of the NW size; (iii) The rapid variation

of this blue-shift with the radii of the NWs; (iv) The band structure of the NWs

is considerably flat; (v) And as one increases the NW radius, the band-structure

becomes denser.

Looking at the band-structures in Fig. 6.2.3 there is clearly a blue shift of
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the band-gap as the NW radius is decreased, as we were already expecting. The

DFT band-gap of the bulk of wurtzite structured CdSe is 1.79 eV [196], while

the ones obtained for the NWs are: 2.44, 2.12, 1.93, 1.90 and 1.83 eV (from the

smallest to the largest NW). From the electronic band-gap of these NW one can

draw two main conclusions: the first is that the blue-shift that comes from the

quantum confinement is very significant for very small NW, as is evidenced by

the 36% increase of the band-gap in the smallest NW; And the second conclusion

is that this blue-shift of the electronic band-gap changes very rapidly with the

radius of the NW, in particular, this effect becomes almost negligible for NWs

with diameters larger than 2 nm.

As one decreases the NW radius the electrons are expected to be more con-

fined, an effect that becomes clear as one compares the NWs and the bulk band-

structures. The bands of bulk CdSe have a larger dispersion than that of the

CdSe NWs, which indicates that the states in the NWs are more localized.

If one compares the bands-structures of the NWs, as they increase in size they

become more and more dense. This arises from the fact that the larger the NW,

the larger is also the number of electronic states (because more atoms will be

present in the unit cell).
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Figure 6.2.3: Evolution of the band structures of the NW with diameter. These
band structures were calculated using DFT, and in the case of the NW the ex-
change and correlation functional used is the PBE, while for the bulk (bottom-
right plot) is a LDA calculation [196].

As mentioned before, in DFT we do not have an equivalent of a Koopmans’
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theorem, therefore, in principle, we can not attribute any actual physical meaning

to the eigenvalues. As a result it is not surprising that the electronic band-gap

obtained in these calculations is different form the value measured experimentally

(e.g., in photoemission experiments [54, 199]). In order to obtained a quasi-

particle band-structure one needs to perform more involved calculations, such as

GW. Also, since we are interested in calculating the optical response of these

NWs using BSE and TDDFT with LRC kernels, we also need a quasi-particle

band-structure.

6.3 GW quasi-particle band-structure

Due to the complexity of this kind of calculations, and also for a better un-

derstanding of the involved quantities, we give a detailed explanation of all the

steps involved in our GW calculation. The subjects covered in this section can

be split into three main topics: (i) First we give a brief explanation of all the

variables that one needs to converge in a standard GW calculation, thus mak-

ing a bridge between these calculations and the theory explained in the previous

Chapter; (ii) Then we give specific details on the calculation (converged values of

the parameters, how did they changed, etc.), the problems we faced, and also the

workarounds; (iii) At the end we present our results. We also discuss how one can

use this information to build a quasi-particle band-structure and to have a good

estimation of the GW corrections for larger wires (whose GW calculation were

unfeasible, due to computational limitations). Since to perform this calculation

we used the GW implementation of the ABINIT code [59, 60, 194], we will be la-

beling the convergence parameters with the names of the corresponding variables
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in ABINIT.

A non-self-consistent GW calculation can be summarized as a three steps

procedure. In a first step we compute the Kohn-Sham eigenvalues and eigenvec-

tors (all this information is stored in a file called KSS file). Then we perform a

screening calculation, i.e., we calculate the screened dielectric matrix. Finally, we

compute of the self-energy and the corrections to the band-energies.

6.3.1 Parameters involved in a GW calculation

Kohn-Sham eigenfunctions and eigenvalues (KSS file)

In the first step we need to generate the Kohn-Sham eigenfunctions and eigen-

values to be stored in the KSS file. Several parameters must be converged to

generate this file, nevertheless the ones that one should be paying attention when

performing a GW calculation are: the number of calculated sates (it is necessary

to include a large number of empty states), the x× y size of the unit cell (which

should be large enough to avoid unwanted interactions between the NW), and

finally the number of k-points.

In ABINIT the variable that controls the number of computed states is nbands.

In principle, for a ground state calculation one doesn’t need more states than the

ones that are occupied (which are given by the number of electrons in the unit

cell). For a ground-state calculation it is advisable to include some unoccu-

pied states due to numerical issues (if some of the highest occupied states are

degenerate, this will help to reach the desired accuracy faster by stabilizing the

calculation). For a GW calculation the number of computed states must be large.

This large number of unoccupied states will be necessary to compute the screened
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dielectric matrix and the self-energy. Therefore, in order to minimize the num-

ber of KSS calculations, one usually generates a KSS file with a large number

of unoccupied states. The general thumb-rule is to include ten to twenty times

the number of occupied bands. In this study, we used 341 states (the number of

occupied states is 24 for the smallest NW).

The number of k-points, the kind of k-point sampling, the shift of the k-point

mesh and the number of shifted k-points meshes to be used are controlled in

ABINIT by the parameters: ngkpt, kptopt, shiftk and nshiftk, respec-

tively. One needs to generate a separate KSS file for each different mesh. Since

we only wish to use periodicity along the z direction the k-point mesh grid should

be of the type 1×1×K, where K is the number of k-points. Also, it is important

to notice that since the NWs have a direct band-gap located at the gamma point,

Γ, this point should be included in the k-point mesh.

The cell size is one of the bottle-necks of this calculation. Since we are inter-

ested in studying the electronic and optical properties of single NW using a plane

wave basis set to describe our KS orbitals, we need to use the supercell technique.

If for a simple ground-state calculation this is already a problem, it gets much

worse for excited-state calculations such as GW. The reason behind this is that

when one performs a GW calculation one adds or removes one electron to the

system. Adding charges, or removing them from the NWs, leads to a Coulomb

interaction between image NWs. This interaction is difficult to overcome just by

increasing the distance between the NWs, because it is a long-range interaction.

The problem is particularly severe for the q→ 0 limit.

One way to avoid this problem is to truncate the Coulomb interaction after a

certain radius. In the ABINIT package two methods are available to truncate the
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Coulomb potential: one proposed by Ismael-Beigi [166] and the other proposed

by Rozzi and his collaborators [154]. In the calculations presented here1 we use

the method proposed by Ismael-Beigi. The reason for this choice lays in the fact

that the resulting truncation potential is smother than Rozzi’s, which is crucial

for calculations of electronic excitations. In this approach the Coulomb term v in

the equations for W , Eq. (5.1.5), and ε, Eq. (5.1.9), is replaced by a truncated

interaction2 vc, thus

WGG′(q) = ε−1
GG′(q)vc(q + G′) (6.3.1)

εGG′(q) = δGG′ − vc(q + G′)χ0
GG′(q) . (6.3.2)

Being the periodic direction (NW axis) along z, and the system confined in the

xy directions, the truncated Coulomb potential has the form

vc(r) =
θ(x, y)

|r|
, (6.3.3)

where θ(x, y) is zero unless x and y lie are inside the Wigner-Seitz unit cell. The

Fourier transform along z gives:

vc(k) =

¨
dxdyθ(x, y)2K0(|kz|ρ) cos(kxx+ kyy) , (6.3.4)

where ρ = (x2 + y2)
1/2 and K0(z) is the modified Bessel function which diverges

as − log(z/2) for kz → 0. The xy integral is of finite extent, so the divergences of

1We use this truncation technique only for the GW calculations. For the others there was
no need in using it.

2Here we have represented the screening and the dielectric matrix in the momentum space,
since it eases the derivation of the truncation of the Coulomb interaction.
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Figure 6.3.1: The Coulomb truncation between the smallest CdSe-NWs. The
truncation radius rc is half of the lattice constant of the supercell, i.e., 2rc =
acell = dc .

the truncated Coulomb potential, vc(k), originate from K0 as kz → 0. Using the

asymptotic from K0(z) = − log(z) +O (z0), we can isolate the divergent term

−2 log(|kz|)
¨

dxdyθ(x, y) cos(kxx+ kyy) .

By setting θ(x, y) 6= 0 for exactly one Wigner-Seitz cell centered on the wire in the

xy plane, this divergence vanishes for any wave-vector, k, with
(
k2
x + k2

y

)1/2 6= 0.

Therefore the cutoff radius depends only on the unit cell used (as shown in Fig.

6.3.1), and no additional convergence parameters are needed.

In this way, in order to converge the GW correction with the super cell size

one only needs to generate several KSS files for different values of acell (the

ABINIT parameter that controls the size of the unit cell). Once computed the

KSS files we can specify, in the screening calculation, to use the Ismael-Beigi

[166] truncation of the Coulomb potential by adding the flags icutcoul = 1

and vcutgeo = 0 0 1 (the last parameter is only to specify the directions where
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this cutoff is to be used). As we show later on we have tested these two options

(with and without cutoff) separately.

Screening calculation

For the calculation of the dielectric matrix, several quantities contain summations

over a infinite number of terms. Obviously we can not include all these, so we

must choose a cutoff (a limit value to these summations) at a certain value. The

value of these cutoffs is chosen in such way that the GW corrections are obtained

with a precision of 0.1− 0.2 eV. Each of these “summing indexes” is represented

in ABINIT by a given input variable. The parameters that are crucial when

performing a screening calculation are: ecutwfn, ecuteps and nbands.

The ecutwfn parameter determines the cutoff energy of the plane-waves set

used to represent the Kohn-Sham orbitals needed to evaluate the independent

particle susceptibility χ0 (see Eq. (5.1.4)). The maximum value one can use is

the one we used to compute the corresponding KSS file. This parameter doesn’t

change much the required CPU time, nevertheless it influences the amount of

memory required during the calculations. Therefore, since the amount of memory

used is also an issue when performing these calculations, this parameter must be

fine tuned so we will not face the problem of not being able to converge our

calculations due to the lack of memory.

The cutoff energy of the G vectors used to represent the independent-particle

susceptibility χ0, Eq. (5.1.4), the dielectric matrix ε, Eq. (5.1.9), and its inverse

used in Eq. (5.1.5) is determined in ABINIT by the input variable ecuteps.

Since this parameter determines the dimensions of ε andW , it has a large influence

on the memory and disk space required (to store the dielectric matrix), so a
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careful convergence study is needed. This situation is particularly complicated

when using a supercell technique.

The variable nbands controls the number of states used to evaluate the

independent-particle susceptibility (also known as polarizability) χ0 in Eq. (5.1.4)

and the GW self-energy in Eq. (5.1.6). The convergence of the GW corrections

with respect to this parameter is very slow, i.e., a large number of empty states

are necessary in order to achieve convergence. Also this parameter influences

heavily the CPU time and the required memory. This in turn might lead to a

practical impossibility to converge our calculations with respect to the number

of states. In order to go around this problem we used an almost costless scheme,

proposed by Fabien Bruneval and Xavier Gonze [20].

The method proposed by Bruneval and Gonze, can be summarized as follows.

The eigenenergies associated with states not included in the sums (e.g., present

in Eq. (5.1.6) ), are replaced by a common energy. The latter, is determined from

the highest computed state via a single adjustable parameter. The eigenstates

which are not included in the sum are taken into account by using the closure

relation ∑
j>Nb

|j〉 〈j| = 1−
∑
j≤Nb

|j〉 〈j| .

The parameter introduced in ABINIT called gwencomp, requires an additional

convergence study (even though it can be evaluated using an exact sum rule).

This method allows us to divide the number of empty states by about a factor

of five to reach the same accuracy that we would have without it. As a result,

the computational cost and the memory requirements also decreased by the same

amount, accelerating all calculations.
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Sigma calculation

For the GW self energy calculation, the convergence parameters are very similar

to the ones used in the screening calculation. The most relevant parameters in

this part are: ecutwfn (cutoff on the G vectors used in the summation of the

matrix arising in Eqs. (5.1.7,5.1.8) when we Fourier transform them); nbands

(number of unoccupied states in equations (5.1.7) and (5.1.8)), ecutsigx, and

ppmodel.

One of the new cutoff parameters introduced, called ecutsigx, determines

the cutoff energy of G vectors used to generate the exchange part of the self-

energy operator Σx.

The other introduced parameter, called ppmodel, is a parameter that acti-

vates the use of a given plasmon pole model (PPM) in our screening and sigma

calculations. In principle, to compute the screening and self-energy, one needs to

evaluate the dielectric matrix for all frequencies. This can be avoided by using

the plasmon-pole model proposed by Godby and Needs [55]. In this approach,

ε−1 is approximated by a smooth analytical function that depends on the value

of ε−1 at zero frequency and at another imaginary frequency, usually one that is

close to the plasmon frequency.1 In what follows we will explain in what con-

sists this model so one can have a better idea of the parameters involved in this

calculation, and in which circumstances this model should be used.

In the frequency domain, the self-energy can be obtained via the convolution

Σ(ω) = lim
δ→0+

i

2π

ˆ
dω′eiω

′δG(ω + ω′)W (ω′) . (6.3.5)

1This value is specified in a ABINIT input file by the parameter ppmfrq. It is important
to remark that the final results should not depend much on the choice of this last frequency.
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Therefore the evaluation of Σ(ω) requires the knowledge of the frequency depen-

dence of W (ω′). Due to the oscillating behavior of G(ω) and W (ω) along the

real axis, one needs a fine grid of real frequencies to converge the results. A work

around to this problem is to perform the integration in Eq. (6.3.5) analytically

with a plasmon-pole model. Several PPMs exist, some of which are present in

the ABINIT package. In ABINIT, the choice of the particular PPM is specified

by the parameter ppmodel. In this work we have used the pioneering PPM

of Godby-Needs [55] (specified in ABINIT by ppmodel=1), where the imagi-

nary part of the ε−1 is approximated by a delta function centered at the plasmon

frequency ω̃GG′(q) with amplitude AGG′(q), i.e.

=ε−1
GG′(q, ω) = AGG′(q) (δ [ω − ω̃GG′(q)]− δ [ω + ω̃GG′(q)]) . (6.3.6)

By using the Kramers-Kronig relation we can obtain the real part of ε−1

<ε−1
GG′(q, ω) = δGG′(q, ω) +

Ω2
GG′(q, ω)

ω2 − ω̃2
GG′(q, ω)

(6.3.7)

where Ω2
GG′(q, ω) = −AGG′(q)ω̃2

GG′(q, ω). Approximating =ε−1 by Eq. (6.3.6) is

a reasonable approximation since experiments and first-principles analysis reveal

that =W (ω) is generally characterized by a sharp peak in correspondence to a

plasmon excitation at the plasmon frequency. Now, one needs to define a set

of physical constraints to find the parameters entering Eq. (6.3.6) and (6.3.7).

In the Godby-Needs approach, the parameters of the model are derived such

that ε−1(ω) is correctly reproduced at two different frequencies: the static limit

and an additional imaginary point located at the Sommerfeld plasma frequency
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iωp, where ωp =
√

4πρ with ρ the number of electrons per volume. After some

algebra, the following set of equations defining the plasmon-pole coefficients can

be derived: 
ω̃2

GG′(q) = ω2
p

[
AGG′ (q)

ε−1
GG′ (q,ω=0)−ε−1

GG′ (q,ω=iωp)

]
AGG′(q) = ε−1

GG′(q, ω = 0)− δGG′ = −Ω2
GG′ (q)

ω̃2
GG′ (q)

(6.3.8)

The Godby-Needs PPM is one of a larger class of models based on Eq. (6.3.6)

and (6.3.7). One other example of a PPM is the Hybertsen and Louie model [84],

whose difference lays in the way the parameters in Eq. (6.3.8) are calculated.

Despite the success of this class of models, they have a number of undesirable

features, which means that they must be used with prudence. During the entire

calculation, expensive tables of N2
G elements have to be stored in memory, due

the large total number of poles, which is equal to the square of the number of

plane waves used to represent ε−1
GG′(q, ω). Moreover, for some elements with

G 6= G′, the plasmon poles ω̃GG′(q) can become very small or even imaginary

which is somewhat unphysical. The accuracy of the results from these methods

worsens for states far from the gap, especially for low-lying states. To analyze

these physical properties, it is necessary to avoid PPM methods and calculate

explicitly the frequency dependence of W (ω). On the other hand, since the

frequency convolution in Eq. (6.3.6) can be carried out analytically once the

plasmon-pole parameters are known, the PPM technique is the ideal tool for

initial convergence studies. Besides it usually proves to be accurate to within

0.1–0.2 eV for states close to the Fermi level [40], when compared to results

obtained with a costly numerical integration of Σ [40].
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6.3.2 Convergence study

Due to the high computational cost of this kind of calculations we only calculated

the GW corrections to the KS band-structure for the smallest NW. Nevertheless,

we derived a simple analytical model to predict the GW corrections for the larger

NW, based on the results obtained for the smallest NW and the one for the bulk.

