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Résumé des Travaux

La théorie de la fonctionnelle de la densité dépendante du temps (TDDFT) a
été proposée en 1984 par Runge & Gross, qui ont dérivé un théorème du type
Hohenberg-Kohn pour l’équation de Schrödinger en fonction du temps. Le champ
d’application de cette généralisation de la théorie de la fonctionnelle de la den-
sité (DFT) standard inclut le calcul de spectres de photo-absorption ou, plus
généralement, l’étude de l’interaction de la matière avec des champs électromag-
nétiques, ainsi que la description des expériences de dispersion (ce problème était
d’ailleurs la motivation originale pour le travail de Runge & Gross). La rigueur
des théorèmes de Runge & Gross a permis de fonder solidement les travaux an-
térieurs de Ando et de Zangwill & Soven qui avaient résolu pour la première fois
les équations de la TDDFT.

A présent, l’application la plus populaire de cette théorie est l’extraction des
propriétés de l’état électronique excité, et en particulier des fréquences d’excitation
électroniques. En appliquant la TDDFT, après avoir déterminé l’état fondamental
d’une molécule, nous pouvons explorer et comprendre la complexité de son spec-
tre d’absorption, ayant en même temps des informations extrêmement détaillées
sur le comportement du système excité. La TDDFT a aujourd’hui un impact par-
ticulièrement fort dans le domaine de la photochimie des molécules biologiques,
où les molécules sont trop grandes pour être étudiées par des méthodes de chimie
quantique, mais aussi trop complexes pour être décrites par de simples paramètres
empiriques.

Aujourd’hui, l’usage de la TDDFT ne cesse de croître dans tous les domaines
où les interactions sont importantes, mais où la solution directe de l’équation de
Schrödinger est trop exigeante. De nouvelles et passionnantes applications com-
mencent à émerger, de l’extraction de l’énergie totale de l’état fondamental à par-
tir de la TDDFT, en passant par le calcul des propriétés de transport électron-
ique au travers de molécules individuelles, jusqu’à l’étude de de la dynamique non-
adiabatique de l’état excité et à l’interaction de molécules et solides avec des lasers
de très haute puissance. Dans chaque cas, les approximations existantes pour la
fonctionnelle d’échange et corrélation fonctionnent assez bien pour certaines pro-
priétés, mais elles se montrent insuffisantes pour d’autres. Ainsi, on poursuit
encore la recherche d’approximations plus fiables, et au fil du temps, on devrait
atteindre la même maturité qu’on trouve maintenant dans la DFT pour l’état fon-
damental.

Le présent mémoire contient une vue d’ensemble relativement condensée de la
TDDFT et de certaines de ses applications aux domaines des nanotechnologies et
de la biochimie. Celles-ci ont constitué notre principal sujet de recherche au cours
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des dernières années. Ce mémoire est organisée comme suit.
Avant d’entrer dans le domaine de la TDDFT, nous donnons un bref aperçu

des idées de base de la DFT pour l’état fondamental, qui nous permet d’introduire
quelques concepts-clés et de fixer la notation de base qui sera utilisée dans ce mé-
moire.

Le Chapitre 2 traite la théorie formelle. Nous commençons par l’exposition
des principaux théorèmes et leur démonstration, qui sera suivie par un exposé
sur les fonctionnelles d’échange et corrélation dépendantes du temps maintenant
disponibles. Ensuite, nous présentons la réponse linéaire dans la théorie de la
TDDFT, avec ses différentes formulations.

Le chapitre suivant est consacré aux problèmes numériques dans la résolution
des équations de Kohn-Sham dépendantes du temps. La technique que nous avons
choisie consiste en discrétiser l’hamiltonien sur une grille dans l’espace réel, et
en propager dans le temps réel les équations résultantes. D’autres questions très
importantes, comme par exemple la parallélisation des algorithmes, sont égale-
ment discutées. Tous les développements numériques qui sont décrits ici sont aussi
disponibles dans le logiciel libre OCTOPUS.

Dans les chapitres 4 et 5 nous présentons des applications de la TDDFT dans
le domaine de la réponse linéaire. L’objectif principal est d’obtenir des spectres
fiables (en général d’absorption) à partir de calculs de premiers principes. En
comparant ces spectres avec des courbes expérimentales, on peut normalement
déduire des informations importantes qui ne sont pas directement disponibles à
l’expérimentateur. Cela peut inclure des géométries, des états de protonation, des
abondances relatives, etc. D’autre part, la connaissance détaillée des propriétés
d’excitation électronique contribue à une meilleure compréhension des systèmes
dans leur généralité.

Le Chapitre 6 est dédié aux cruciales interactions de van der Waals et au calcul
– via la TDDFT – des paramètres qui les décrivent. Nous discutons à la fois des
interactions entre deux systèmes finis, et entre un système fini et une surface semi-
conductrice.

Le dernier chapitre est consacré aux applications de la TDDFT dans le régime
non-linéaire. Ce régime est beaucoup moins étudié que son homologue linéaire, car
il est à la fois plus compliqué théoriquement et plus difficile à traiter numérique-
ment. De plus, de nombreuses fonctionnelles d’échange et corrélation qui marchent
très bien dans le régime linéaire échouent dans ces circonstances. Néanmoins, nous
présentons plusieurs études exploratoires pour des systèmes simples.