To simplify the discussion, in Table 6.3.1 we present a flowchart that summa-

rizes the convergence study. This flowchart represents the three steps/calculations

required to obtain a fully converged GW quasi-particle band-structure. In each

of these steps we indicate several quantities that need to be converged. The se-

quence in which the parameters are converged is also represented by the number

in the second column (e.g., the ecuteps parameter was the first parameter to be

converged, ecutwfn associated with the screening calculation the second, and

so on). All parameters were converged (the final value is on the third column) in

order to obtain an accuracy on the GW corrections of 0.1− 0.2 eV.

This converge study must be done for every k-point of interest. We started

by performing the converge study at gamma, Γ, since the bang gap is located at

this point. In what follows, we will discuss only the most problematic parts of

the convergence study.

Some of the quantities used in this study (acell, nbands and ecuteps)

converged very slowly. Therefore, in order to have a better idea of how the

GW band gap, HOMO (highest occupied molecular orbital), and LUMO (lowest

unoccupied molecular orbital) evolve changing these parameters, we fitted the

convergence study results to Padé functions (the involved polynomials would

change according to the shape of the convergence study curve). One other thing
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(a) KSS
nkpt 8 1×1×8
acell 9, 10∗ 14 A

(b) Screening
ecuteps 1, 11 9.0 Ha

ecutwfn 2, 12 9.0 Ha
nbands 1, 7.1∗ 150

gwencomp 7∗ 1.0 Ha
icutcoul 10∗ 1
ppmfrq 15 16.7 eV

(c) Self-energy
ecutsigx 4, 13 9.0 Ha
ecutwfn 5, 14 9.0 Ha
nbands 6, 7.2∗ 150

gwencomp 7∗ 1.0 Ha
icutcoul 10∗ 1
ppmfrq 15 16.7 eV

Table 6.3.1: Convergence study flowchart. In each process step ((a)→(b)→(c)) we
indicate the kind of calculation as well as the parameters involved. The columns
in the inserted tables correspond to the ABINIT parameter, convergence step
number and to the final converged value. The final result is the GW corrections
the KS-band structure with an accuracy of 0.1–0.2 eV. The star placed next to
the step number of some parameters is to indicate that they were converged for
each value of acell (step number 10) with the Coulomb cutoff flag activated.
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we should be careful about is that we should not only look at the convergence of

the band-gap (which is the property we are mainly interested). This is because

the GW corrections to the LUMO and HOMO converge slower than the value of

the gap due to the cancellation of errors.

The trick of Bruneval and Gonze [20] that allows us to reduce the number of

necessary unoccupied states greatly helped the convergence study. For example,

with 300 bands our result was still far from converged without the trick, while

using it the calculation was already converged with 150 bands.

One other striking fact stemming from the convergence study, is that the Beiji

cutoff was essential to allow us to converge our results. Without the Coulomb

cutoff, and using an acell (in the xy direction) of 17 Å, the band-gap was still

not converged, while using this cutoff the band-gap was converged with an acell

of 14 Å. For a GW calculation, the value of 17 Å for acell was already very

close to our maximal computational capabilities, which means that, without the

Beiji method, most likely we could not converge our results.

The last problematic issue regarding the convergence test was the parameter

ecuteps. The evolution of the GW corrections with ecuteps was slow and

steady. The final converged value of 9.0 Ha was also obtained at the edge of our

computational capabilities.

Once we had converged the GW corrections at the gamma point, we tested a

different k-point, namely (0, 0, 0.1875). The obtained results differed from the

GW corrections to the KS-band structure at gamma by only 0.08 eV, which indi-

cates that the GW corrections are fairly independent of the k-point, in agreement

with other results for Si [202] and Ge [21] NWs. This in turn justifies the use of

a scissor operator to correct the KS-band structure in order to obtain the GW
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quasi-particle band-structure.

6.3.3 GW quasiparticle band-structures

This convergence study shows that the GW quasi-particle band-structure, for the

CdSe NW with a diameter of 0.73 nm, can be obtained by applying a scissor

operator of 2.40 eV to correct the corresponding KS-band structure. As a con-

sequence, for the smallest NW, one finds that the electronic band-gap is 4.84

eV.

In Fig. 6.3.2 we plotted the evolution of the electronic band gap with the

diameter of the NWs calculated using either DFT or GW. These results evidence

the big difference existing between the electronic band-gap obtained using these

two methods. The PBE Kohn-Sham gap is 2.44 eV, while the GW calculation

predicts an electronic gap which is almost the double of the KS gap. In the

wurtzite structure of bulk CdSe, the electronic gap is 1.44 eV when computed

using LDA [196], while the GW calculations predict a band-gap of 1.91 eV [200].

This evidences that the GW corrections to the electronic-structure are much

larger for small NWs than in the corresponding bulk. This difference is an effect

of electronic confinement of the electrons. Because of the geometry of the NWs,

the screened dielectric matrix is much smaller than that of the bulk material. At

the same time, the overlap between the KS-eigenstates is enhanced by the low

dimensionality of the NW.Separately, each one of these two effects leads to an

increase of the exchange part of the self-energy (as can be seen from Eq. (5.1.7)),

which finally results in a larger quasi-particle correction to the KS band-structure.

For the LRC and BSE calculations, one requires as a starting point the
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Figure 6.3.2: Evolution of the electronic band gap with the diameter of the NWs
calculated using either DFT or GW. The dashed line is a guide to the eye. The
solid line is the model interpolation between the smallest NW and the bulk (whose
analytic form is: Emodel

GW gap = 1.91 + 2.14/d (eV) ).

quasiparticle band structure, usually obtained within the GW approximation.

Note that the GW approximation predicts accurate band gap energies for CdSe

(Eexperimental
Gap = 1.97 eV) [200], in contrast with the systematic underestimation of

the gap obtained in DFT. Unfortunately, GW calculations are computationally

demanding, even for the small wires studied here. We therefore used the following

approach to obtain the quasiparticle corrections: we solved the GW equations for

the smallest NW, and then used a simple analytical model, based on a more elab-

orate one proposed by Li and Yang [101], that allow us to interpolate between

this result and the GW gap of the bulk. In the work of Li and Yang, by taking

size and surface effects into account, they established an analytic model for the

band-gap energy of III-V and II-VI semiconductor NWs on the basis of crystal

field theory. In this, they take the contributions of surface dangling bonds (if

existent), surface relaxation, and surface reconstruction into account in the con-
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siderations of the cohesive energy of NWs. At the end, they obtain the following

model for the band-gap change caused by the size and surface [101]

∆EGap(d)

EGap(∞)
= C1 +

C2

d
.

The constants C1 and C2, in their model can be evaluated based on some physical

properties of the NW in question (e.g., melting enthalpy, coordination number of

surface and bulk atoms, buk modulus, etc.). Testing this model for several NWs,

made from 12 different compounds (e.g., CdTe, CdSe, InP, GaAs, ZnTe, ... etc),

the results are in extraordinarily good agreement with experiment [101].

In our work, the constants C1 and C2 were fixed by the GW electronic band-

gap for the bulk and for the NW with diameter 0.73 nm. The final form of

the model relating the quasi-particle gap with the diameter of the wire (d in

nanometers) turned out to be

Emodel
GWgap(d) = 1.91 +

2.14

d
(eV ).

Note that a simple effective mass approximation, accounting for confinement,

would give a 1/d2 scaling. However, the 1/d law is in better agreement with

theoretical and experimental data, even for small NWs [199].

6.4 Optical absorption

The dielectric matrix allow us to make the bridge between the microscopic and

macroscopic description of the interaction between a material and an electromag-

netic field. In particular the optical absorption, α(ω), is related to the macro-
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scopic dielectric function, εM(ω), as follows:

α(ω) = ={εM} . (6.4.1)

In turn, the macroscopic dielectric function can be calculated from the dielectric

matrix as

εM(ω) = lim
q→0

1

[ε−1(q, ω)]G=G′=0

, (6.4.2)

where [ε−1(q, ω)]G=G′=0 represents the element (0, 0) of the inverse of the dielec-

tric matrix.

In the results presented here, we used two distinct approaches to evaluate the

optical response of the CdSe NWs. The first consisted in using TDDFT, while

the second is based on the solution of the BSE. For the former approximation, in

Chapter 5, we have already shown how one can compute the macroscopic dielectric

function from the four-point reducible polarizability that comes from the BSE.

Nevertheless, for the latter approximation, in Chapter 4 we only showed how to

obtain the linear response function (Eq. (4.3.8)). Now one needs to relate this

quantity to the optical absorption, i.e., we need to relate χ with the macroscopical

dielectric function.

Let us consider a material subject to an external perturbation Vext. In turn,

Vext will induce a polarization on this material to which corresponds a potential

Vind . When non-linear effects are neglected, the effective potential, i.e. Vtot =

Vext + Vind, is related to the external applied potential via

Vtot(r, ω) =

ˆ
dr′ε−1(r, r′, ω)Vext(r′, ω) , (6.4.3)
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where the inverse dielectric matrix, ε−1, acts as a screening for the external poten-

tial. Within linear-response TDDFT, we showed that the linear variation of the

density induced by an external perturbation is given by Eq. (4.3.5). Hence, the

microscopic dielectric function ε and the linear response function χ are related

by

ε−1(r, r′, t− t′) = δ(r− r′)δ(t− t′) +

ˆ
dr′′v(r− r′′)χ(r′′, r′, t− t′) . (6.4.4)

Since we are dealing with periodic systems, it is more convenient to represent ε−1

in reciprocal space, which can be achieved by Fourier transforming the time and

space coordinates of (6.4.4),

ε−1
GG′(q, ω) = δGG′ + vG(q)χGG′(,q, ω) , (6.4.5)

where G is a vector of the reciprocal lattice, while q is a vector in the first

Brillouin zone. Now it is clear how one can compute the optical absorption of the

considered CdSe NWs (see Fig. 6.2.2) using either TDDFT or the BSE. These

calculations were carried out using either the YAMBO code [111] or the DP code

[182].

The following discussion will be divided in three subsections: (i) convergence

study, (ii) results, and (iii) conclusions. In the first subsection we outline the nec-

essary steps to obtain the optical absorption using TDDFT (with three different

kernels: RPA, ALDA and LRC-kernels) and BSE. In doing so, we also identify

the parameters that need to be converged, which will be labed using YAMBO’s

and DP corresponding input variables. The converged parameters will then be
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presented in a table for the different NWs and approximations. In the following

subsection, we present the different results and analyze the unique effects on the

optical absorption of the NWs. Also in the second subsection, we explain why

some of the approximations yield bad results. Finally in the last subsection, we

summarize the most relevant effects observed in the optical absorption of the

NWs, and present a simple analytical model that correctly predicts the optical

band-gap for NWs with small intermediate and large diameters.

6.4.1 Convergence study

The first step to compute the optical absorption is to perform a ground-state

calculation to obtain the KS eigenvalues and eigenvectors. This calculation was

performed using the ABINIT code [59, 60, 194]. The parameters that need to be

converged are the same as in the preparation of a GW calculation, i.e., the size

of the super-cell, the k-point mesh and the number of calculated empty states.

At the end we obtain all the KS eigenvalues and eigenvectors stored in a file, the

KSS file. The approximations and pseudo-potentials used here were the same as

for the ground-state and the GW calculations.

TDDFT (RPA, ALDA, LRC-kernels)

The second step consists in evaluating the independent particle polarizability

χ0. As shown in Eq. (4.3.7) this quantity can be built using the Kohn-Sham

wave-functions and eigenvalues, obtained in the previous step.

In the third step we need to compute the full polarizability χ. Once chosen the
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approximation to the fxc kernel, χ can be calculated using the following equation

χ = (1− χ0v − χ0fxc)
−1χ0 ,

that can be easily derived from Eq. (4.3.8). The difference between RPA, ALDA

and LRC lays on the choice of the exchange and correlation kernel (see in Chapter

4 the analytic form of this kernels).

At last the inverse of the dielectric matrix and the imaginary part of the

dielectric constant are computed using Eqs. (6.4.5) and (6.4.2).

This calculations are done on a single run, once we have the KSS file. The pa-

rameters1 that need to be converged in these calculations are: matsh, nbands

and wfnsh. matsh controls the number of shells of G vectors (plane-waves)

used to represent the full polarizability and the independent particle polariz-

ability. The parameter nbands serves to cutoff the sum in Eq.(4.3.7) over the

unoccupied states. At last the parameter wfnsh is used to cutoff the number of

shells of G vectors (plane-waves) used to represent the Khon-Sham wave-functions

used throughout the calculation. Each of these parameters were increased until

there was no significant (≤ 0.1 eV) change on the shape of the optical absorp-

tion spectra. The spurious interaction between NW images was also tested by

changing the size of the super cell. The converged parameters for the RPA and

LRC-kernels are summarized in Table 6.4.1, while the converged parameters for

the ALDA are summarized in Table 6.4.2.

Before explaining the convergence steps involved in the BSE, we would like

1Here the label of the parameters corresponds to the ones used in the dp-code. When
mentioning the RPA, ALDA and LRC-kernels results we will always use these labels. Never-
theless these calculations were tested using also the YAMBO code. The final absorption spectra
coincided, as expected.
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parameter 0.73nm 1.17nm 1.59nm 1.77nm 2.01nm
wfnsh 150 150 175 200 250
nbands 45 100 200 200 300
matsh 20 20 60 60 80

soenergyLRC 2.4 ev 0.6 eV 0.4 eV 0.2 eV 0.1 eV
αstatic -0.5827 -0.5827 -0.5827 -0.5827 -0.5827
αdyn -0.45 -0.45 -0.45 -0.45 -0.45
βdyn -14.86 -14.86 -14.86 -14.86 -14.86

acell (Å3) (13)2×C (16.5)2×C (23)2×C (21)2×C (26)2×C
k-points 1×1×8 1×1×8 1×1×8 1×1×8 1×1×8

Table 6.4.1: RPA and LRC-kernels converged parameters for the optical
absorption spectra for all NWs considered in this study. The parameters
soenergyLRC, αstatic, αdyn and βdyn , are the same as for the bulk wurtzite struc-
ture CdSe [14].

parameter 0.73nm 1.17nm
wfnsh 150 150
nbands 60 110
matsh 33 45

acell (Å3) (14)2×C (16.5)2×C
k-points 1×1×8 1×1×8

Table 6.4.2: ALDA converged parameters for the optical absorption spectra for
the two smallest NWs.
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to make three final remarks about the TDDFT convergence study:

• In what follows we present RPA results calculated with and without crystal

local fields. A common approximation when performing a RPA calculation

is to approximate the macroscopic dielectric function by: εNLFM (q, ω) =

ε00(q, ω). If the material is isotropic, in principle this would be correct.

Nevertheless in all the cases where there is a local anisotropy this leads to

inaccurate results, as we will show later.

• The ALDA calculations were performed both in reciprocal space and in

the Bloch space representations1 as implemented in YAMBO code. The

results showed that the reciprocal space implementation is not adequate

to evaluate the polarizability, as mentioned in the manual of YAMBO. In

particular, there were spurious states in the absorption spectra below the

absorption gap. This anomalous effect is not present in the Bloch-space

implementation, and it is due to the fact that for isolated systems (like NWs)

there are large regions where the charge is very small. In these regions the

ALDA fxc kernel diverges and the multiplication in reciprocal space with the

non-interacting response function (which vanishes) is numerically instable.

Therefore when performing an ALDA calculation to obtain the absorption

spectra of NWs one should always use the Bloch-space representation.

• For the LRC-kernel calculation more parameters need to be specified. In

particular soenergy, α (for the dynamical and the static kernel) and β

(only for the dynamical kernel). The soenergy parameter will correct

the Kohn-Sham eigenvalues with a scissor operator, whose value was de-
1For further details see the documentation of YAMBO [111].
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termined in the previous GW calculation. In this way, the eigenenergies

used to evaluate the polarizability are quasi-particle ones, as required. The

parameters α and β are the material dependent parameters, as specified in

Chapter 4.