Chapter 1

Introduction

1.1 Preliminary remarks

It was in 1964 that Hohenberg & Kohn [1] discovered that to fully describe a sta-
tionary electronic system it is sufficient to know its ground-state density. From this
quantity all observables (and even the many-body wave function) can, in principle,
be obtained. The density is a very convenient variable: it is a physical observable,
it has an intuitive interpretation, and it only depends on three spatial coordinates.
This is in contrast to the many-body wave function, which is a complex function
of 3N spatial coordinates. Hohenberg & Kohn also established a variational prin-
ciple in terms of the density by showing that the total energy can be written as a
density functional whose minimum, the exact ground-state energy of the system,
is attained at the exact density. In this way, they put on a sound mathematical
basis earlier work by Thomas [2], Fermi [3, 4], and others, who had tried to write
the total energy of an interacting electron system as an explicit functional of the
density.

Another breakthrough occurred when Kohn & Sham [5] proposed the use of an
auxiliary noninteracting system, the Kohn-Sham system, to evaluate the density
of the interacting system. Within the Kohn-Sham system, the electrons obey a
simple, one-particle, Schrödinger equation with an effective external potential, vKS.
As vKS is a functional of the electronic density, the solution of this equation has to
be performed self-consistently. The effective potential, vKS, is usually decomposed
in the form

vKS(r) = vext(r) + vHartree(r) + vxc(r) . (1.1)

The first term is the external potential (normally the Coulomb interaction between
the electrons and the nuclei), whereas the second includes the classical (Hartree)
part of the electron-electron interaction. All the complex many-body effects are con-
tained in the (unknown) exchange-correlation (xc) potential vxc. Kohn & Sham [5]
also proposed a simple approximation to vxc, the local density approximation (LDA).
This functional, that uses the knowledge of the xc energy of the homogeneous elec-
tron gas [6], turned out to be quite accurate for a number of applications, and is
still widely used, especially in solid-state physics.

The use of the density as the fundamental variable, and the construction of the
Kohn-Sham system form the basis of what became known as density functional
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theory (DFT) [7, 8, 9]. The original formulation assumed an electronic system at
zero temperature with a nondegenerate ground state, but has been extended over
the years to encompass systems at finite temperature [10], superconductors [11,
12], relativity [13, 14], etc.

An extension of somewhat different nature is time-dependent DFT
(TDDFT) [15, 16, 17, 18, 19, 20, 21]. The foundation of modern TDDFT was laid in
1984 by Runge & Gross [22], who derived a Hohenberg-Kohn like theorem for the
time-dependent Schrödinger equation. The scope of this generalization of DFT in-
cluded the calculation of photoabsorption spectra or, more generally, the interaction
of electromagnetic fields with matter, as well as the time-dependent description of
scattering experiments (which was actually the original motivation of Runge &
Gross). Again, the rigorous theorems of Runge & Gross put on a firm basis ear-
lier work by Ando [23] and by Zangwill & Soven [24] who had performed the first
time-dependent Kohn-Sham calculations.

Presently, the most popular application is the extraction of electronic excited-
state properties, especially transition frequencies. By applying TDDFT after the
ground state of a molecule has been found, we can explore and understand the
complexity of its spectrum, thus providing much more information about the sys-
tem. TDDFT is having especially strong impact in the photochemistry of biological
molecules, where the molecules are too large to be handled by traditional quan-
tum chemical methods, but are too complex to be understood with simple empirical
frontier orbital theory.

Today, the use of TDDFT is continuously growing, in all areas where interac-
tions are important but the direct solution of the Schrodinger equation is too de-
manding. New and exciting applications are beginning to emerge, from ground-
state energies extracted from TDDFT to transport through single molecules, to
high-intensity laser and non-equilibrium phenomena, to non-adiabatic excited-
state dynamics, to low-energy electron scattering. In each case, the present ap-
proximations were applied, and found to work well for some properties, but occa-
sionally fail for others. Thus the search for more accurate, reliable approximations
will continue, and over time, should attain the same maturity as present ground-
state DFT.

The present manuscript contains a fairly condensed overview of TDDFT, and
some of its applications to the fields of nanotechnology and biochemistry. These
have constitute the main research topic of the Author for the past years. The
manuscript is organized as follows.

Before entering the realm of TDDFT, we give a brief overview of the basic ideas
of ground-state DFT, that allows us to fix some basic notation that will be used in
the rest of this article, and to introduce some key concepts that will be developed
later.

Chapter 2 deals with formal theory. We start by stating the major theorems and
proofs, which is followed by an discussion on the available time-dependent density
functionals that we now have at our disposal. We then present linear response
theory within TDDFT, with its several different flavors.

The next chapter deals with the numerical problems of solving the time-
dependent Kohn-Sham equations. The technique we chose consists on the use of
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real-space grids to discretize the Hamiltonian, and real-time propagation to evolve
the time-dependent equations. Other very important issues like parallelizarion or
scalability will also be discussed. Note that all the numerical developments that
are here described are available in the open-source code OCTOPUS.

Chapters 4 and 5 deal with applications of TDDFT in the real of linear response.
The main objective of these calculations is to obtain reliable spectra (usually ab-
sorption) from calculations. By comparing these spectra with experimental curves,
one is usually able to deduce important information that is not directly available
from experiment. This can include overall geometries, protonation states, relative
abundances, etc. Also the basic knowledge of the excitation properties of the sys-
tems contributes to the better understanding of these systems.

Chapter 6 is concerned with the important van der Waals interactions, and how
to extract, from TDDFT calculations, relevant parameters to describe. We will dis-
cuss both the interaction between two finite systems, and between a finite system
and a semiconducting surface.

The final chapter is devoted to applications of TDDFT in the non-linear regime.
The non-linear regime is much less studied than its linear counterpart, as it is both
more complicated and numerically involved. Also, the existing time-dependent xc
functionals that perform so well in the linear regime often fail in these circum-
stances. Nevertheless, we present several exploratory studies for simple systems.