Bethe-Salpeter equation

In the second step of a BSE absorption spectra, one needs to perform a GW

calculation in order to find the quasi-particle energies Ei, needed to compute the

Green’s functions present in Eq. (5.2.4) . Since the GW corrections to the KS

eigenenergies are, to a large extent, k-point independent we will use the scissor

operator (whose values are specified in Table 6.4.1 to obtain the GW quasi-particle

band structure for the two smallest NWs (the ones for which the BSE absorption

spectra will be calculated).

The fourth step consists in calculating the statically screened electron-electron

interaction W , via W = ε(1, 2;ω = 0)−1v, where the inverse of the dielectric ma-

trix is first computed within the RPA. In this step one has to converge two pa-

rameters : NGsBlkXs and BndsRnXs. The parameter NGsBlkXs represents

the number of plane waves used to represent the response function calculated

within the RPA. The BndsRnXs is a cutoff over the unoccupied states that one

has to include to evaluate χRPA.

Finally the BSE calculation is performed as oulined in Chapter 5 . The

parameters involved in this step are: FFTGvecs, BSEBands and BSENGexx.

FFTGvecs specifies the number of plane waves used to represent the Kohn-

Sham wave-functions. The parameter BSEBands is the number of states that

one includes to construct the BSE kernel. Finally, the parameter BSENGexx
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parameter 0.73nm 1.17nm
FFTGvecs 3697 5725
BSEBands 45 98
BSENGexx 923 1451
NGsBlkXs 469 729
BndsRnXs 80 130
acell (Å3) (19)2×C (24)2×C
k-points 2×2×8 2×2×8

Table 6.4.3: BSE converged parameters for the optical absorption spectra for the
two smallest NWs. Note that we have used a 3D k-point mesh.

specifies the number of plane waves used to evaluate the exchange part of the

BSE kernel, which takes into account crystal local-field effects.

These calculations are performed in two runs, once we have the KSS file and

the GW quasiparticle band-structure. Each one of the convergence parameters1

were increased until there was no significant (≤ 0.1 eV) change on the shape of

the optical absorption spectra. The spurious interaction between NW images

was also tested, by changing the super cell size. The converged parameters are

summarized in Table 6.4.3.

The evaluation of the self-energy operator and of many other quantities re-

quires an integration in the BZ. In practice this integral is replaced by some suit-

able grid of points. The key assumption is that the integrand must be a smooth

function of q. This is not the case for the Coulomb potential that, indeed, di-

verges for q → 0. Nevertheless, in three-dimensional systems this divergence is

integrable. In fact, the phase space volume associated with the Γ point reduces as

|q|2 when q→ 0 and the divergence is de facto removed [111]. In low-dimensional

systems this cancellation holds only if a three-dimensional grid is used. When

1Here the label of the parameters corresponds to the ones used in the YAMBO code [111].
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the Brillouin zone is sampled with a lower-dimensional grid, instability problems

appear in the evaluation of the Coulomb integral. For this reason we used a

3D k-point grid for our BSE calculations. In fact, when we used a 1D k-point

grid we found that changing the number of k-point along the z directions led to

random changes in the spectrum, an indication of the presence of this numerical

instability.

6.4.2 Results

Crystal local field effects

In order to see the effect that crystal local fields have on the optical response of

the CdSe NWs, we performed RPA calculations for all NWs with and without

local-fields. As shown in Fig. 6.4.1, without local fields there is a small anisotropy

between the absorption perpendicular and parallel to the NW axis, comparable

to the anisotropy in bulk CdSe [162]. However, and as expected, turning on

local-field effects suppresses completely the low energy absorption peaks in the

perpendicular direction, rendering the wire almost transparent below 6.5 eV.
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Figure 6.4.1: Imaginary part of the dielectric constant for all NWs: (a) d=0.73nm;
(b) d=1.17nm; (c) d=1.59nm; (d) d=1.77nm; (e) d=2.01nm; and the WZ CdSe
bulk (f). This results were obtained using RPA with local fields (LF) and without
(NLF), for light polarized parallel (Ez) and perpendicular (Exy) to the wire axis.
Note that the absorption is almost suppressed for LF: (Exy) for the smallest NWs,
and as the diameter of the NW increases this effect becomes less pronounced.

Analyzing the evolution of the RPA spectra with/without local-fields as one

increases the NW size, one realizes that this optical anisotropy decreases with

increasing diameter, but it is known to be still relevant for NWs with a diameter of

100 nm [162]. Polarized photoluminescence experiments carried out on CdSe and

InP NWs reveal that there is a giant optical anisotropy in the absorption spectra

of NWs with diameters ranging from 7 nm to 100 nm [162, 186].Unfortunately,
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several recent first-principles simulations still neglect this huge effect [82, 202],

and as it is shown here the impact on the optical absorption of the NWs of the

crystal local-fields effects is extremely important.

When computing the RPA absorption spectra without local-field effects, the

macroscopic dielectric function is approximated by the element ε00 of the dielectric

matrix. This approximation might yield good results when the dielectric matrix is

diagonal or when the off-diagonal elements are negligible. This would then justify

to approximate the element ε−1
00 by the inverse of the corresponding element of

the dielectric matrix, i.e. 1
ε00

. Nevertheless, when the system is anisotropic, the

off-diagonal elements of the dielectric matrix are no longer negligible, which in

turn means that this approximation breaks down. Due to the geometry of the

NWs there is a huge anisotropy in the system, which is also reflected on the

dielectric matrix. Therefore, when calculating the optical response of NWs one

must necessarily include the effects of the local-fields in order to obtain accurate

results.

Size effects

To observe how the optical properties vary with the diameter, we plot the RPA

spectrum (including local fields) for five small wires in Fig. 6.4.2. Increasing

the diameter, thereby decreasing the confinement effect, leads to a redshift in

the spectrum, with the absorption threshold moving toward the RPA bulk value.

There is also a redistribution of the oscillator strengths, with the first peak loosing

intensity.

It is expected that the RPA gives a poor quantitative result due to the inap-

propriate treatment of electron-electron and electron-hole interactions but it is
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Figure 6.4.2: Imaginary part of the dielectric constant in different approximations:
RPA and LRC kernel for all the NWs.

however possible to extract qualitative trends thanks to the partial cancellation

of these two terms.

Testing different approximations

The BSE results (see Fig. 6.4.3), obtained using the code YAMBO, prove the

existence of strong excitonic effects, with the excitonic peaks in the visible en-

ergy range. The excitonic binding energy compensates almost entirely the large

blueshift coming from the quasiparticle corrections, and leads to a transfer of the

oscillator strength from the higher energy absorption peaks to the first peak. For

light polarized perpendicularly to the NW, there is no significant change with

respect to the RPA results, i.e., the wire is almost transparent below 6.5 eV.

Comparing the RPA and ALDA results we realize that they are almost equal.

This is due to the fact that the most significant change in the absorption spectra

when calculated using RPA and BSE is the presence of strong excitonic effects.

These are completely neglected when using the ALDA approximation to the fxc
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Figure 6.4.3: Imaginary part of the dielectric constant in different approximations
BSE, LRC kernel, ALDA and RPA for the d=0.73 nm and d=1.17 nm NWs. Note
the redshift of the first absorption peak while one increases the NW diameter.

kernel. Nevertheless, since this strong excitonic effect is a consequence of the

geometrical squeeze of the exciton on the NW, one expects that for large NWs,

the ALDA results should improve.

The LRC kernels derived from the BSE yield results comparable to the solu-

tion of the BSE for bulk CdSe [17]. Nevertheless, as one realizes from Fig. 6.4.3,

these kernels fail dramatically to describe the optical response of CdSe NWs.

In fact, even the optical gap resulting from DFT+RPA calculation is in better

agreement with the BSE result. In Fig. 6.4.2 is plotted the optical absorption for

the LRC-kernel for all the NWs considered in this study. As we can see from this

figure, the results obtained using LRC-kernels are exactly the same as the ones

obtained using RPA, but blue-shifted by the corresponding value of the scissor

operator. In fact, this result is worst than the RPA, when compared with our

BSE results.

The attempt to increase the excitonic effects by modulating the empirical

parameters of the LRC kernel did not lead to improvements (see Fig. 6.4.4).
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energy peaks.

When changing the material dependent parameter α (for the static LRC-kernel)

one is able to coincide the first absorption peak with the BSE result, nevertheless

the rest of the spectra is completely destroyed. The reason is that the simple

LRC approximations are only valid for delocalized excitons but fail to reproduce

the considerable binding energy of the very localized excitons existing in NWs.
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Excitonic effects

Figure 6.4.5: Geometrical structure of the 0.73 nm NW shown from the side. The
yellow isosurface gives the probability distribution for finding the electron when
the hole is fixed in a given position (denoted by the light-blue X).

The exciton binding energies from BSE calculations, for NWs with diameters of

0.73 and 1.17 nm are, respectively, 1.6 and 1.13 eV. These values are much larger

than the binding energy in bulk CdSe, 15 meV, and almost twice as large as the

ones found in carbon nanotubes. The decrease in the binding energy with NW

diameter, also followed by a transfer of the intensity of the absorption-edge peak

to the higher energy ones (see Fig. 6.4.3 ), reflects the weakening of the excitonic

effects with the increasing exciton spatial extent. In fact, the exciton radius of

bulk CdSe is 5.6 nm. A nano-object where one of its dimensions is smaller than

this value will have strongly bound excitons,1 due to a large overlap between

electron and hole. Furthermore one expects that the larger the confinement the

larger is the excitonic binding energy.

Another result found in our BSE absorption spectra is the presence of spin

singlet dark excitons throughout the spectra. The first one appears at 3.2 eV

for the smallest wire. Despite the fact that this excitons do not influence optical

absorption, these dark excitons may play a role in non-radiative decay processes
1For details on how to compute the excitonic wavefunctions we sugest the interested readers

to Ref. [111].
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and thus affecting luminescence properties.

6.5 Conclusions

Based on our BSE results for the two smallest wires and on the experimental

optical gap of the bulk, we constructed a simple model to interpolate the optical

gaps of CdSe NWs. The form is the same as the previous model for the GW gaps,

and the formula connecting optical gaps and the diameter of the wire turns out

to be Emodel
BSE gap(d) = 1.74 + 1.05/d (eV). We can see, from Fig. 6.5.1, that this

model describes extremely well the experimental results [199] not only for large

NWs but also in the intermediate regime. Finally, from Fig. 6.5.1 we conclude

that although the RPA results are redshifted with respect to the latter they still

conserve approximately the correct slope.
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Figure 6.5.1: Optical gaps calculated with the RPA and the BSE compared to
experiment of Ref. [199]. The doted and dashed lines are a guide to the eye. The
solid line is the model interpolation between the smallest NW and the bulk.
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In conclusion, the first-principle calculations reported here show how indis-

pensable is the inclusion of local-field and excitonic effect to describe quantita-

tively the optical response of CdSe NWs. In fact, calculations based on Fermi’s

golden rule will never be able to catch the physics arising from the low dimension-

ality of the system, which is at the heart of the properties of NWs. We have then

provided a simple model for the dependency of the optical gap with diameter,

which is in excellent agreement with available experimental results. Furthermore

we have observed the failure of long-range model kernels of time-dependent DFT

for these nanoscale systems, in spite of their achievement in the calculation of the

optical properties of bulk CdSe.
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Chapter 7

2D electronic systems

7.1 Introduction

The 2D electron gas (2DEG) is, as the name suggests, a gas of electrons that are

allowed to move freely in a plane, but are tightly confined in the third dimension.

This kind of confinement can be found in a manifold of systems such as: the

surface of liquid helium [177], graphene sheets [165] and, the most studied of

them all, quantum dots formed at the interface between two semiconductors [94,

147, 148]. In the last 30 years, there has been a growing interest in the 2DEG. This

can be seen by the number of publications on the subject that has been steadily

increasing since the 80’s. This growing interest is motivated by: (i) The rapid

development of semiconductor processing techniques; (ii) Potential and already

existing technological applications [148] such as MOSFETS, quantum dot lasers,

single electron transistors, qbits, quantum hall bars, etc. (iii) And, aside from

being in every semiconductor device in use today, the 2DEG allow us to access

interesting physical phenomena [147]. For example, the quantum Hall effect was
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Figure 7.1.1: (a) Schematic diagrams of a vertical semiconductor heterostructure.
The dot is located between the two AlGaAs tunnel barriers. By applying a
negative voltage to the side gate, the 2DEG is squeezed, thus reducing the effective
dot radius. From Ref. [94]. (b) An energy diagram of the vertical QD in inset
(a) . The electrons can tunnel from occupied states in the drain via the dot to an
empty state in the source. Vsd represents the source- drain difference of potential,
i.e, the difference in the Fermi energy between this two electrodes. The electrons
can only flow when this energy equals the energy of an empty state in the dot.
From Ref. [94]. (c) Scanning electron micrographs of quantum dot pillars with
various shapes. From Ref. [94]
.

first measured in a 2DEG [90]. In what follows we will focus mainly in the 2DEG

present in quantum dots, since in this case one can control better its properties.

Quantum dots [148] are man-made structures in a solid, typically with sizes

ranging from nanometers to few microns. The most defining characteristic of a

quantum dot is the quantum confinement in all three spacial dimensions. Nowa-

days, the production methods of such structures are so advanced that they allow

us to control the shape, size and the number of confined electrons in the quan-

tum dot (see Fig. 7.1.1). There are many different methods for producing semi-

conductor quantum dots (QD). Nevertheless, the most common one consists in
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restricting the 2 dimensional electron gas in a semiconductor heterostructure lat-

erally by: etching techniques (top-down methods) [148], electrostatic gates [148]

or by growth mechanisms (bottom up methods) [94, 148]. Each of these methods

has its own competitive advantage, for example, the application of electrostatic

gates allow to control better the shape of the confining potential, while etching

techniques allow to better control the number of confined electrons.

Most of the experiments carried out on quantum dots are focused either on

their optical properties or on their electron transport properties. In Fig. 7.1.1

we represent schematically how electron transport occurs in a quantum dot. In

electron transport in a QD, the quantum Coulomb blockade is responsible for a

stepwise increase of the current as a function of the applied bias voltage (in Fig.

7.1.1, it is represented by Vsd). The current flowing trough the QD as a function

of the applied potential represented in Fig. 7.1.2 was measured by Kouwenhoven

et al [94] in vertical quantum dots with very few electrons, between 1 and 20

. The spacing between the peaks is proportional to addition energies, which

in turn are equal to differences in the electrochemical potentials, i.e., Eadd =

µ(N + 1)− µ(N) = E(N + 1)− 2E(N) +E(N − 1). In the qualitative constant-

capacitance model [94, 148], the addition energy of an electron to the QD is

approximately given by a constant Coulomb energy and the difference between

single electron energies, i.e., Eadd = e2/C + ∆E. Therefore, the spacing between

the peaks of conduction in Fig. 7.1.2 give us information about the shell structure

of the QDs [94, 147, 148].

When looking at the optical properties of a material, one is usually interested

in obtaining the emission or absorption energies. Since the excitation energies

of a QD are in the far infrared range, the optical properties of these materials
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Figure 7.1.2: (a) Current flowing through the QD as a function of the applied gate
potential. The first peak marks the voltage at witch enter the first electrons, all
the other peaks are also associated with an increase of the number of electrons in
the QD. The distance between adjacent peaks is associated with addition energy
(see inset). (b) Schematic representation of the additions of electrons to circular
orbits. Figure form Ref. [94].

are measured in this range of frequencies [147]. On the other hand, for circular

quantum dots, the symmetry of the system allow us to split the Hamiltonian in

two parts, one corresponding to the motion of the center of mass, and another

associated with the relative motion of the electrons. Since the wavelength of far

infrared radiation is very large, the radiation only couples with the center of mass

motion of the electrons, thus not providing any information about the electron-

electron interaction [147]. Nevertheless when the symmetry is broken this is no

longer true, and this kind of experiments can provide useful information about

the electron-electron interaction.
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In what follows, we present our theoretical study of the electronic properties

of QD, in particular the effects of the electronic exchange and correlation energy.

Our approach will be based on density functional techniques, where all non-trivial

many-body effects are enclosed in the so-called exchange-correlation functional

(see Sect. 3.4). In the first part we will deal with the construction of approxima-

tions for such functionals. These will then be tested, and applied to quantum-dot

systems.

7.2 State of the art

Clearly, a great amount of work has already been done in the understanding

and prediction of the basic electronic properties of actual quantum-dot devices

[94, 148]. This is, of course, important, not only in the academic study of such

interesting systems, but also for the actual fabrication of electronic devices using

quantum dots as basic building blocks.

The simplest theoretical probe into the electronic structure of quantum dots

is the independent-particle model, that provides an intuitive understanding of the

shell structure. Hartree-Fock calculations give a first estimate of exchange effects.

The correlation energy can be included, for example, within density-functional

theory. In this theory, correlation effects are included through a functional. As

we have shown in Chapter 3 the last 40 years have witnessed the development

of a swarm of approximations for this quantity. For 3D systems, they are typi-

cally arranged in rungs, in what John Perdew [137], the father of many of these

functionals, calls the “Jacob’s Ladder of density functional approximations to the

exchange-correlation energy”. The first rung is the local density approximation
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(LDA). The second rung or generalized gradient approximation (GGA) adds in-

formation about the gradient of the density to the functional. The third rung

or meta-GGA further adds the Kohn-Sham orbital kinetic energy density. Be-

sides these, one should still mention recent advances on orbital functionals, i.e.

functionals that depend explicitly on the orbitals, and only implicitly on the elec-

tron density. Unfortunately, for 2D systems only recently we have reached the

second rung. At the time this thesis was started, due to the lack of available func-

tionals, DFT calculations were restricted to the use of the simple local-density

approximation [5].

Note that more involved methods have also been applied to quantum dots,

like numerical “exact” diagonalization of the many-body Hamiltonian [42] (the

configuration-interaction method [153]), quantum Monte Carlo methods [106,

133] or coupled cluster including singles and doubles excitations (CCSD) [106].

Clearly, these more accurate methods come at a higher computational cost, and

can only be used for fairly small systems. They are, however, useful as a bench-

mark (a very restricted one, since the computational cost is very high) to test the

reliability of other less accurate methods.

This part of the thesis will consist in climbing another rung in Jacob’s ladder,

i.e., constructing generalized gradient approximations (GGA) for the 2D electron

gas. The validity of these more exact functionals will then be assessed for small

quantum dots, by comparing them to existing local-density functionals and to

“exact” calculations, like Monte-Carlo.
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7.3 One-particle model

Quantum dots are man-made structures enclosed in a solid [148], therefore the

electrons that we will describe in this Chapter “belong”, in fact, to a piece of a

semiconductor material that constitutes the dot. In order to treat the system as

close to the reality as possible one uses the effective mass approximation. Within

this approximation the electrons are given an effective massm? obtained by fitting

the actual E-k diagram around the conduction band minimum or the valence band

maximum by a parabola. Also the electron-electron interaction is screened by the

dielectric constant of the material in question. At last, the positive background

charge, for example, created by the ionic cores, is taken into account trough an

external confining potential Vext [148]. As an example, in AlN, the effective mass

is m? = 0.4me , while the dielectric constant ε ≈ 9.14 [147, 148].

To describe the electronic structure of a quantum dot we start with a situation

where we have an electron trapped inside an external potential Vext. The shape of

this external potential depends on the kind of quantum dot we want to describe.

The types of external potential that are mainly used to describe the experimental

results [94, 147, 148] are hard walls and parabolic ones. In this way one can

describe cases where the confining potential changes more abruptly and cases

were the confining potential changes more smoothly.

The most used approximation for the external confining potential is the parabolic

one, i.e.

V P
ext =

1

2
m?ω

(
δx2 +

1

δ
y2

)
, (7.3.1)

where m? represents the effective mass of an electron, ω defines the confinement

strength of the potential, and δ = ωx/ωy, with ωx = ω
√
δ and ωy = ω/

√
δ,

141



7. 2D ELECTRONIC SYSTEMS

defines the ratio of the semi-axes of the ellipse equipotentials. By imposing the

constraint ω2 = ωxωy their area is conserved with the deformation. Comparing

experimental and theoretical results parabolic confining potentials have proven

to be an appropriate estimate in conventional QD where the lateral confinement

is created by metallic gates above the quantum well [94, 147, 148].

Hard walls external potentials are defined by the simple well,

V HW
ext =


0 ; inside the dot

∞ ; elsewhere
. (7.3.2)

The shape of the hard wall potential can be any desired one, being the most

common ones: the square, the rectangle, and the triangle. Nevertheless, the

electronic structure for other polygonal shapes has also been computed [147]. In

here we focus our attention to hard walls squared and rectangular shaped QDs,

whose external potential is defined by

V R
ext =


0 ; 0 ≤ x ≤ βL ∧ 0 ≤ y ≤ L

∞ ; elsewhere
, (7.3.3)

where L is the length of the QD along y axis and β is the deformation parameter,

thus determining the ratio between the side lengths of the rectangle. In our

calculations we fixed the area of the rectangle such that βL2 = π2. Hard walls

external potentials, are more suited to describe quantum dots produced by local

oxidation with atomic force microscopes [147]. With this technique, the QD have

better defined confinement walls than in lithographic systems and therefore a

parabolic confining potential is no longer a good approximation to the external
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Figure 7.3.1: (Left) Single particle states of a two dimensional anisotropic har-
monic oscillator, as a function of the deformation. Degeneracies in the closed
shell case lead to closed shells for Ne = 2, 6, 12, 20, . . . (the particles are con-
sidered to be non interacting fermions). The energies have dimensions of ~ω.
(Right) Single particle states of a two dimensional hard walls squared QD, as a
function of the deformation. Degeneracies in the closed shell case lead to closed
shells for Ne = 2, 6, 8, 12, 16, . . . (the particles are considered to be non interacting
fermions). Energies have dimensions of ~ω.

potential.

The Hamiltonian for a single electron confined in a 2D external potential

reads,

ĥs =
p̂2

2m?
+ Vext(r) . (7.3.4)

The stationary states of this system are given by the solution of the time-independent

Schrödinger equation

ĥsΦ = εΦ . (7.3.5)

The analytical solutions of this equation for the different external potentials
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defined in Eq. (7.3.1) and (7.3.3) yield the following eigenenergies:

εRnx,ny =
1

2
~
(
n2
x

β
+ βn2

y

)
for hard wall rectangular QD (7.3.6)

εPnx,ny(δ) = ~ω

[((
nx +

1

2

)√
δ +

(
ny + 1

2

)
√
δ

)]
; for elliptic QD (7.3.7)

where nx and ny are such that {(nx, ny) ∀ N2 : nx+ny = n ∧ 0 ≤ nx ≤ n} (except

in the rectangular case, where we have {nx ≥ 1 ∧ny ≥ 1}). For example, for n = 0

the possible eigenstates are |n, nx, ny〉 = |0, 0, 0〉, for n = 1 we have |n, nx, ny〉 =

{|1, 1, 0〉 ∨ |1, 1, 0〉}, for n = 2 we have |n, nx, ny〉 = {|2, 2, 0〉 ∨ |2, 1, 1〉 ∨ |2, 0, 2〉},

etc. The corresponding single particle energy spectrum is shown as a function of

the deformation in Fig. 7.3.1.

For the parabolic confining potential, one clearly recognizes the n + 1 fold

degeneracy, i.e., the degeneracy of the state associated with the principal quantum

number n is n + 1 . By respecting the Pauli exclusion principle, if we fill the

states with non-interacting fermions, one can reach closed shells for a sequence

of Ne = {number of electrons} = 2, 6, 12, 20, 30, 42, . . . Adding one more electron

to a closed shell configuration results in a single occupancy in a state belonging

to the next higher energy shell. Nevertheless, as we can see from Fig. 7.3.2, since

the degeneracy can be lowered if we deform the QD, more energetically favorable

configurations can be reached for open-shell systems if we deform the QD.

For the square shaped quantum dots, by looking at the energy spectra in

Fig. 7.3.1 and at the Eq. (7.3.6) one realizes that, by filling the states with

fermionic non interacting particles, closed shell configurations occur for a sequence

of Ne = 2, 6, 8, 12, 16, 20, 22, 26, 30, . . . Again, as we saw in the parabolic case, for
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Figure 7.3.2: (First row) Total energies,
∑

nx,ny
εnx,ny , of the anisotropic harmonic

oscillator for N=2, 4, 6, 8, 10, ..., 20 non interacting particles as a function of the
deformation. The first contain the total energies as a function of the deformation
for the 5 lowest states, i.e., N=2, 4, 6, 8, 10. The second contains the total
energies for the next 5 states, i.e., N=12, 14, 16, 18, 20. (Second row) The same
as in the first row, but this time the external confining potential is a hard wall
rectangle.
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7. 2D ELECTRONIC SYSTEMS

the rectangular quantum dots also the deformation plays an important role in

lifting the degeneracies of the energy states, as shown in Fig. 7.3.2.

Despite the simplicity of these examples, they contain several important fea-

tures of a finite fermionic quantum system, such as: the occurrence of shells, the

stability of closed shell states, and the tendency of spontaneously breaking the

symmetry of the mean field in the case of open shells states. As a result, several

qualitative features can be drawn from these simple models. Nevertheless, in

order to provide a better description of the electronic structure of QD, one needs

to use more sophisticated methods, such as DFT.

7.4 Exchange and correlation exact properties for

the 2DEG

The more we know about the exact properties of density functionals Exc[n], the

better we will understand and be able to approximate these functionals. In this

section we derive some of the most important features that the exchange and

correlation functional of the 2DEG must obey to. All the properties presented

here have a 3D analog [37], and as we will see, some of the properties are very

similar to the 3D case, while some others change significantly. In Fig. 7.4.1 we

show how different exchange and correlation functionals perform in a QD like

system defined by the external potential V Quasi−2D
ext = 1

2
ω2(x2 + y2) + 1

2
ωzz

2, in

which there are two confined electrons [86]. It is clear that the 3D functionals

diverge as the electron gas goes to the 2D limit. Also shown is the evolution of

the exchange energy with the ratio ω/ωz, which evidences that the divergence of
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Figure 7.4.1: (Left figure) Exchange energy and (Right figure) exchange-
correlation energy of two electrons confined in a external potential defined by
V Quasi−2D
ext = 1

2
ω2(x2 + y2) + 1

2
ωzz

2. Increasing the ratio ωz/ω means that the
3DEG is approaching a 2DEG limit. The upward and downward arrows indicate
the direction of the correction to the LDA energy. Figure obtained from Ref.
[86].

the Exc[n] is coming from the exchange part, while in this two electron system

the exact exchange energy should be half of the Hartree energy. In fact, in Ref.

[86] it is proved that the exchange hole of most functionals, such as GGA’s or

LDA’s, necessarily diverges as the electron gas tends to the 2D limit, while the

exact exchange does not. From these results it becomes clear the necessity of 2D

Exc[n] functionals to describe a 2DEG.

7.4.1 Uniform coordinate scaling.

All density scaling relations, which constitute important constraints on the den-

sity functionals, are rooted in the scaling of the wave-function. For any scale

parameter γ > 0, the uniformly scaled wave-function is given by:

Ψγ(r1, r2, ..., rN) ≡ γNΨγ(γr1, γr2, ..., γrN) , (7.4.1)
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which comes from the normalization condition:

〈Ψγ|Ψγ 〉 = 〈Ψ|Ψ 〉 = 1 .

Using the scaled wave-function we can define a scaled density, which is given

by:

nγ(r) = γ2n(γr) .

As a consequence of the normalization imposed on the scaled wave-function, by

integrating the scaled density, we will obtain the total number of electrons on the

system, i.e: ˆ
dr nγ(r) =

ˆ
dr n(r) = N .

When the scaling parameter γ is larger than one, the resulting density will be

on average higher, i.e. more contracted, than the non scaled case. On the other

hand, if γ < 1 the resulting scaled densities will be smaller, i.e. more expanded,

than in the unscaled case.

Since the kinetic energy operator is a homogeneous function of second degree,

the scaling of its expectation values is straightforwardly given by

〈Ψγ| T̂ |Ψγ〉 = γ2 〈Ψ| T̂ |Ψ〉 . (7.4.2)

The scaling of the Kohn-Sham orbitals must obey the same scaling as the

wave-function of the real system, for the very same reasons. Now, taking into

consideration Eq. (3.3.6) and (7.4.2) it follows that the kinetic energy functional
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of the non-interacting system of electrons must scale as:

Ts[nγ] = γ2Ts[n] . (7.4.3)

In fact, this scaling property is better derived using the Levy-Lieb constrained

search formalism [37, 47, 132] (which was how we first derived the 2D analog of

the Ts scaling).

Since we know the exact functional form of the Hartree electrostatic self-

repulsion energy (see Eq. 3.1.4), the coordinate scaling properties can be easily

determined as follows:

EH [nγ] =
1

2

ˆ
d2(γr1)

ˆ
d2(γr2)

n(γr1)n(γr2)

r12

= γ
1

2

ˆ
d2r′1

ˆ
d2r′2

n(r′1)n(r′2)

r′12

= γEH [n] , (7.4.4)

where we have defined r′1 = γr1 and r′2 = γr2.

In the same way as we did in Eq. (7.4.3), by taking into consideration the

definition of the exchange energy in Eq. (3.4.2),1 the universal scaling of the

Hartree energy (see Eq. (7.4.4)), and making use of the fact that the electron-

electron interaction is a homogeneous function of first degree, we can define the

coordinate scaling relation for the exchange energy functional as:

Ex[nγ] = γEx[n] . (7.4.5)

1Now adapted for the 2DEG.
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Unlike the exchange energy functional, there is no simple scaling relation for

the correlation energy as it includes a contribution coming from the difference

between the interacting and non-interacting kinetic energies. Despite this adver-

sity, some limits are known for the scaling properties of the correlation energy in

3D systems, as one can see in Ref. [37, 47, 132].

7.4.2 Local lower bounds

When developing local or semi-local approximations, such as the LDA’s or GGA’s,

to the exchange and correlation functional, a specially important bound on the

exact functional to take into consideration is the Lieb-Oxford bound [103]. The

importance of this lower bound to the quantum mechanical part of the Coulomb

energy transcends its utility as a key concept in many-particle physics, where it

can be used, for example, in the analysis of the stability of matter.

Based in the definitions of the exchange energy and the correlation energy

(see Chapter 3) one can easily prove that, for the 2DEG:

0 ≥ Ex[n] ≥ Exc[n] (7.4.6)

The first inequality for the exchange follows from the definition of the exact

exchange, while the second can be derived using the adiabatic connection.

Lieb and Oxford proved [103] that, for the 3DEG, the exchange and correlation

energy is bounded by below by a constant times the local exchange energy, i.e.

E3D
xc ≥ 2.273E3D−LDA

x , (7.4.7)
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where E3D−LDA
x , defined as:

E3D−LDA
x = E3D−TFD

x = −3

4

(
3

π

)1/3 ˆ
dr n4/3(r)

is the local density approximation for the exchange energy of the 3DEG. Most of

the exchange functionals (e.g. [41, 134, 136]) that use this bound can be written

in the form

Ex =

ˆ
drn(r)εhomox Fx ,

where εhomox is the exchange energy per particle for the uniform electron gas and

Fx is a factor that include corrections to the LDA, usually called enhancement

factor. In order to apply the Lieb-Oxford bound, one usually makes an assump-

tion that is much stronger than the one originally derived by Lieb and Oxford,

i.e., one usually imposes that

Fx ≥ 2.273− 1 . (7.4.8)

This is in fact a sufficiency condition so that the whole functional obeys the Lieb-

Oxford bound, nevertheless it is not a necessary one. One prominent example of

this kind of functionals is the PBE functional [134]. In order to prove that the

condition in Eq. (7.4.8) is not obeyed in real systems, we computed the exact

exchange energy per unit volume for all the molecules in the G1 test set as a

function of the density. As it is shown in the right-hand side of the Fig. 7.4.2

there are certain values of the density for which the condition (7.4.8) is violated.