Hartree atomic units will be used throughout this manuscript, unless explicitly
stated.

1.2 Ground-state density functional theory

1.2.1 Basic framework

The basic quantity in quantum mechanics is the wave-function. From the wave-
function all observables of the system can be easily obtained just by taking the
expectation value of the appropriate operator. Unfortunately, the wave-function is
a rather “clumsy” quantity to work with – For a system of N electrons, the many-
body wave-function is a complex function of 3N variables (the three coordinates of
each electron, and ignoring the spin degrees of freedom). For a simple nitrogen
atom (7 electrons) this amounts to 21 coordinates. Clearly, a function of 21 coor-
dinates can not be evaluated or even stored in a modern computer. Fortunately,
an electronic quantum system can be fully described by simpler functions, like the
two-particle density matrix [25], the one-particle density matrix [26], or even by
the much simpler electronic density [1]. In the following we will be concerned with
this latter function, the density, which plays the central role in DFT.

The density can be written as the expectation value of the operator

n̂(r) = ψ̂†(r)ψ̂(r) , (1.2)

where ψ̂(r) [ψ̂†(r)] annihilates [creates] a particle at position r. With the help of
the Rayleigh-Ritz principle it is possible to prove the following three statements,
that constitute the celebrated Hohenberg-Kohn theorem [1]
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1. The electronic density of an interacting system of electrons fully and uniquely
determines the external potential, v(r), that these electrons experience and
thus the Hamiltonian, the many-body wave-function, and all observables of
the system.

2. The ground-state energy of this system can be obtained by minimizing the
total energy in terms of the density.

3. There exists a functional1 F [n] such that the total energy, E[n], can be written
in the form

E[n] = F [n] +

∫

d3r n(r)v(r) . (1.3)

The functional F is universal, in the sense that its functional dependence
on the density is the same for all systems with the same particle-particle
interaction.

While, in principle, one could work with the density alone, in practise it is favor-
able to employ an explicit spin-dependent version of DFT [27] where the total en-
ergy E and the universal functional F are explicit functionals of the spin-densities
n↓, n↑.

The Hohenberg-Kohn theorem is an existence theorem – it proves that the
ground-state of the system can be obtained from the density alone, but, unfortu-
nately, it does not teach us how to do it in practice. A practical framework was
developed by Kohn & Sham in 1965 [5]. Their idea was to construct a simple aux-
iliary system of non-interacting electrons with the same density as the interacting
system. As the Kohn-Sham system is non-interacting, its ground-state can be ob-
tained by solving the one-particle Schrödinger equation

[

−∇2

2
+ vKS[n](r)

]

ϕi(r) = ǫiϕi(r) . (1.4)

The ground-state density can then be calculated as a sum over the N lowest occu-
pied Kohn-Sham states

n(r) =
N

∑

i

|ϕi(r)|2 , (1.5)

where N is the total number of electrons. The external potential that the Kohn-
Sham electrons feel is usually separated into three parts

vKS[n](r) = vext(r) +

∫

d3r′
n(r′)

|r − r′| + vxc[n](r) . (1.6)

The first, vext(r), is the external potential (usually created by a set of nuclear
charges). Then comes the Hartree potential, which accounts for the classical part
of the interaction between the electrons. Finally, we have the xc potential, vxc[n](r),

1By “[n]” we denote a functional dependence on n.
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that includes all non-trivial many-body effects. This term can be written as the
functional derivative of an xc energy

vxc[n](r) =
δExc[n]

δn(r)
. (1.7)

Finally, the xc energy can be defined with the help of the functional F [n] introduced
in Eq. (1.3)

F [n] = Ts[n] + EHartree + Exc[n] , (1.8)

where Ts[n] is the kinetic energy of the system of non-interacting electrons, and the
Hartree energy has the definition

EHartree =
1

2

∫

d3r

∫

d3r′
n(r)n(r′)

|r − r′| . (1.9)

If we possessed the exact xc energy functional, the Kohn-Sham equations would
yield the exact density of the interacting many-body system. Unfortunately, Exc is a
very complicated quantity that has to be approximated in any practical application
of the Kohn-Sham scheme. In the following we will give a brief overview of the
different approximations to Exc that are currently available.

1.2.2 Exchange-correlation functionals

The first approximation to the xc energy functional, the so-called local density ap-
proximation (LDA), was proposed by Kohn & Sham in 1965 [5]

ELDA
xc =

∫

d3r n(r)εunifxc (n(r)) , (1.10)

where εunifxc (n) is the energy per particle of the homogeneous electron gas with (con-
stant) density n— a quantity well known from, e.g., quantumMonte-Carlo calcula-
tions [6, 28]. The LDA functional is local, i.e., the energy density at the point r only
depends on the density at that same point. By construction, one would expect the
LDA to perform well only for systems with slowly varying densities, but, in fact,
the LDA yields remarkably good results even for highly inhomogeneous systems,
like atoms or small molecules.

Next in the ladder of ever increasing complexity come the generalized gradient
approximations (GGAs) [29]. The general form of a GGA is

EGGA
xc =

∫

d3r f(n(r),∇n(r)) . (1.11)

Note that besides the local dependence on the density, the function f also depends
on the gradient of the density. For this reason, the GGA is sometimes referred to
as a semi-local approximation. In contrast to the LDA where εunifxc (n) is unique and
known to very good accuracy, the function f in the GGA is uniquely defined only
in the limit of a weakly inhomogeneous gas, i.e. in the limit where the dimension-
less density gradient ∇n/n4/3 approaches zero. In this limit, f can be expressed in
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terms of the response functions of the uniform electron gas [1]. Beyond this limit,
the common approach to obtain this function proceeds as follows: (i) The function f
is parameterized in some smart way. Sometimes the parameterization is crafted to
give the exact xc energy for some well studied system, like the uniform electron gas.
(ii) Sum rules, and some other features of the exact xc functional are used to deter-
mine the unknown parameters. (iii) If some parameters are still left unknown, fit
them to some small molecules or other physical systems.

More recently, a new class of functionals has been proposed – the meta-
GGAs [30]. Besides the usual dependence on the density and on its gradient, the
meta-GGAs require a third variable, the kinetic energy density

τ(r) =
1

2

occ
∑

i

|∇ϕi(r)|2 . (1.12)

The energy functional then takes the form

EMGGA
xc =

∫

d3r g(n(r),∇n(r), τ(r)) . (1.13)

The function g is determined in the same way as in the GGA. The extra flexibility
gained by the introduction of τ allows to improve the results obtained with the
traditional GGAs. Note that EMGGA

xc is no longer an explicit density functional,
but depends on the Kohn-Sham orbitals due to the τ dependence. The orbitals
are solutions of the Kohn-Sham equation, and therefore functionals of the Kohn-
Sham potential. This latter quantity is, by virtue of the Hohenberg-Kohn theorem,
a functional of the density which proves that EMGGA

xc is still a density functional,
although its functional dependence on the density is implicit.

Another orbital functional (or implicit density functional) that we will encounter
in the following is the exact exchange (EXX) [31, 32]. It stems from a perturbative
expansion in e2 of the xc energy (where e is the electron charge), and reads

EEXX
x [n] = −1

2

occ
∑

i,j

∫

d3r

∫

d3r′
ϕi(r)ϕ∗

i (r
′)ϕj(r

′)ϕ∗
j(r)

|r − r′| δσ,σ′ , (1.14)

where σ (σ′) denotes the spin of state i (j). This functional has exactly the same
form as the Fock term in Hartree-Fock theory. However, the functional (1.14)
should be evaluated with the Kohn-Sham orbitals – which are solutions of a Schrö-
dinger equation with a local potential – and not with the Hartree-Fock orbitals –
that stem from a free minimization of the energy in terms of the orbitals. This
subtle difference has some quite profound consequences for some systems – e.g, the
electron gas calculated with the EXX functional does not exhibit the pathologies at
the Fermi surface present in the Hartree-Fock solution.

A very important problem that affects the LDA (and most GGAs and meta-
GGAs) is the presence of a spurious self-interaction term. This problem can be
easily understood by writing the Hartree energy in terms of the orbitals

EHartree =
1

2

∑

ij

∫

d3r

∫

d3r′
|ϕi(r)|2|ϕj(r

′)|2
|r − r′| . (1.15)
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Note that the i = j term is included in the sum. This term, usually called the self-
interaction part of the Hartree energy, has a simple interpretation: It describes
the interaction of an electron with itself. It is clearly a spurious term, that should
be canceled by a similar diagonal term coming from the exchange contribution to
the energy [cf. Eq. (1.14)]. However, most approximations to the exchange energy
functional – like the LDA or the GGA – do not cancel the self-interaction part of
the Hartree energy, which leads to some well known pathologies. For example,
the exact xc potential for a neutral finite system decays asymptotically as −1/r,
while the LDA potential goes exponentially to zero. The LDA potential is conse-
quently too shallow, the Kohn-Sham eigenvalues are too small, and the system has
difficulties binding extra electrons. This problem is particularly severe when per-
forming time-dependent calculations within the LDA, for the ionization probability
is greatly overestimated.

Approximate correlation functionals may also include spurious self-interaction
terms. It is clear that for a one-particle system the correlation energy has to van-
ish. While this is true for the more recent meta-GGAs [30], the LDA and GGA
correlation functionals are not zero for one-particle systems.

In 1981, Perdew and Zunger had the idea of subtracting all these spurious self-
interaction terms from the LDA energy functional [33]. The resulting SIC func-
tional reads

ESIC
xc = ELDA

xc [n] −
∑

i

ELDA
xc

[

|ϕi|2
]

− 1

2

∑

i

∫

d3r

∫

d3r′
|ϕi(r)|2 |ϕi(r

′)|2
|r − r′| . (1.16)

The SIC is, by construction, fully self-interaction free, so the SIC potential has the
correct −1/r asymptotic behavior for neutral finite systems. However, this func-
tional suffers from a different pathology: expression (1.16) is not invariant upon
unitary transformations of the Kohn-Sham orbitals.

The success of DFT is based on the availability of increasingly accurate approxi-
mations to the xc energy functional. Currently, the most promising line of research
are orbital functionals, but the quest for still more accurate approximations con-
tinues.





Part I

Methodologies





Chapter 2

Time-dependent density functional

theory†

Ordinary DFT is concerned with systems subject to a static external potential,
which are described by the time-independent Schrödinger equation. However, there
are many situations of interest that fall outside this category. A few examples are:
an atom or a molecule under the influence of an external electromagnetic field (like
a laser field), electron or proton scattering, etc. These systems are correctly de-
scribed by the time-dependent Schrödinger equation. TDDFT is an extension of
ground-state DFT that is designed to tackle such problems from a density func-
tional perspective.

The theoretical foundations of TDDFT were laid down by Runge & Gross in
1984 [22], who proved a Hohenberg-Kohn like theorem and developed a Kohn-
Sham scheme for the time-dependent case. Although their original motivation was
the description of scattering experiments, the formalism is general enough to en-
compass other time-dependent problems. In fact, nowadays the most important
application of TDDFT is the calculation of optical absorption spectra of finite sys-
tems.