In 1995, Lieb, Solovjev and Yngvason (LSY) [104] rigorously derived a 2D

analog of the Lieb-Oxford bound. In this paper, they wrote the bound in terms
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Figure 7.4.2: Quotient between the Exact exchange and the exchange energy of
the uniform electron gas per unit volume as a function of the 3D inhomogeneity
factor s = |∇n|

2(3π2)1/3n4/3 for all the 32 molecules in the chemist data set commonly
known as G1 test set. The results labelled under exact exchange are in fact the
solution of the optimized effective potential within the Krieger, Li, and Iafrate
approximation [95]. The green curve is the Lieb-Oxford bound to the exchange
energy (see Eq. 7.4.7) For the energy of an atom, molecule or a solid the range
0 ≤ s ≤ 3 is the most important since it is where most of the electrons are located.
The range s ≥ 3 is less important, since it corresponds to the exponential tail
of the density. As it is clearly evidenced in this plot the “local Lieb-Oxford
bound” (see Eq. (7.4.8)) is violated for all the molecules in the G1 data set, and
furthermore it is violated for very important values of s.
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of the indirect part of the interaction energy, thus obtaining

Wxc[Ψ] = 〈Ψ| V̂ee |Ψ〉 − EH [n] ≥ −C
ˆ
d2r n3/2(r) , (7.4.9)

where Ψ is any normalized 2D many body wave-function. LSY [104] estimated

that the pre-factor C ≥ CLSY = 192
√
π ≈ 481. Latter on, Räsänen et al [145]

conjectured that this pre-factor could be decreased to C = 1.96, which corre-

sponds to a significant tightening of the original 2D bound.

Let us rewrite Eq. (7.4.9) in a way that resembles the Lieb-Oxford bound

in (7.4.7). Rewriting the left hand side of Eq. (7.4.9) in terms of the exchange-

correlation energy as defined in DFT, i.e., Exc[n] ≡ Wxc[n]+Tc[n] > Wxc[n], where

Tc is the difference between the many-body kinetic energy and the (single-particle)

Kohn-Sham kinetic energy, which is always positive, Eq. (7.4.9) becomes:

E2D
xc [n] >

C

A
E2D−LDA
x [n] , (7.4.10)

where E2D−LDA
x [n] = −A

´
d2rn3/2(r) is the local-density approximation (LDA)

for the electronic exchange in 2D and A = 4
√

2/(3
√
π). For any 2D system, we

can now consider the density functional [145]

λ[n] =
Exc[n]

ELDA
xc [n]

>
C

A
(7.4.11)

The tightest bound, i.e., the lowest exchange-correlation energy, corresponds to

the 2DEG in the low-density limit [145]. Hence all other 2D systems (including all

real finite systems) are energetically above this bound. This yields the maximum

value of Eq. (7.4.11), i.e., λ2DEG[rs → ∞] = 1.84, where rs = 1/
√
πn is the
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density parameter in 2D [145].

7.4.3 Spin scaling

The spin scaling relations allow us to make the bridge between the density func-

tionals of spin polarized and spin compensated systems. In this way, the task of

developing a spin dependent density functional is made easier, because in princi-

ple we can develop the functional for the spin-compensated case and then easily

generalize it to spin polarized systems, via these relations.

As a first step, lets determine the spin-scaling relation for the exchange energy.

This property can be drawn very easily from it’s exact formula, which in 2D reads

E2D−exact
x [n↑, n↓] =

1

2

∑
σ

ˆ
d2r1

ˆ
d2r2

nσ(r1)

r12

hx,σ(r1, r2) . (7.4.12)

The exchange hole, hx,σ, is defined as

hx,σ(r1, r2) = −

∣∣∣∑Nσ
k Φ?

k,σ(r1)Φk,σ(r2)
∣∣∣2

nσ(r1)
, (7.4.13)

where Φk,σ represents a Kohn-Sham orbital. Introducing the relative spin-polarization

factor as ζ =
n↑−n↓
n

, and taking into account the exact exchange energy formula

(in Eq. (7.4.12)) we can write:

Ex[n↑, n↓] = Ex([n↑, 0]; ζ = 1) + Ex([0, n↓]; ζ = −1)

= Ex([n↑, 0]; ζ = 1) + Ex([n↓, 0]; ζ = 1) .

This means that we can relate the exchange energy of a spin-compensated and a
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spin-polarized systems as:

Ex([n]; ζ = 0) = Ex

([n
2
,
n

2

]
; ζ = 0

)
= Ex

([n
2
, 0
]

; ζ = 1
)

+ Ex

([
0,
n

2

]
; ζ = −1

)
= 2Ex([n/2]; ζ = 1) .

Finally it follows that

Ex[n↑, n↓] =
1

2
Ex([n↑]; ζ = 0) +

1

2
Ex([n↓]; ζ = 0) , (7.4.14)

which is the spin-scaling relation for the 2DEG exchange energy functional. As

shown here the derivation of this relation yields exactly the same result as in the

3D case [132]. Also for the kinetic energy of the non-interacting electrons (see

Eq. (3.3.6)) we have an analogous spin-scaling relation, i.e.

Ts[n↑, n↓] =
1

2
Ts([n↑]; ζ = 0) +

1

2
Ts([n↓]; ζ = 0) . (7.4.15)

Since two electrons with opposite spin polarization repel each other Coulom-

bically, this leads to a significant contribution to the correlation energy, and

therefore, no straightforward spin-scaling relation can be derived for the correla-

tion energy. Despite this adversity, the correlation energy of the spin-polarized

uniform electron gas can be evaluated for certain values of density and polariza-

tion. Then, from these results one can propose an interpolation formula, which

works as a spin-scaling relation. For further details on spin-polarized 2DEG we

recommend the interested readers the work of Attacalite [5] and Rajagopal [144].
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7.4.4 Size consistency

In order to understand complex systems one needs generally to separate them into

simpler components and then study each one of these simpler systems separately.

This is a basic principle in physics and it is known as size consistency. Applying

this principle to 2D-DFT (works necessarily the same in 3D), means that the

energy of two well separated sub-systems are the same as the energy of the system

as a whole. Therefore, defining n1(r) and E1 as the density and energy of the sub-

system (1), n2(r) and E2 as the density of the sub-system (2), then the density

and the energy of the total system must be:

n(r) = n1(r) + n2(r)

E = E1 + E2 .

Most of the LDA’s and GGA’s obey this property (either in 2D or 3D case).

Nevertheless there are some examples of functionals that are not size consistent.

The Fermi-Amaldi [45] 3D exchange energy functional is one example of a func-

tional that does not obey this rule.

7.4.5 Exchange hole

Within the adiabatic connection, we can relate the non interacting Kohn-Sham

system to the real system (where we take into account the full electron electron

interaction) by gradually increasing a coupling strength parameter λ from 0 to 1:

Ĥλ = T̂ + V λ
ext + λ

N∑
i

N∑
j>i

1

rij
, (7.4.16)
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where V λ
ext is adapted in such way that the density always equals the density of

the full interacting system. After some algebra, one finally arrives at the following

expression for the exchange and correlation energy:

Exc[n] =
1

2

ˆ
dr1

ˆ
dr2

n(r1)h̄xc([n]; r1, r2)

r12

, (7.4.17)

where h̄xc([n]; r1, r2) is the coupling constant averaged exchange and correlation

hole , i.e.

h̄xc([n]; r1, r2) =

ˆ 1

0

hλxc([n]; r1, r2)dλ . (7.4.18)

Now, just as in the 3D case, we could, on one hand, write down the Kohn-

Sham equations in terms of the density matrix, and, on the other hand, define

the density matrix as a product of a simple electronic density with a conditional

probability density. From here arise the following relations:

ˆ
dr2h

λ
xc(r1, r2) = −1

hx = hλ=0
xc

separating the xc hole in its exchange and correlation parts, h̄xc = hx + h̄c, we

arrive at

ˆ
dr2hx(r1, r2) = −1 (7.4.19)

ˆ
dr2h̄c(r1, r2) = 0 ,

which are exchange and correlation sum rules. These sum rules are a conse-

quence of three effects: (i) the self-interaction correction, i.e., a classical effect
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that guarantees that the electron cannot interact with itself; (ii) the Pauli exclu-

sion principle, that implies that two electrons with parallel spins repel each other,

thus forbidding them to occupy the same state and (iii) the Coulomb repulsion

between the electrons, which is responsible for keeping the electrons apart. The

first two effects are responsible for the exchange energy, while (iii) is responsible

for the correlation energy. More details on the derivation of these sum rules can

be found in Ref. [37, 47, 132], where one realizes, after a careful analysis, that

these exact conditions are independent of the dimension.

7.4.6 Asymptotic behavior

7.4.6.1 Large distances

The asymptotic limit of the density matrix in the limit where r1 → ∞, can be

easily obtained from Eq. (7.4.12). The key ingredient is the idempotency of

the Dirac density matrix ρ(r1, r2), following directly from the orthogonality of

the exact single-particle Kohn-Sham orbitals. Then, for sufficiently large r2, the

exponential/Gaussian decay of the wave functions ensures that the integral (in

Eq. (7.4.12)) is not dominated by the point r1 = r2, and one can write:

lim
r1→∞

εx(r1) ≈ − e2

4r1

ˆ
dr2 ρ(r1, r2)ρ(r2, r1) (7.4.20)

On the other hand, the idem-potency of the density matrix yields, for paired

spins,

2n(r1) =

ˆ
dr2 ρ(r1, r2)ρ(r2, r1) , (7.4.21)
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which is, in fact, true for all r. Substitution of Eq. (7.4.21) into Eq. (7.4.20)

then yields

lim
r1→∞

εx(r1) ∼ − 1

2r1

n(r1) . (7.4.22)

Hence, in this asymptotic limit, the exchange energy density is determined in

absolute magnitude by the product of the Coulomb potential 1/r and the electron

density n(r).

When dealing with a Coulomb potential, the electronic density has the fol-

lowing asymptotic limit

lim
r→∞

n(r) ∼ exp{−ar} , (7.4.23)

where a is a constant related to the ionization potential of the system (see Chapter

2). On the other hand, if the external potential is a harmonic one, the density

obeys the relation

lim
r→∞

n(r) ∼ exp{−γr2} , (7.4.24)

where γ = meω/2~, and ω is the frequency of the confining harmonic potential.

The first limit Eq. (7.4.23) is the one that we find in atoms or molecules, while

the second one (see Eq. (7.4.24)) is more suited to describe the 2DEG. The choice

of this limit is a point to take into consideration when building an approximation

to the exchange energy functional, since this can change the resulting functional.

In this work we have chosen to use the second limit (7.4.24), due to the fact that

the 2DEG we are interested in, is usually modeled by a harmonic potential.
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7.4.6.2 Small gradient limit

In 3D-DFT, this limit is commonly known as the gradient expansion. These

expansions, from a historical point of view, were the natural way to systematically

improve the LDA’s, since they include a term that depends on the gradients of

the density, thus allowing to build partially non-local functionals.

In the first step towards gradient expansions is the definition of a measure of

the inhomogeneity of an electron gas, which for the 2DEG reads

s =
|∇n|
2kFn

=
|∇n|√
π4n3/2

, (7.4.25)

where kF = 2/rs =
√

4πn is the already mentioned Fermi momentum for the

2DEG, and rs = (
√
nπ)−1 (a.u.) is the local Seitz radius. The way one defines

this quantity is obviously not unique, in fact any quantity that: (i) is a scalar, (ii)

measures the inhomogeneity of the electron gas, (iii) and that is dimensionless,

should work as fine. Here we are using a generalization of one of the most common

ways one defines it in 3D [134]. In this definition of inhomogeneity, s(n) measures

how much and how fast the density varies in the scale of a Fermi wavelength,

i.e., 2π/kF . For s > 3 we are already in the tail of the electronic density, and

therefore this interval is less relevant that the interval 0 ≤ s ≤ 3, where most

of the electronic density is located. Under uniform density scaling this quantity

transform as: sγ(r) = s(γr). Since this quantity enters as a correcting factor in

the functionals, in this way it is simpler to obtain the correct uniform scaling of

the corresponding functional.

Now, taking into consideration that an expansion in gradients of the density

of an energy functional must not favor any special direction, no linear terms in
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∇n can be included. Therefore, the gradient expansions of the exchange energy

and the kinetic energy of the non interacting system of electrons read

Ts[n] =

ˆ
drτ 2D homo(1 + αs2 + O(~3))

Ex[n] =

ˆ
drε2D homo(1 + µs2 + O(~3)) , (7.4.26)

where τ 2D homo and ε2D homo are the homogeneous electron gas kinetic energy

and exchange energy per unit of volume (also known as the TF approximations

to the respective functionals). The 3D analogs of these functionals (7.4.26) were,

in a first step, used as a functional, the so called GEA’s (gradient expansion

approximations). Nevertheless their success was well below expectations, in fact

they are less accurate than the LDAs, mostly because they violate a larger number

of exact conditions respected by LDAs.

The exchange and non-interacting kinetic energy functionals behave in a much

different way then correlation does. Therefore, for the latter we need to define

a second length scale, the screening length, given by 1/ks, and consequently a

second reduced gradient

t =
|∇n|
2ksn

=
|∇n|
4n

aB , (7.4.27)

note that the screening length [53], i.e.,

ks =
2

aB
(7.4.28)

is constant in 2D 1 (aB represents the Bohr radius, and was placed here just to

1This is the reason why the correlation energy of the 2DEG presents a much milder behavior
(rSln(rs)) in the high density regime than the 3DEG (ln(rs)).
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ease the dimensional analysis). Now in the same way as we did for the exchange

and non-interacting kinetic energy, we can define the gradient expansion of the

correlation energy as

Ec =

ˆ
drn(r)(e2D homo

c + β(n)t2 + O(~3)) , (7.4.29)

where e2D homo
c is any given parametrization of the correlation energy per particle

of the 2D uniform electron gas. The pre-factor of the second order term in the

correlation expansion depends on the density, in contrast to the other ones for

the exchange and non-interacting kinetic energies.

While the form of the gradient expansions is easy to guess, the coefficients

can only be calculated by hard work. In what follows we present the results for

three different types of gradient expansions. At the end we summarize all these

results, by first comparing to their 3D analogs. Note that the main reason we

are looking for these coefficients is to develop a 2D analog of the PBE functional

[134], therefore we will be mainly concerned with the exchange energy expansions.

Taylor expansion1

Now we are interested in the gradient expansion of the exchange energy, which

can be expressed as a function of the exchange hole as in Eq. (7.4.12). From Eq.

(7.4.12) it is clear that to evaluate the exchange energy in 2D, we just need to

know the cylindrical average with respect to R = r2 − r1 of the exchange-hole

around r1,

h̄x,σ(r1, R) =
1

2π

ˆ 2π

0

dφR hx,σ(r1, r1 + R) , (7.4.30)

1This gradient expansion is based on the Taylor expansion of the exchange hole proposed
by Becke for the 3DEG [6].
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where φR represents the azimuth angle of R (that measures the angle between r2

and r1) from which

Ex[nσ] = −π
∑
σ=↑,↓

ˆ
d2rnσ(r)

ˆ
ds h̄x,σ(r, R), (7.4.31)

where we have renamed r1 as r. Expressing the exchange hole by its Taylor

expansion, and considering its cylindrical average, one arrives at the following

expression,

h̄x,σ(r, R) = nσ(r) + Cσ
x (r)R2 + . . . , (7.4.32)

where Cσ
x is the so-called local curvature of the exchange hole around the given

reference point r. This function can be expressed as [140, 169]

Cσ
x (r) =

1

4

[
∇2nσ(r)− 2τσ(r) +

1

2

|∇nσ(r)|2

nσ
+ 2

j2p,σ(r)
nσ(r)

]
, (7.4.33)

where

τσ(r) =
Nσ∑
k=1

|∇Φk,σ(r)|2 (7.4.34)

is (twice) the spin-dependent kinetic-energy density, and

jp,σ(r) =
1

2i

Nσ∑
k=1

{
Φ∗k,σ(r)[∇Φk,σ(r)]−∇Φ∗k,σ(r)Φk,σ(r)

}
(7.4.35)

is the spin-dependent paramagnetic current density. Both τσ and jp,σ depend

explicitly on the Kohn-Sham orbitals. Thus the expression in Eq. (7.4.33) has an

implicit dependence on the spin-densities nσ.