†This chapter is based on the articles:

• Time-dependent density functional theory, M.A.L. Marques and E.K.U. Gross, Annu. Rev.
Phys. Chem. 55, 427 (2004).

• Time-dependent density functional theory, M.A.L. Marques and E.K.U. Gross, in A Primer in

Density-Functional Theory, C. Fiolhais, F. Nogueira, andM.A.L. Marques (ed.), Lecture Notes
in Physics, Vol. 620, Springer, Berlin, 144-184 (2003).

• The electron gas in TDDFT and SCDFT, M.A.L. Marques and E.K.U. Gross, Proceedings
of the International School of Physics "Enrico Fermi", Course CLVII: The electron liquid

paradigm in condensed matter physics, ed. by G.F. Giuliani and G. Vignale, 127-167 (2004).
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2.1 Preliminaries

A system of N electrons subject to an arbitrary time-dependent potential obeys the
time-dependent many-body Schrödinger equation

i
∂

∂t
Ψ(r, t) = Ĥ(r, t)Ψ(r, t) , (2.1)

where Ĥ is the Hamilton operator of the system and r = (r1 · · ·rN) are the spatial
coordinates of theN electrons. The Hamiltonian is naturally decomposed into three
terms

Ĥ(r, t) = T̂ (r) + Û(r) + V̂ext(r, t) . (2.2)

The first term accounts for the kinetic energy of the electrons, while the second is
the electron-electron interaction

T̂ (r) = −
∑

i

∇2
i

2
; Û(r) =

1

2

∑

i6=j

1

|ri − rj |
, (2.3)

where the 1/2 in the definition of Û was introduced to avoid double counting. The
electrons evolve under the influence of the external time-dependent potential V̂ext.
We will be concerned with external potentials that can be written as a sum of one-
body terms

V̂ext(r, t) =
∑

i

vext(ri, t) . (2.4)

Most potentials that appear in condensed-matter physics are of this kind. For
example, a system ofNn nuclei [treated as classical particles moving on trajectories
Rν(t)] will produce the potential

vext(r, t) = −
Nn
∑

ν=1

Zν

|r − Rν(t)|
, (2.5)

where Zν denotes the charge of the nucleus ν.
Also electromagnetic fields can be easily described by (2.4). For example, if we

shine a laser beam on an electronic system, the electrons will feel the potential (in
the dipole approximation)

vext(r, t) = E f(t) sin(ωt)r · α , (2.6)

where α, ω and E are the polarization, the frequency and the amplitude of the laser,
respectively. The function f(t) is an envelope that describes the temporal shape of
the laser pulse. The dipole approximation is a commonly used approximation that
holds whenever the following conditions are true: (i) The wave-length of the light
(λ = 2πc/ω, where c is the velocity of light in vacuum) is much larger than the size
of the system; (ii) The path that the particle travels in one period of the laser field
is small compared to the wave-length. If v is the average velocity of the electrons
then vT ≪ λ ⇒ v ≪ λ/T = c, where T stands for the period of the laser. In these
circumstances we can treat the laser field as a purely electric field and completely
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neglect its magnetic component; (iii) The total duration of the laser pulse should be
short enough so that the molecule does not leave the focus of the laser during the
time the interaction lasts.

The electronic spin-density is obtained by contracting the absolute square of the
many-body wave-function

n(r, t) = N

∫

d3r2 · · ·d3rN |Ψ(r, r2, · · · , rN , t)|2 . (2.7)

With this definition, the total density n is normalized at all times to the total num-
ber of electrons, N . Another observable that we will encounter is the current den-
sity, j. It has the definition

j(r, t) =
N

2i

∫

d3r2 · · ·d3rN [Ψ∗(r, r2, · · · , rN , t)∇Ψ(r, r2, · · · , rN , t) − c.c.] . (2.8)

2.2 Basic theorems

The formal foundations of TDDFT are enclosed in the so-called Runge-Gross theo-
rem [22] – the time-dependent generalization of the Hohenberg-Kohn theorem [1]
– while the practical framework of the theory is provided by the time-dependent
Kohn-Sham scheme. One usually derives the Kohn-Sham scheme using a varia-
tional principle based on the quantum mechanical action. This has, however, to be
done with care due to problems related to causality.

2.2.1 The Runge-Gross theorem

The Runge-Gross theorem states that there exists a one-to-one correspondence
between the external potential, v(r, t), and the electron density, n(r, t) for time-
dependent systems evolving from a fixed many-body state [22, 34]. The conse-
quences of this statement are quite profound: Let us assume that we possess the
density of an electronic system. The Runge-Gross theorem assures that this infor-
mation is in principle sufficient to obtain the external potential of the system. Now,
we can insert the external potential in the time-dependent Schrödinger equation
and solve it, thereby obtaining the time-dependent many-body wave-function. As
this wave-function determines all observables of the system, we conclude that all
observables are functionals of the time-dependent density.

Note that the Runge-Gross theorem only holds for a fixed initial state, i.e., the
density functionals will depend parametrically on the initial many-body state. This
problem is absent, however, if the system departs, at t = t0, from its ground state.
By virtue of the Hohenberg-Kohn theorem, the ground state many-body wave-
function is a functional of the ground state density, i.e., n(r, t = t0). Special care
has nevertheless to be taken if, on the other hand, the system at t = t0 is in an
arbitrary many-body state (which is the case, e.g., in electron scattering) [35, 36].

In order to prove the Runge-Gross theorem, we assume that we have two sys-
tems with different time-dependent potentials,1 v and v′, differing by more than

1In the following we will use primes to distinguish the quantities of the systems with external
potentials v and v

′.
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a purely time-dependent constant, c(t). If the two potentials differ solely by a
time-dependent function, they will produce wave-functions which are equal up to a
purely time-dependent phase. This phase will, of course, cancel while calculating
the density (or any other observable, in fact). Both systems evolve from the same
many-body state, so, at t = t0 we have

|Ψ(t0)〉 = |Ψ′(t0)〉 ≡ |Ψ0〉 , (2.9a)
n(r, t0) = n′(r, t0) ≡ n0(r) , (2.9b)

j(r, t0) = j ′(r, t0) ≡ j0(r) . (2.9c)

In a first step one proves, using the equation of motion for the current density,
that two external potentials v and v′ yield different current densities j and j ′. In
a second step, the continuity equation is used to show that if two systems have
different current densities, then they must also possess different time-dependent
densities, i.e., j 6= j ′ ⇒ n 6= n′. Combining these two statements we get

v(r, t) 6= v′(r, t) + c(t) ⇒ n(r, t) 6= n′(r, t) , (2.10)

from which the Runge-Gross statement trivially follows. A detailed proof of this
important theorem can be found in Refs. [22, 20, 37]

2.2.2 Causality and the quantum mechanical action

In static quantum mechanics, the ground-state of a system can be obtained by
minimizing the total energy functional

E[Φ] = 〈Φ| Ĥ |Φ〉 , (2.11)

where Φ is an N-body function defined in some convenient space. In time-
dependent systems there can be no variational principle in terms of the total en-
ergy, for this is not a conserved quantity. It is, however, possible to cast the solution
of the time-dependent Schrödinger equation into a variational problem using the
quantum-mechanical action

A[Φ] =

∫ t1

t0

dt 〈Φ(t)| i ∂
∂t

− Ĥ(t) |Φ(t)〉 . (2.12)

It is easy to obtain two important properties of the action from its definition (2.12):
(i) From the variational equation

δA[Φ]

δ 〈Φ(t)| = 0 (2.13)

we recover the time-dependent Schrödinger equation. The function Ψ(t) that makes
the functional stationary will therefore be the solution of the time-dependent
many-body Schrödinger equation. (ii) The action vanishes at the solution point,
i.e., A[Ψ] = 0. This is, however, not necessarily the minimum value of the action.

In their seminal paper, Runge & Gross offered a derivation of the time-
dependent Kohn-Sham equations starting from the action (2.12) [22]. However, it
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was later discovered that this approach encompasses two fundamental problems.
(i) Response functions that stem from (2.12) are not causal [38, 16]. (ii) To de-
rive the variational equation one must impose two independent boundary condi-
tions on the variation, namely δΨ(t0) = δΨ(t1) = 0. It turns out that in TDDFT
these two conditions are not independent, for the value of δΨ(t1) is determined by
δΨ(t0) = 0 [39, 17]. These two problems were solved by van Leeuwen in 1998 [39].
The causality problem is circumvented by the use of the Keldysh formalism [40],
while the second problem is resolved by introducing a new action functional that
does not contain explicitly ∂/∂t

A[n] = −i ln 〈Ψ(t0)| Û(τf , τi) |Ψ(t0)〉 +

∫

C

dt

∫

d3r n(r, τ)vext(r, τ) , (2.14)

where τ stands for the Keldysh pseudo-time,
∫

C
dt is a shortcut for

∫

dτ dt/dτ , and
Û is the evolution operator of the system

Û(τf , τi) = T̂C exp

[

−i

∫ τi→τf

C

dt Ĥ(τ)

]

. (2.15)

In the last expression, T̂C denotes ordering in τ . Response functions calculated from
the action (2.14) will be time-ordered in Keldysh pseudo-time, but properly causal
in real time. We will use the action functional (2.14) to construct a Kohn-Sham
system for the time-dependent case.

2.2.3 Time dependent Kohn-Sham equations

The Runge-Gross theorem asserts that all observables of the quantum mechanical
system can be obtained from the density. Nothing is however stated on how to
calculate that quantity. For that purpose, we construct an auxiliary system of non-
interacting electrons – the Kohn-Sham system. These Kohn-Sham electrons obey
the time-dependent Schrödinger equation

i
∂

∂t
ϕi(r, t) = ĤKS(r, t)ϕi(r, t) , (2.16)

where the Kohn-Sham Hamiltonian is defined as

ĤKS(r, t) = −∇2

2
+ vKS[n](r, t) . (2.17)

The potential vKS[n](r, t) is chosen such that the density of the Kohn-Sham system,

n(r, t) =

N
∑

i

|ϕi(r, t)|2 , (2.18)

is equal to the density of the interacting system we want to study. As in ground-
state DFT, the time-dependent Kohn-Sham potential is normally written as the
sum of three terms [cf. Eq. (1.6)]

vKS[n](r, t) = vext(r, t) +

∫

d3r′
n(r′, t)

|r − r′| + vxc[n](r, t) . (2.19)
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The first term is the external potential felt by the electrons, while the Hartree
potential takes into account the classical electrostatic interaction. The third term
in (2.19), the so-called xc potential, includes all non-trivial many-body effects. It
can be written as a functional derivative

vxc(r, t) =
δAxc[n]

δn(r, τ)

∣

∣

∣

∣

n=n(r,t)

, (2.20)

where the xc part of the action is defined by

A[n] = AKS[n] − Axc[n] − 1

2

∫

C

dt

∫

d3r

∫

d3r′
n(r, τ)n(r′, τ)

|r − r′| , (2.21)

where AKS is the action functional (2.14) written for the Kohn-Sham system.