When the inhomogeneity of the electron gas system is small, we may regard

the homogeneous 2D electron gas (2DEG) as a good reference system. In this
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case, we have an exact expression [61]

h̄2DEG
x,σ (R) =

k2
F,σ

π

J2
1 (kF,σ R)

(kF,σ R)2
, (7.4.36)

where kF,σ =
√

4πnσ is the Fermi momentum (for spin σ) in 2D, and J1 is the

first order Bessel function of the first kind. Notice that the principal maximum

of Eq. (7.4.36) accounts for 95% of the exchange energy. We thus follow the idea

introduced by Becke for the 3D case [6] and modify the principal maximum of

h̄2DEG
x,σ by a polynomial factor. This improves the short-range behavior but leaves

the secondary maximum unchanged. We may write

h̄x,σ(r, R) =
[
1 + aσ(r)R2 + bσ(r)R4 + . . .

]
h̄2DEG

x,σ (R), (7.4.37)

for kF,σR < z, and

h̄x,σ(r, R) = h̄2DEG
x,σ (R), (7.4.38)

for kF,σR > z, where z is the first zero of J1.

Now we have to find an expression for both aσ and bσ. Comparing Eq. (7.4.37)

with Eq. (7.4.32), making use of the series representation of J1

J1(y) =
∞∑
k=0

(−1)k
(
y
2

)2k+1

k! Γ(k + 2)
, (7.4.39)

and replacing the expression of τσ in Eq. (7.4.33) by the 2D Thomas-Fermi

expression [12, 19]

τTFσ (r) = 2πn2
σ(r) +

1

3
∇2nσ(r) +

j2p,σ(r)
nσ(r)

, (7.4.40)
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we arrive at

aσ(r) =
1

4nσ

[
2

3
∇2nσ(r) +

1

2

|∇nσ(r)|2

nσ(r)

]
. (7.4.41)

Next, we can determine bσ by applying the normalization constraint of Eq.

(7.4.19), leading to

bσ(r) = −4π
I(1)

I(3)
nσ(r)aσ(r) . (7.4.42)

Here the symbol I(m) denotes

I(m) =

ˆ z

0

dy ymJ2
1 (y) , (7.4.43)

where z is again the first zero in J1. The values of the integrals I(n) can be

determined numerically.

Making use of Eq. (7.4.31), we arrive at

Ex[nσ] = E2DEG
x,σ [nσ] + ESGL

x,σ [nσ] (7.4.44)

where

ESGL
x [nσ,∇nσ] = −κ̃

∑
σ

ˆ
d2rn−1/2

σ (r)

[
2

3
∇2nσ(r) +

1

2

|∇nσ(r)|2

nσ(r)

]
, (7.4.45)

with

κ̃ =
1

43/2
√
π

[
I(0)I(3)− I(1)I(2)

I(3)

]
, (7.4.46)

where SGL refers to the small-gradient limit. Using Green’s first identity to
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integrate the first term, we find

ESGL
x,σ = −κSGL

ˆ
d2rn3/2

σ (r)x2
σ(r) , (7.4.47)

with κSGL = 5κ̃/6 = 0.0072452 and xσ(r) = |∇nσ(r)| /n3/2
σ (r) = sσ/(4

√
π) is

another usual dimensionless parameter for gradient expansions of the exchange

energy.

Kirzhnits gradient expansion1

In what follows we present the main results obtained using the semi-classical ex-

pansion of Kirzhnits adapted for two-dimensional systems. The importance of

the generalization of this expansion for 2D systems lays in predicting exact con-

ditions to impose to the approximation of the exchange and correlation functional

of the 2DEG. Therefore, the conditions derived might then be used in developing

GGAs.

The starting point of this method is the single-particle approach, i.e., we

assume that the wave function of the exact ground state of the system is well

represented by a Slater determinant constructed using single-particle orbitals,

which are solution of an effective single-particle problem:

heff |ν〉 = εν |ν〉 (7.4.48)

Thus the statistical operator of the ground state (see Chapter 2) of the corre-

1This gradient expansion is the 2D analog of the Kirzhnits gradient expansion [65, 79, 87,
88].
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sponding interacting system is given by

γ̂N = θ(εF − ĥeff ) (7.4.49)

where εF represents the Fermi energy of the system and θ is the Heaviside func-

tion. In this representation of the density operator, we know that if we use

the completeness relation of the single-particle states |ν〉 we obtain the following

expression for the one-body density matrix:

γN (q, q′) = 〈q| γ̂N |q′〉 =
∑∞

ν=1 〈q| θ(εF − ĥeff ) |ν〉 〈ν | q′〉 (7.4.50)

=
∑∞

ν=1 θ(εF − εν) 〈q | ν 〉〈 ν | q′〉 (7.4.51)

where q ≡ (σ, r) is a variable that incorporates both spatial and spin coordinates

.

In the Kirzhnits method, it is assumed that the single-particle problem can

be approximated to the desired degree of accuracy by using an effective single-

particle local potential, i.e.:

ĥeff = T̂s − veff (r) (7.4.52)

where T̂s = −∇2/2 represents the kinetic energy operator.

The density operator can then be written as:

γ̂N = θ(εF − T̂s − veff (r) ) = θ(EF (r)− T̂s) (7.4.53)
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where the function

EF (r) = εF − veff (r) (7.4.54)

can be interpreted as a position dependent Fermi energy. The density matrix can

then be calculated from the following identity

γN (q, q′) = 〈q| γ̂N |q′〉

= 〈q| γ̂N
ˆ
dp |p〉 〈p | q′〉

=

ˆ
dp
〈
r|θ(εF − T̂s − veff (r))|p

〉 δσσ′
2π

e−ip·r

where we used the completeness relation of the momentum operator. But now

arises the problem of determining the action of a function of operators on a given

state of the Hilbert space. There are several alternative solutions to this problem,

of which we highlight in particular the solution by Kirzhnits in Ref. [87, 88] and

the solution presented by Gross in Ref. [65]. Both methods yield the same final

result, which is an expansion of this function in products of its operators with

their commutators. More specifically, if f is a function defined in < that takes as

argument the sum of any two operators â and b̂, then:

f(â+ b̂) |a〉 =
∞∑
n=0

fn(a+ b̂)Ôn |a〉 (7.4.55)

where Ô0 = 1 , Ô1 = 0 and:

Ôn+1 =
1

n+ 1

([
â, Ôn

]
+

n∑
i=1

(−1)i

i!

[
b̂,
[
b̂,
[
. . .
[
b̂, â
]
. . .
]]])

(7.4.56)

making the correspondence f = θ, â = −T̂s = ∇2/2 and b̂ = EF (r) we can
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calculate the density matrix as an expansion in gradients of EF .

After a lengthy algebraic manipulation of the above mentioned equations, and

neglecting all terms in the expansion that depend on powers of ~ greater than

two, we get:1

ρ
2D

(r, r′) =

¨
d2p e−ip·y

{
Θ (γ) + δ(1) (γ)

[
∇2EF

4
+ i

2
∇EF · p

]
+ δ(2) (γ)

[
‖∇EF ‖2

6
− 1

6
(∇ · p ) (∇ · p )EF

]
+ δ(3) (γ)

[
−1

8
(∇EF · p )2]+ O(~3)

}

which after the integration is given by

ρ2D(r, r′) = ξ1 + ξ2 + ξ3 + ξ4 +O(~3) ,

where

ξ1 =
δσσ′

2π

p2
F

z
J1(z)

ξ2 =
δσσ′

2π
J1(z)

(−y)(∇2EF )

4pF

1Note that γN → ρ. In agreement with the notations on previous chapters, this serves to
highlight that the spin dependence has been removed.
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ξ3 =
δσσ′

2π

{
‖∇EF‖2

6p2
F

[
yJ1(z)

pF
− 1

2
y2 (J0(z)− J2(z))

]

− 1

2πp2
F

π · ∇2EF
6

(
−2z2

0F̃1

[
3,
−z2

4

]
+
z4

4
0F̃1

[
4,
−z2

4

])
+

1

6

∂2EF
∂x∂y

(−8iz cos z)

+
π

6

∂2EF
∂x∂x

[
−z
2

(zJ0(z) + 6J1(z)− 2zJ2(z)− 6J3(z) + zJ4(z))

]
}

ξ4 =
δσσ′

(2π)2

1

p3
F

{
‖∇EF‖2

64
πyz3

(
−12 0F̃1

[
4,−z

2

4

]
+ z2

0F̃1

[
5,−z

2

4

])
− iy

∂EF
∂x

∂EF
∂y

(cos z + z sin z)

+

(
∂EF
∂x

)2
πy

32

6zJ0(z)− 12zJ2(z) + 12J3(z)− 4(3 + z2)J1(z)

+ 3z2J3(z) + 6zJ4(z)− z2J5(z)


}

(7.4.57)

where: (i) jn(z) is the spherical Bessel function of order n; (ii) 0F̃1(α; γ) is the

regularized hyper-geometric function; (iii) Jn(z) is the nth order Bessel function;

(iv) δ(n) is the nth derivative of the Dirac delta function, δ(EF − p2/2), with

respect to the Fermi energy, i.e.,

δ(n) ≡
{

∂n

(∂EF )n

}
δ(EF − p2/2) ; (7.4.58)
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(v) and the variables z, γ, |y| , and p2
F (r) 1are respectively defined by:

z = pF (r)‖y‖

γ = EF −
p2

2

|y| = ‖r′ − r‖

p2
F (r) = 2EF (r) .

In the expansion of the density matrix (see Eq. (7.4.57)), by taking the limit

y → 0, we obtain the second order expansion of the density in ~ in terms of the

gradients of EF , which is given by:

n(r) = lim
y→0

ρ(r′, r) =
p2
F

2π
, (7.4.59)

which is the same result obtained via the Thomas-Fermi model, which in other

words, means that there is no quantum corrections to the 2D Kirzhnits semi-

classical expansion of the density (at least up to second order in ~). The vanishing

of the quantum corrections in the Kirzhnits expansion is a consequence of the

linear number of states, i.e., constant density of states, in this dimension. Despite

what this expansion might suggest, the 2D formula for the density profile obtained

via the TF model is not exact, this simply means that the Kirzhnits gradient

expansion fails to capture the quantum mechanical effects in the 2D case.

Using the mathematical definition of the inverse of Weyl transform for a two-

1We have used pF , instead of kF , to keep track of the order in ~.
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body operator, we can relate ρ(r, r′) with ρ(R,p) in the following way:

ρ(r, r′) =

ˆ
dp e−ip·y ρ̃ (R, p ) (7.4.60)

where R is given by r+r′
2

.

Now, if we replace the 2D density matrix expansion (7.4.57) in the previous

equation, we get:

ρ̃
2D

(R,p) =
2

(2π)2

{
Θ (γ) + δ(1) (γ)

[
∇2EF

4
+ i

2
∇EF · p

]
+δ(2) (γ)

[
|∇EF |2

6
− 1

6
(∇ · p) (∇ · p)EF

]
+δ(3) (γ)

[
−1

8
(∇EF · p )2]+ O(~3)

}
. (7.4.61)

Writing the kinetic energy in terms of the Weyl transform of the density matrix

as [132]

T
2D

=

¨
dr dp ρ̃

2D

(r,p)

=

ˆ
dr
ˆ
dp

p2

4mπ2

(
Ξ1 + Ξ2 + Ξ3 + Ξ4 +O(~3)

)
, (7.4.62)

where Ξi represents the ith term in Eq. (7.4.61), then the 2D kinetic energy per

unit volume is given by:

τ
2D

=
1

4mπ2

ˆ
dp p2

(
Ξ1 + Ξ2 + Ξ3 + Ξ4 +O(~3)

)
= τ

2D

1st order
+ τ

2D

2nd order
+ τ

2D

3rd order
+ τ

2D

4th order
(7.4.63)

After an algebraic manipulation of the different terms in the previous equation,
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we obtain:

τ
2D

1st order
=

1

(2π)2

ˆ
dp Θp2 =

1

2π

∞̂

0

dp Θp3 =
p4
F

8π

τ
2D

2nd order
=

1

(2π)2

ˆ
dp p2δ(1)

[
∇2EF

4
+
i

2
∇EF · p

]
= 2 · ∇

2EF
8π

τ
2D

3rd order
=

1

(2π)2

ˆ
dp p2δ(2)

[
‖∇EF‖2

6
− 1

6
(∇ · p ) (∇ · p )EF

]
= −8

3

∇2EF
8π

τ
2D

4th order
=

1

(2π)2

ˆ
dp δ(3)

[
−1

8
(∇EF · p )2

]
= 0

summing all terms we obtain:

τ
2D ≈ p4F

8π
+

1

8π

(
2∇2EF −

8

3
∇2EF

)
=

=
p4
F

8π
+

1

8π

(
p4
F −

1

3
∇2p2

F

)
=

1

8π

(
p4
F +

1

3
∇2p2

F

)
(7.4.64)

In order to get the expansion in gradients of density, we need to use another

result calculated previously, the relation of the density with the Fermi momen-

tum, which is given by p2
F = 2πn. After replacing the expression of the Fermi

momentum, in equation (7.4.64), we get:

τ
2D ≈ 1

8π

(
4π2n2 − 1

3
∇2n2π

)
=

= n2π
2
− 1

12
∇2n , (7.4.65)

where the second term is the Kirzhnits quantum correction to the kinetic energy

density of the 2DEG.
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Since for any well behaved electronic densities one has,

ˆ
∇2n(r) = 0 , (7.4.66)

then the total kinetic energy reads

T =

ˆ
d2r

n2π

2
. (7.4.67)

This corresponds exactly to the formula obtained in the Thomas-Fermi model.

The reason behind this coincidence is analogous to the reason why the Kirzhints

expansion of the electronic density yields the same result as the Thomas-Fermi

model.

Inserting the Kirzhnits expansion of the density matrix into the equation

Eexact
x = −1

2

ˆ ˆ
|ρ(r, r′)|2

r12

drdr′, (7.4.68)

and using the identity ρ(r, r′) = ρ(r′, r)?, after the integration over the spacial

coordinates, we obtain a divergent exchange energy, when taking the limit y → 0.

Despite the relevance of this gradient expansion in 3D, for example Perdew

uses the coefficient of the second order term to fix one of the constants of the

well-known PBE functional [134], in 2D this semi-classical approximation is of

no use, since the exchange energy diverges and the quantum corrections to the

kinetic and the electronic densities are null. This is a direct consequence of the

constant density of states of the 2DEG and it means that in 2D the Kirzhnits

expansion is not reliable.
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Overview on gradient expansions

We could continue on deriving 2D analogs of gradient expansions of energy func-

tionals, since the number of methods that have been developed for the 3D electron

gas is quite large. Up to our knowledge, we cannot tell that one particular method

to perform the gradient expansion is the best, nevertheless there are some that

are more commonly used. Among these one finds: the operator commutator

expansion [65, 79, 87, 88] (developed by Kirzhnits), the Wigner-Kirkwood ~ ex-

pansion of the one-particle Green’s function (Jennings [85] & Grammaticos [63]),

the Weizsacker [187] correction to the Thomas-Fermi model, the random-phase

approximation of the Coulomb interaction [110] (Ma & Bruecknner), the de-

composition of exchange and correlation energy via wave-vector analysis [51, 70]

(Gumbs, Geldart & Rasolt) and the Taylor expansion of the spherically averaged

exchange charge density [6] (Becke).

In this chapter we have shown the derivation of the Kirzhnits and Becke

method for the 2DEG.Also to our knowledge, for the N-dimensional electron

gas), there are only two gradient expansions (derived by Gumbs, Geldart and

Rasolt) based in two of the most popular methods: decomposition of the exchange

energy via wave-vector [70] analysis and the Wigner-Kirkwood method [51]. Both

methods result in the same expression for the exchange energy gradient expansion,

whose second order term diverges in 2D.

At a first glance, it might seem surprising that gradient expansions of the same

quantity might yield different results. Nevertheless this is not new as also for the

3DEG this happens, and the main reason behind relies in the approximations or

assumptions underlying these expansions. In 3D, the Becke and the Kirzhnits
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method yield the same result, while the Wigner-Kirwood and the wave-vector

decomposition yield another one (in fact using wave-vector decomposition of the

exchange energy alone diverges in 3D [89]). It is also interesting to note that

different functionals use different values for the gradient expansion. For example,

PBE [134] uses a pre-factor of the second order exchange energy that is obtained

via the Ma-Bruckener expansion, while PBE-sol [136] is exactly the same func-

tional as PBE except that that it uses the Kirzhnits coefficient for the exchange,

yielding better results for solids then the standard PBE.

7.4.6.3 Large density gradient limit

Following again the same steps as Becke [6], we can now determine the large-

gradient limit of the exchange energy. Using Eqs. (7.4.33) and (7.4.40), we can

rewrite Eq. (7.4.32) as

h̄x,σ(r, R) ≈ nσ(r) +
1

4

[
∇2nσ(r)− 4πn2

σ(r) +
1

2

|∇nσ(r)|2

nσ
(r)

]
R2. (7.4.69)

Following the reasoning of Becke [6], we assume that the term in the density

gradient dominates over the other terms. Thus, we obtain

h̄x,σ(r, R) ≈ 1

8

|∇nσ(r)|2

nσ(r)
R2. (7.4.70)

We note that expression (7.4.70) is valid only for small R. Otherwise, following

again the argument of Becke, we propose

h̄x,σ(r, R) =

[
1

8

|∇nσ(r)|2

nσ(r)
R2

]
F (ασ(r)R), (7.4.71)
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where

F (y) = e−y
2

. (7.4.72)

The form of F in Eq. (7.4.72) corresponds to a Gaussian approximation for the

exchange-hole. This would be exact in the case of a single electron in a harmonic

confinement potential. However, other choices for F may be considered, as far as

they reproduce the correct short-range behavior given by Eq. (7.4.70), and decay

in a way leading to finite exchange energies.

In Eq. (7.4.71), the parameter ασ can be determined by enforcing the normal-

ization condition of Eq. (7.4.19). This leads to

α4
σ(r) =

π G(3)

4

|∇nσ(r)|2

nσ(r)
, (7.4.73)

where

G(m) =

ˆ ∞
0

dy yme−y
2

. (7.4.74)

Finally, making use of Eq. (7.4.31), we arrive at

ELGL
x,σ [nσ,∇nσ] = −κLGL

ˆ
d2rn3/2

σ (r)x1/2
σ (r), (7.4.75)

where

κLGL =
π1/4

23/2
G(2)G−3/4(3) , (7.4.76)

which after the integration is given by κLGL = 1
4

(
π
2

) 3
4 = 0.35078. Here LGL

refers to the large-gradient limit.
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7.5 Development of exchange and correlation func-

tionals

Once we put together all the conditions that the 2DEG obeys to it is now a simple

matter of proposing new functionals, similar to the original 3D ones. In order

to simplify the matter we will make these derivations as lighter as possible, thus

skipping some intermediate steps.

Basically when building a functional one needs two ingredients: (i) The ex-

act conditions that one will enforce on the functional, (ii) an ansatz that obeys

these conditions. There is a delicate balance between these two, and the art in

developing them is in the appropriate choice of these two ingredients.

7.5.1 Exchange energy

7.5.1.1 Perdew-Burke-Ernzerhof

The PBE functional [134] is one of the most used approximations to the exchange

and correlation functional. PBE is such a popular functional because it produces

accurate results on a broad range of systems with a small computational cost.

As it is an “ab-initio” functional, i.e. it has no empirical parameters. Due to

it’s outstanding success for the 3DEG, we decided to derive the 2D analog of the

PBE functional, following the same procedure as in Ref. [134], but now using the

conditions derived above for the 2D electron gas.

In brief, the exchange part of the 2D-PBE must obey to the following exact

constraints:

1. The Lieb-Oxford bound for the 2DEG.
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2. Under uniform density scaling Ex must scale like the exact exchange (see

Eq. 7.4.5).

3. It must obey the exact spin-scaling relation for the exchange energy.

4. In the small gradient limit, the coefficient of the expansion (see Eq. (7.4.26))

must cancel the gradient correction coming from the correlation, so that for

small variations around the uniform electron gas we recover the LDA.

Since under uniform density scaling, described in Eq. (7.4.5), Ex must scale like

γ, this means that for the unpolarized electron gas we must have:

EGGA
x [n] = ELDA

x [n] +

ˆ
dr n(r)εhomox (n)Fx(s) , (7.5.1)

where εhomo(n) = − 8
3
√
π
n1/2 is the energy density of the uniform electron gas,

s is the inhomogeneity parameter (see Eq. (7.4.25)) and Fx(s) is the exchange

enhancement factor. Following PBE, we propose the following ansatz for the

enhancement factor:

Fx = −κ− κ

1 + µs2

κ

, (7.5.2)

where κ = 0.3011 and µ = 12π3/2κSGL = 0.4841238 are constants that can be

obtained from the 2D Lieb-Oxford bound (with the limit proposed by Räsänen

[145]) and the gradient expansion of the exchange energy obtained from Eq.

(7.4.47), respectively. Also, the spin dependent form of this functional can be

obtained by using the spin scaling relation in Eq. (7.4.14).
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7.5.1.2 Modified Becke 86

The 2D modified Becke 86 (2D-MB86) [7, 169] is an exchange functional that

obeys to the following conditions:

1. In the limit of small gradients of the density, it must recover the “Xαβ”

low gradient correction (LGC) to the exchange energy (the 2D analog of

the Herman el al functional);

2. In the large gradient limit, the exchange energy density must not diverge;

Now one only needs to choose an ansatz that interpolates between the small and

large density gradient limits. One possible expression for the exchange energy is

of the form

EGGA
x [nσ] = ELDA

x [nσ]− β
∑
σ=↑,↓

ˆ
d2rn3/2

σ (r)
x2
σ(r)

[1 + γx2
σ(r)]3/4

, (7.5.3)

where xσ = |∇nσ|/n3/2
σ = sσ

4
√
π
. Writing this expression explicitly in terms of the

density and its gradients,

EGGA
x [nσ] = ELDA

x [nσ] − β
∑
σ=↑,↓

ˆ
d2r

|∇nσ(r)|2

n
3/2
σ (r)

[
1 + γ |∇nσ(r)|2

n3
σ(r)

]3/4
, (7.5.4)

From the small-gradient limit

lim
xσ→0

EGGA
x [nσ] = ELDA

x [nσ]− β
ˆ
d2r n3/2

σ x2
σ = ELDA

x [nσ] + ESGL
x [nσ] (7.5.5)
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we can extract the value of β On the other hand

lim
xσ→∞

EGGA
x [nσ] = −βγ−3/4

ˆ
d2r n3/2

σ x1/2
σ = ELGL

x [nσ] (7.5.6)

which leads to

γ =

(
κLGL
β

)− 4
3

= 0.005667 . (7.5.7)

At last, to improve the flexibility of the above approximate functional, we replace

both β and γ with two parameters to be determined by fitting the exchange

energies of an ensemble of physically relevant 2D systems.

We have chosen to fit our parameters to a set of four parabolic two-electron

quantum dots [94] with confinement strengths ω = 1, 1/4, 1/16, and 1/36 a.u.,

respectively. These are very well studied systems [153] that span a wide range of

the density parameter, 0.9 . rs . 5.7, where rs = N−1/6 ω−2/3. For the reference

exchange energies we performed self-consistent exact-exchange calculations with

the code octopus [116] using the Krieger-Li-Iafrate [95] (KLI) approximation,

which is a very accurate approximation in the static case [62]. We obtained

β = 0.003317 and γ = 0.008323, which are close to the parameters found by

Becke for the 3D case by fitting a series of rare-gas atoms, β3D = 0.00375 and

γ3D = 0.007 (see Ref. [7]).

As one can easily verify, this ansatz reduces to the “Xαβ” functional in the

small gradient limit, and in the large gradient limit it doesn’t diverge. In fact the

asymptotic of the functional in the large gradient limit was fixed by the previ-

ously derived condition in Eq. (7.4.76). Besides satisfying the above mentioned

conditions, this functional scales correctly under uniform coordinate scaling and

obeys the exchange hole sum rule, as well as the exchange energy spin-scaling
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relation.

7.5.1.3 Becke 88

The functional of Eq. (7.5.4) is certainly not the only conceivable, but is probably

the simplest. If the parameters β and γ are chosen on the basis of a least square

fit to selected quantum dots data, we find that the functional performs extremely

well on most cases. Nevertheless, the somewhat arbitrary choice of the large

gradient behavior in Eq. (7.5.4) leaves much desire. In this thesis we presented

a model to estimate the behavior of the exchange energy at large xσ (see Sect.

7.4.6.3), which is close to that of Eq. (7.5.4). Unfortunately, as it happens

for the small density gradient limit, the value of this limit is ambiguous, since

different models yield different results, which in turn affects the performance of

the functional. The way Becke [8] found to tackle this problem was by fixing one

of the constants to a well known limit, therefore normalizing the behavior of the

exchange functional in the limit of large gradients of the density.

In summary, the 2D Becke 88 exchange functional (2D-B88) must obey to the

following exact conditions:

1. For small gradients of the density, it must recover the “Xαβ” low gradient

correction (LGC) to the exchange energy;

2. In the large gradient limit, the exchange energy density must not diverge;

3. In the small density limit, the exchange energy density must obey the exact

asymptotic behavior of the exchange energy density of a finite many-electron

systems, as defined in Eq. (7.4.22);

182



The next step is to propose a ansatz that obeys these conditions and is similar

to the one proposed by Becke in 88 [8]. One possible functional for the exchange

energy is of the form

EGGA
x [nσ] = ELDA

x [nσ]− β
∑
σ=↑,↓

ˆ
d2r n3/2

σ (r)
x2
σ(r)

1 + 8βxσ(r)sinh−1(xσ)
, (7.5.8)

or, writing this expression explicitly in terms of the density and its gradients,

EGGA
x [nσ] = ELDA

x [nσ]− β
∑
σ=↑,↓

ˆ
d2r

|∇nσ(r)|2

n
3/2
σ (r) + 8β |∇nσ(r)| sinh−1

(
|∇nσ |
n
3/2
σ

) ,

(7.5.9)

There are several possibilities to fix the value of β:

• Fix β in such way that the functional Eq. (7.5.9) reproduces the exact

exchange energy for a single harmonic quantum dot with 2 electrons and

a frequency ω = 1 (thus following a similar procedure carried out in the

3D TPSS [138] functional). In this approach the value of the parameter is

β = 0.02753.

• Fix β so that obeys the small gradient limit derived in Eq. (7.4.47). In this

way, the value of β is β = 0.0072452

• Fit β to the same set of four parabolic two-electron quantum dots [169]

used to fix the parameters in the 2D-MB86. In this approach β is given by

β = 0.006158.

• Fit β to the full oep results obtained for 6 different quantum dots. The

quantum dots in question are parabolic ones with a confining frequency of

ω = 1. The number of electrons in the quantum dots is chosen such that
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they all have closed shell configurations, i.e., 2, 6, 12, 20, 30 and 42 electrons.

This approach is motivated by the fact that Becke [8] fitted this parameter

to a set of 6 noble gas atoms. The obtained value for the parameter in this

approach is then β = 0.019936.

As one can easily demonstrate, the ansatz proposed in Eq. (7.5.9) obeys all three

conditions above mentioned. One detail that we should pay attention to is the

prefactor of the hyperbolic function. This pre-factor depends on the choice of

the confining potential, as this will change the density profile and therefore the

limit in Eq. (7.4.22). As since in most cases of interest the confining potential

is harmonic, we used the Gaussian decay of the density to fix this constant. It

is worthwhile mentioning that most of the conditions imposed in the 2D-B88

functional are all the same as the ones imposed on the 2D-MB86.

7.5.2 Correlation energy

Here we review the derivation of our correlation energy functional presented in

Refs. [38, 141]. The correlation energy can be expressed as [28, 29, 141]

Ec =

ˆ
d2r

ˆ
d2Rn2,SD(r,R)

ϕ2(r,R)− 2ϕ(r,R)

R
, (7.5.10)

where n2,SD(r,R) is the pair density calculated using a single Slater determinant

(SD) generated within DFT from the occupied KS orbitals (see Eq. (7.5.12)

below). Furthermore, the quantity

ϕ(r,R) = [1− Ω(r)(1 + αR)] e−β
2(r)R2

(7.5.11)
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describes the correlation between electron pairs. Here R = r1 − r2 and r =

(r1+r2)/2 represent the relative and center-of-mass coordinates of a representative

electron pair, respectively. The quantities α, β, and Ω act as correlation factors

to be determined as follows.

• First, α can be found by considering the cusp condition for a 2D singlet

many-body wave-function. This corresponds to a situation when two elec-

trons are brought to the same point. Application of the exact result of

Rajagopal et al [143] to the model wave function

Ψ(r1σ1, ..., rNσN) = ΨSD(r1σ1, ..., rNσN)
∏
i<j

[1− ϕ(ri, rj)] (7.5.12)

– from which the correlation energy given in Eq. (7.5.10) is obtained [141]

– yields α = 1.

• Second, we introduce β as a local quantity determining the local correlation

length. We can estimate this length by comparing the “correlation area”, i.e.,

the integral over the exponential part of Eq. (7.5.11), to the area of a circle

enclosing, on the average, one electron, i.e., πr2
s , where rs(r) = 1/

√
πn(r).

The comparison yields β(r) = q
√
n(r), where we introduce q as a fitting

parameter.

• Third, the integral of ϕ(r,R) [Eq. (7.5.11)] over the relative coordinate R

must vanish. This leads to a relation Ω(r) = β(r)/ [β(r) +
√
π/2].
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To further simplify the expression for the correlation energy [Eq. (7.5.10)], we

use a Gaussian approximation [125, 131] for the pair density,

n2,SD(r,R) = n2,SD(r)e−R
2/γ2(r) . (7.5.13)

Applying the exact sum rule on the pair density yields

nSD(r) =
2

N − 1

ˆ
d2R n2,SD(r,R) =

2π

N − 1
n2,SD(r)γ2(r) , (7.5.14)

where we can use the well-known relation in the SD case: n2,SD(r) = 1
4
n2

SD(r).

Further, we can associate the SD density nSD with the density in the second item

of the list above. Taken together, and performing the integration over R in Eq.

(7.5.10), leads to the correlation energy

Ec[n] =

ˆ
d2r n(r) εc(r) , (7.5.15)

where εc(r) is the local correlation energy per electron having an expression

εc(r) =
π

2q2

{√
π β(r)

2
√

2 + c
[Ω(r)− 1] +

Ω(r)[Ω(r)− 1]

2 + c
(7.5.16)

+

√
π Ω2(r)

4β(r)(2 + c)3/2
+

√
π β(r)√
1 + c

[Ω(r)− 1] +
Ω(r)
1 + c

}
, (7.5.17)

with c = π/ [2(N − 1)q2]. We point out that this expression includes an ad-

hoc modification in the first term, [Ω(r) − 1]2 → [Ω(r)− 1]. This modification

is introduced to better reproduce the reference values of numerically accurate

correlation energies for a set of quantum dots and the 2DEG [141].
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Equation (7.5.15) with Eq. (7.5.17) define an explicit density functional for

the correlation energy. It is self-interaction free (in the sense that it is equal to

zero for one particle systems, N = 1) and depends on a single fitting parameter

q (see below). We point out that the functional is not size-consistent due to

the nonlinear dependence on N . In practice, however, this does not affect the

performance of the approximation when considering finite 2D systems with fixed

N , e.g., semiconductor quantum dots.

The fitting parameter q = 3.9274 is chosen to reproduce the exact correlation

energy Ec = Etot−EEXX
tot for the singlet state of a two-electron parabolic quantum

dot (2D harmonic oscillator) with the confining strength ω = 1. Here Etot = 3

is Taut’s analytic result [175] and EEXX
tot is the exact-exchange result. For consis-

tency, and in order to provide a predictive approximation, the fitting parameter

q is then kept fixed for all systems.

7.6 Performance of 2D functionals

Now, we compare the reference results available from (numerically) exact calcu-

lations to self-consistent DFT results obtained using the real-space octopus code

[116] with the the exchange and correlation functional that is made by summing

the exchange energy defined in Eq. (7.5.9) and the correlation energy defined in

Eq. (7.5.17).