2.3 Exchange-correlation potentials

In contrast to ground-state DFT, where a plethora of approximations to the xc func-
tional exist (see Sect. 1.2.2), the development of time-dependent xc potentials is
still in its infancy. The simplest, and perhaps most widely used, functional is the
adiabatic local density approximation (ALDA)

vALDA
xc (r, t) =

∂

∂n

[

n εunifxc (n)
]

∣

∣

∣

∣

n=n(r,t)

. (2.22)

The ALDA potential is nothing more than the ground-state LDA potential evalu-
ated at each time with the density n(r, t). This functional is clearly local in space
(like the ground-state LDA), and in time.

Following the same reasoning, it is simple to recycle other ground-state xc po-
tentials for use in TDDFT. In general, we can write

vadiabaticxc [n](r, t) = ṽxc[n](r)|n=n(r,t) , (2.23)

where ṽxc[n] is some given ground-state xc functional. Clearly, vadiabaticxc [n](r, t) is lo-
cal in time (although it may be non-local in space). Naturally, the adiabatic poten-
tial will retain all the problems already present in ṽxc[n]. For example, the ALDA
potential (as well as most adiabatic GGAs and MGGAs) has the same incorrect
asymptotic behavior as the LDA potential (see Sect. 1.2.2).

A functional that does exhibit the correct asymptotic behavior is the EXX. The
EXX action is obtained by expanding Axc to first order in e2 (where e denotes the
electron charge) [39, 41]

AEXX
x = −1

2

occ
∑

j,k

∫

C

dt

∫

d3r

∫

d3r′
ϕ∗

j(r
′, τ)ϕk(r

′, τ)ϕj(r, τ)ϕ
∗
k(r, τ)

|r − r′| δσσ′ . (2.24)

The EXX is an example of an orbital dependent functional. For this class of ac-
tion functionals the calculation of the corresponding potential has to be performed
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through a series of chain rules [31, 32]. First, we use the Runge-Gross theorem to
write

vxc(r, t) =

∫

C

dt′
∫

d3r′
δAxc

δvKS(r′, τ ′)

δvKS(r
′, τ ′)

δn(r, τ)
. (2.25)

The second functional derivative on the right-hand side can be easily identified
with the inverse of the Kohn-Sham response function, χKS (see Sect. 2.4.3). Multi-
plying by χKS and applying the chain rule a second time we arrive at

∫

C

dt′
∫

d3r′ χKS(rτ, r
′τ ′)vxc(r

′, t′) =

∑

j

∫

C

dt′
∫

d3r′
[

δAxc

ϕj(r′, τ ′)

ϕj(r
′, τ ′)

δvKS(r, τ)
+

δAxc

ϕ∗
j(r

′, τ ′)

ϕ∗
j(r

′, τ ′)

δvKS(r, τ)

]

. (2.26)

The functional derivative of Axc with respect to the orbitals can be calculated di-
rectly, while δϕj(r

′, τ ′)/δvKS(r, τ) is obtained from first-order perturbation theory.
Rearranging the terms and transforming back to physical time yields the integral
equation [41]

occ
∑

j

∫

dt′
∫

d3r′ [vxc(r
′, t′) − uxc j(r

′, t′)]ϕj(r, t)ϕ
∗
j(r

′, t′)GR(rt, r′t′) + c.c. = 0 , (2.27)

where we have defined the retarded Kohn-Sham Green’s function by

iGR(rt, r′t′) = θ(t− t′)

∞
∑

k=1

ϕ∗
k(r, t)ϕk(r

′, t′) , (2.28)

and the quantity uxc j by

uxc j(r, t) =
1

ϕ∗
j(r, t)

δAxc[ϕj ]

δϕj(r, τ)

∣

∣

∣

∣

ϕj=ϕj(r,t)

. (2.29)

Note that the vxc is still a local potential in space and time, even if it is obtained
from the solution of an extremely non-local and non-linear integral equation. The
numerical implementation of (2.27) turns out to be an extremely demanding task.
It is, however, possible to obtain an approximate semi-analytical solution of (2.27)
by performing a transformation similar to the one proposed by Krieger, Lee and
Iafrate (KLI) for the static case [42, 43, 41]. The KLI potential retains the correct
asymptotic behavior of vEXXx , but becomes local in the time coordinate.

Another example of an orbital-dependent functional is the self-interaction cor-
rected local density approximation (SIC-LDA) [33]

ASIC
xc = ALDA

xc [n(r, t)] −
∑

i

ALDA
xc

[

|ϕi(r, t)|2
]

− 1

2

∑

i

∫

C

dt

∫

d3r

∫

d3r′
|ϕi(r, τ)|2 |ϕi(r

′, τ)|2
|r − r′| . (2.30)
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The first term is the LDA approximation whereas the second term subtracts the
self-interaction part of the LDA exchange-correlation functional. The last term
cancels exactly the self-interaction part of the Hartree term.

Most of the xc potentials we have presented so far are local in the time coordi-
nate. In 1997 Dobson et al. tried to go beyond this limitation by constructing an xc
potential with “memory” [44]. They assumed that, in the electron liquid, memory
resides not with each fixed point r, but rather within each separate “fluid element”.
Thus the element which arrives at location r at time t “remembers” what happened
to it at earlier times when it was at locations different from its present location r.
Furthermore, the functional satisfies both Galilean invariance [45] and Ehrenfest’s
theorem. Unfortunately, the numerical implementation of this functional is quite
complicated, and no practical applications have appeared to date.

2.4 Response theory

One of the most important applications of TDDFT is the calculation of linear ab-
sorption spectra. In this case, the external time-dependent field (the electromag-
netic field) is “weak”, so we can use linear-response theory to circumvent the solu-
tion of the time-dependent Kohn-Sham equations.