First we consider a set of 2D parabolic (harmonic) quantum dots, where the

external confining potential is given by v(r) = ω2r2/2. Table 7.6.1 shows the to-

tal energies for N = 2 . . . 12 with various confinement strengths ω. The reference

data Eref
tot have been collected from analytic results by Taut [175], configuration-
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N ω Eref
tot Ehere

tot ELDA
tot

2 1 3∗ 3.026 3.066
2 1/4 0.9324† 0.936 0.952
2 1/6 2/3∗ 0.668 0.682
2 1/16 0.3031† 0.300 0.308
6 1/1.892 7.6001‡ 7.629 7.632
6 1/4 6.995† 7.009 7.012
6 1/16 2.528† 2.528 2.534
12 1/1.892 25.636‡ 25.72 25.67

∆ 0.42% 1.2%

Table 7.6.1: Total energies (in atomic units) for parabolic quantum dots. We
compare numerically exact results (Eref

tot) to our functional (Ehere
tot ) and to the

local-density approximation (ELDA
tot ). The last row contains the mean percentage

error ∆. (∗Analytic solution by Taut from Ref. [175]. † CI data from Ref. [153].
‡Diffusion QMC data from Ref. [133]. )

interaction calculations by Rontani et al [153], and diffusion quantum Monte

Carlo (QMC) calculations by Pederiva et al [133]. Overall, both the LDA and

our functional perform very well with respect to the reference data, the mean

percentage errors being ∼ 1.2 % and 0.42 %, respectively. However, in view of the

excellent performance of the LDA in terms of total energies, it is remarkable that

the present functional reduces the error further by a factor of three. Moreover,

it should be noted that the LDA total energy has the well-known error compen-

sation from exchange and correlation energies, respectively [76]. In the results

shown in Table 7.6.1, for example, the LDA overestimates (underestimates) the

exchange (correlation) energy by 10− 20 %, whereas the corresponding errors in

our functional are significantly smaller [141, 169].

As seen in Table 7.6.1, the total energy of the largest system with N = 12

is obtained by the LDA more accurately than by our functional. This raises a

question whether the LDA would considerably outperform our functional in the
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important large-N limit. Therefore, we also tested the filling-factor ν = 2 state

of a N = 48 quantum dot, for which relatively accurate variational QMC data is

available (see Fig. 8 in Ref. [156]). Remarkably, the relative errors of the present

functional and the LDA are only ∼ 0.1 % (note that in Ref. [156] a different DFT

code was used producing a slightly larger error in the LDA). This test confirms

that the present functional is valid also in relatively large 2D systems. This is

expected in view of the good reproducibility of the 2DEG result imposed on both

the exchange (see Eq. (7.4.37)) and correlation.

Next we consider the total energies of rectangular quantum dots with a side-

length ratio δ and a total area of π2 (a.u.) enclosed by hard-wall boundaries.

As the reference results we use the variational QMC data in Ref. [146], where

the choice for the dot area was motivated by a rational-valued single-electron

energy spectrum, Eij = (δ i+ j/δ)/2, where (i, j) = 1, 2, 3, . . .. Moreover, the dot

size corresponds to an realistic area of ∼ 900 nm2, when using the effective-mass

approximation for electrons in GaAs [146]. The total-energy results are shown in

Table 7.6.2.

Again, the present functional is more accurate than the LDA: in this case

the LDA error is reduced by a factor of 1.7. There is no clear tendency in the

accuracies as a function of N . The precise determination of the N -dependence

would require highly accurate numerical calculations and reference data. In this

respect the present boundary conditions (hard walls) are problematic due to the

huge number of grid points needed.

We have considered a practical and accurate density functional for the energy

of electrons confined in two dimensions. The exchange contribution is a semi-

local generalized-gradient approximation, and the correlation part has been built
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δ N Eref
tot Ehere

tot ELDA
tot

1 2 3.273 3.312 3.357
6 26.97 26.98 27.10
8 46.79 46.86 46.99
12 103.34 103.1 103.2
16 178.50 178.4 178.5

2 2 3.696 3.674 3.735
4 12.32 12.36 12.45
6 27.15 27.25 27.36
8 47.82 47.69 47.80
12 102.26 102.1 102.2
16 177.80 178.0 178.1

3 2 4.375 4.321 4.403
4 12.99 12.95 13.08
6 26.69 26.75 26.91
8 46.35 46.49 46.67
12 103.46 103.4 103.5
16 177.37 177.1 177.3

∆ 0.34% 0.57%

Table 7.6.2: Total energies (in atomic units) for rectangular quantum dots with
a total area of π2 and side-length ratio δ. We compare numerically accurate
quantum Monte Carlo results [146] (Eref

tot) to our functional (Ehere
tot ) and to the

local-density approximation (ELDA
tot ). The last row contains the mean percentage

error ∆.
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on the Colle-Salvetti scheme with a Gaussian approximation for the pair density.

We have verified that self-consistent application performs very well for a variety

of two-dimensional quantum-dot systems. On the average, the present functional

was found to considerably reduce the error in total energies over the local-density

approximation. Preliminary tests suggest also good performance for large electron

numbers with a modest computational cost.

Future developments include an extension of the correlation part to spin-

polarized systems, test the 2D-B88 functional, derive of the correlation part of

the PBE, and develop a benchmark for the exchange energy of 2DEG to have a

larger test suite for our functionals.
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Chapter 8

Conclusions and outlook

In this thesis we studied two of the most popular nano-scale systems, nano-wires

and quantum dots, via a first-principles approach.

The most important conclusions that can be drawn from our first-principles

study of the electronic and optical properties of the nano-wires, can be summa-

rized as follows:

• A property that endows nano-wires with great technological interest is their

tunable electronic band-gap with respect to their radius. In this work we

propose a simple analytical model that is able to describe correctly the

evolution of the electronic and optical band-gap with their radius. The

results were in extraordinarily good agreement with experiment, i.e., our

results were within experimental error of 0.03 eV. Furthermore with our

calculations (performed for nano-wires with the radius ranging 1-2 nm) we

were able to correctly predict the optical band-gap of a nano-wire with a

diameter of 15 nm.

• Concerning the optical response of nano-wires, we saw how indispensable is

the inclusion of local-fields to properly describe the optical response of this

193



8. CONCLUSIONS AND OUTLOOK

class of systems. This effect, also present in bulk materials, is gigantic in

nano-wires, and therefore if neglected will lead to a bad description of the

optical response.

• One other effect that is extremely enlarged in a nano-wire, by comparison to

the bulk, is the excitonic effect. In a piece of a bulk material, the excitonic

binding energy is about a hundred times smaller than the excitonic biding

energy of a nano-wire with a diameter of the order of a few nanometers.

The major reason for such huge binding energy is the fact that the exciton

in a nano-wire is extremely localized.

To describe the electronic and optical properties of nano-wire, we had to

resort to extremely heavy calculations such as GW approximation and the Bethe-

Salpeter equation. Using less expensive methods such as density functional theory

and time-dependent density functional theory, we saw that there was a systematic

underestimation of the electronic and optical gaps (with the exception of the long

range correlation kernels). Nevertheless, we also showed that methods such as

RPA predicts correctly how the optical band-gap should evolve (even-though it

is systematically red-shifted with respect to the Bethe-Salpeter equation results).

This would open the door to describe larger nano-wires or even core-shell nano-

wire using a affordable methods such as time-dependent density functional theory.

Concerning the quantum dots, our main focus was on the development of

more accurate approximations (within the density functional theory framework)

to describe the electronic structure of systems. In principle, our work can also

be used to describe the electronic structure of any kind of system with a gas of

electrons confined in 2 dimensions (the quantum dots are just one kind of such
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systems).

The most successful functionals in density functional theory have as pillars the

fulfilment of exact conditions known for the exchange and correlation functional.

In this thesis we have laid grounds for developing more sophisticated approxi-

mations to the exchange and correlation functional for the 2D electron gas by

deriving some of the exact constraints to impose on our approximations. Among

the exact conditions we derived, the ones that are more far reaching are:

• The Kirzhnits method, one of the most common ways to calculate quantum

corrections to the Thomas-Fermi model for the 3D electron gas, is shown to

give no improvement over the Thomas-Fermi model for the 2D electron gas.

In particular the quantum correction to the kinetic energy is null, and the

correction to the exchange energy diverges. This result is in conformity with

all existing semi-classical methods for the 2D electron gas proposed so far.

In this thesis, we solve this problem by calculating the quantum correction

to the exchange energy for the 2D electron gas, via a Taylor expansion of

the exchange hole. This method, originally proposed by Becke, for the 3D

electron gas produces the same result as the Kirzhnits expansion.

• When deriving this conditions we realized that for the 3D electron gas the

Lieb-Oxford bound, is always used locally when deriving a new approxi-

mation for the exchange and correlation energy, which is a much stronger

condition than the one originally derived by Lieb and Oxford. Here we show

that the validity of this argument is broken for all the 32 molecules present

in the commonly known G1 data set.

Using the exact conditions derived in this thesis, we have climbed a rung in Ja-
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cob’s ladder, the GGA’s rung, thus bringing density functional theory for the 2D

electron gas closer to the chemical heaven, an accuracy smaller than 1 kcal/mol.

The approximations to the exchange and correlation functional proposed in this

thesis are the 2D analogs of the some of the most popular functionals, i.e. , the

Becke88, modified Becke86 and the PBE functional. The results obtained using

this functionals allowed us to significantly improve the accuracy that one could

obtain using the LDA functional (the only existing approximation to the spin

polarized 2D electron gas at the beginning of this thesis).

One common aspect that bounds this two class of systems (nano-wires and

quantum dots) is the flexibility to control their electronic and optical properties.

This tunability of their electronic and optical properties, endows them of great

technological interest, and is the reason behind their popularity.

The presented exact conditions, functionals, and understanding of the be-

haviour of these approximations on a large set of quantum dots will be the sub-

ject of a work we will carry on after this thesis. Also concerning the nano-wires,

we could use the acquired knowledge to calculate the optical response of larger

NWs, but this time using less expensive methods such as time-dependent density

functional theory.
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Résumé et conclusions (French)

Au cours de cette thèse on étude deux des plus populaires systèmes de nano-

échelle, nano fil et points quantiques (quantum dots), dans le cadre d’une ap-

proximation basé sûr des premiers principes.

Les conclusions plus importantes que peuvent être derivées de notre étude

basé sûr des premiers principes à propós des proprietés electroniques et optiques

des nano-fil, peuvent être résumées de la façon suivante:

• Une proprieté qui confère un grand intêret technologique aux nano-fil, est

son écart de bande electronique accordable par rapport à son rayon. Dans

ce travail on propose un simple modèle analytique qui est capable de décrire

correctement l’evolution des écarts des bandes electronique et optique avec

son rayon. Les résultats étaient en extraordinaire bon accord avec l’experience,

ça veut dire, nos résultats étaient dedans l’erreur expérimental de 0.03 eV.

Par ailleurs, avec nos calculs (réalisés pour des nano-fil avec un rayon de

entre 1-2 nm) on était capable de predire correctement l’écart de bande

d’un nano-fil avec un diametre de 15 nm.

• Concernant la réponse optique des nano-fil, on a vu comment il est in-

dispensable d’inclure les champs-locaux pour décrire de façon correcte la

197



8. RÉSUMÉ ET CONCLUSIONS (FRENCH)

réponse optique de ce type de systèmes. Cet effet, aussi present dans des

matériaux massifs, est énorme dans les nano-fil, et le fait de le négliger,

conduira donc à une mauvaise description de la réponse optique.

• Autre effet qui est extremement élargie dans les nano-fil, par rapport aux

matériaux massifs, est l’effet excitonique. Dans un morceau de matérial

massif, l’enérgie de liaison excitonique est de l’ordre de cent fois plus pe-

tite que l’énergie de liaison excitonique d’un nano-fil avec un diamètre de

quelques nanometres. La raison principale d’un telle énorme énergie c’est

le fait de que l’exciton d’un nano-fil est extrement localisé.

Pour décrire les proprietés electroniques et optiques des nano-fil, on a du ef-

fectuer des calculs extremement lourds tels que l’approximation GW et l’equation

de Bethe-Salpeter. En utilisant des mèthodes moins couteux comme la theorie

des fonctionnelles de densité et théorie des fonctionnelles de densité dependante

du temps, on a observé qu’il y avait une sousestimation systematique des écarts

(gaps) electronique et optique (à exception de la correlation à longe portée).

Cependant, on a montré aussi que les méthodes tels que le RPA prédisent cor-

rectement la façon comme l’écart d’énergie devrait évoluer (même s’il est system-

atiquement déplacé au rouge par rapport aux résultats BSE). Ce fait ouvrirait

la porte pour décrire plus longues nano-fil ou même des nano-fil en deux couches

concentriques (core-shell nano wire) en utilisant méthodes abordables tels comme

théorie des fonctionnelles de densité dependante du temps.

Concernant les points quantiques, notre principal objectif était le développe-

ment d’approximations précises (dans le cadre de la théorie des fonctionnelles de

densité) pour décrire les structures electroniques du système. En principe, notre
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travail peut aussi être utilisé pour décrire la structure electronique de n’importe

quel type de système avec un gaz d’electrons confiné en deux dimensions (les

points quantiques font partie d’un tel type de systèmes).

Les fonctionnelles les plus réussies de la théorie des fonctionnelles de densité

ont était fondés sur les piliers d’épanouissement des conditions exactes connues

pour les fonctionnelles d’échange et correlation. Dans cette thèse, on a fixé les

fondations pour le développement des approximations plus sophistiquées pour les

fonctionnelles d’échange et correlation pour le gaz d’electrons en deux dimensions

en derivant quelques des contraintes imposés à nos approximations. Parmi les

conditions exactes qu’on a derivé, celles qui sont les plus ambitieuses sont:

• Il a été montré que la méthode de Kirzhnits, une des plus courantes façons

de calculer corrections quantiques au modèle de Thomas -Fermi pour le gaz

d’electrons en trois dimensions, ne fournit pas aucune amelioration sur le

modèle de Thomas-Fermi pour le gaz en 2D. Plus particulièrement la cor-

rection quantique à l’énergie cinetique est nulle, et la correction à l’énergie

d’échange diverge. Ce résultat est en accord avec toutes les méthodes semi-

classiques existantes pour le gaz d’electrons en 2D proposé jusqu’ici. Dans

cette thèse, on a resolu cette problème en calculant la correction quantique

à l’énergie d’échange pour le gaz d’electrons en 2D, via une expansion de

Taylor du trou d’échange (exchange hole) . Cette méthode, originalement

proposé par Becke, produit les mêmes résultats que l’expasion de Kirzhnits

pour le gaz de 3D.

• Quand on derive ces conditions on se rend compte que la restriction de

Lieb-Oxford pour le gaz d’electrons en 3D est toujours utilisée localement
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quand on derive une nouvelle approximation pour l’énergie d’échange et

correlation, laquelle est une condition beaucoup plus forte que celle qu’était

derivée originalement par Lieb and Oxford. Ici on montre que la validité

de cet argument est cassée pour toutes les 32 molécules presentes dans

l’ensemble de données curamment connue comme G1.

En utilisant les conditions exactes dérivées au cours de cette thèse, on a gravi

un échelon dans l’échelle de Jacob, l’echelon de GGA, et donc en approchant la

théorie des fonctionnelles de densité au ciel chimique, avec une précission plus pe-

tite que 1 kcal/mol. L’approximation aux fonctionnelles d’échange et correlation

proposés dans cette thèse sont les analogues en 2D de quelques des plus populaires

fonctionnelles en 3D: les fonctionnelles de Becke88, modifiée Becke86 et PBE. Les

résultats obtenus en utilisant ces fonctionnelles nous permettent d’ameliorer ap-

preciablement la précission qu’on peut obtenir en utilisant le fonctionnelle LDA

(la seule approximation existante au gaz d’electrons avec polarization de spin au

début de cette thèse).

Un aspect comun qui limite ces deux types de systèmes (nano fil et points

quantiques) est la souplesse de controler les proprietés electroniques et optiques.

Cette accordabilité des proprietés electroniques et optiques les dote d’un grand

intêret technologique, et elle est la raison de sa popularité. Les conditions exactes

presentées ici, les fonctionnelles et la compréhension du comportement de ces ap-

proximations sur un large ensemble de points quantiques sera le sujet d’un travail

qui sera réalisé plus tard comme continuation à cette thèse. Concernant aussi

les nano-fil, on pourrait utiliser la connaissance acquise pour calculer la réponse

optique de plus grands nano-fil, mais cette fois-ci en utilisant des méthodes moins

couteux tels que la theorie des fonctionnelles de densité dependante du temps.
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