2.4.1 Relation between theory and experiment

Photoabsorption

When a nanostructure interacts with an applied time-dependent electric field
characterized by an external potential vext(r, ω) the external field induces a time-
dependent perturbation of the electron density δn(r, ω). We work in the longitudi-
nal gauge, and neglect magnetic and current-induced effects. In the linear response
regime, the dynamical susceptibility χ(r, r′, ω) is given by

δn(r, ω) =

∫

d3r′ χ(r, r′, ω)vext(r
′, ω) . (2.31)

From the value of δn(r, ω), it is straightforward to calculate the induced dipole
moment (in the case of a dipolar field). The dynamical polarizability α(ω), which
is the ratio between the induced dipole moment and the magnitude of the applied
electric field E0, then becomes

α(ω) =
e

E0

∫

d3r vext(r)δn(r, ω) . (2.32)

Absorption of light can be viewed as a dissipation process induced by the elec-
tronic excitations: δn(r, ω) develops an imaginary part that represents the power
absorption of the system. By applying Fermi’s Golden Rule, one obtains the pho-
toabsorption cross section:

σ(ω) =
4πω

c
Imα(ω) , (2.33)
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where Imα(ω) is the imaginary part of the dynamical polarizability and c is the
velocity of light. The integral of the photoabsorption cross section leads to the well-
known dipole sum rule (or Thomas-Reiche-Kuhn sum rule)

∫ ∞

0

dω σ(ω) =
2π2 e2

mc
Z , (2.34)

where m is the electronic mass, Z is the total number of electrons taking part in
the collective motion. Another widely used quantity is the strength function S(ω),
which is connected to α(ω) by 2

S(ω) =
2m

~2

∑

n

δ(ω − ωn)
∣

∣

∣
〈n|Q̂|0〉

∣

∣

∣

2

=
2mImα(ω)

π~2
. (2.35)

The sum (an integral in the case of a continuum spectrum) extends over all the
excited “many-body” states of the system |n〉. Furthermore, |0〉 denotes the ground
state, ωn are the excitation frequencies, and the operator Q̂ represents the external
field acting on the system (in what follows we will concentrate on dipolar excita-
tions).

Several experimental techniques can be used to extract optical spectra of
nanostructures, such as near-field optical microscopy, photoelectron spectroscopy,
scanning tunnelling spectroscopy, or photoluminiscence. For the case of simple
metal clusters a different method has been employed to measure photoabsorp-
tion [49, 50, 51]. It is based on the fact that the clusters warm up and fragment
upon absorption of light: the ratio between the number of clusters of a given size
arriving at the detector with and without light is then proportional to the absorp-
tion cross section. In the case of metallic clusters, the process responsible for the
fragmentation is the excitation of a collective mode, the so-called surface plasmon.
All valence electrons participate in this collective resonance, moving back and forth
uniformly against the positive ionic background [46, 47, 48, 52]. For sodium clus-
ters, for example, the excitation energy of the surface plasmon is about 3 eV.

Beyond linear response

An applied electric field E displaces the bound charges of a dielectric medium cre-
ating internal dipole moments which give rise to additional lines of electric induc-
tion. The optical properties of a material are mainly determined by the electronic
contribution to the polarization. In linear, isotropic dielectrics the polarization is
proportional and parallel to the applied field, E ,

P = χǫ0E . (2.36)

However, in general dielectrics are not isotropic and the polarization has a non-
linear dependence on the electric field. The induced polarization can thus be ex-
pressed as the sum:

Pi =
ǫ0
1!
χ

(1)
ij Ej +

ε0

2!
χ

(2)
ijkEjEk +

ε0

3!
χ

(3)
ijklEjkl + · · · , (2.37)

2This is not the usual definition of the strengh function in Ref. [46, 47, 48]. The difference is a
2m

~2 factor that we have added to get the oscillator strength of transition. This factor is such that
summed over all transitions gives the total number of electrons in the system.
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where χ(n) is the susceptibility of order n written as a tensor of order n + 1 with
ijkl cartesian subscripts. For individual molecules, the susceptibilities χ(n) are nor-
mally replaced by the polarizability α, hyperpolarizability β, second hyperpolariz-
ability γ, etc, also tensor quantities

Pi = µ+
αij

1!
Ej +

βijk

2!
Ejk +

γijkl

3!
Ejkl + · · · . (2.38)

As mentioned above, if the molecular interactions are neglected, the susceptibility
tensors of a solid can be calculated as weighted averages of the molecular polariz-
abilities. In this way, χ(1) is a linear combination of the values of α, χ(2) is a linear
combination of the values of β, and so on.

Until now we have considered static polarizabilities, i.e., the response of the
system to a static electric field. However, nonlinear optical properties are often the
result of oscillating electric fields. These can be, for example, generated by an inci-
dent laser beam. Dynamical hyperpolarizabilities are notoriously more difficult to
calculate than their static counterparts, so often they are estimated from the values
of the static hyperpolarizabilities by applying an experimentally determined cor-
rection factor. However, it is possible to calculate these quantities directly without
resorting to empirical corrections. For that, we need to work on a time-dependent
framework (like time-dependent Hartree-Fock or TDDFT). In this framework, we
consider a time dependent electric field, written as an expansion in the frequency
domain

E(r, t) =

∫ +∞

−∞

dω e−iωtE(r, ω); E∗(r, ω) = E(r, ω) . (2.39)

Similarly the polarization P(r, t) and the dynamical nonlinear optical susceptibility
tensors χ(n)(−ωσ;ω1 · · ·ωn) can be written in the frequency domain. The Fourier
components of the polarization at frequency ω can be expanded as a power series
in the fields so that

P(r, ω) =
∞

∑

n=0

P
(n)(rω) , (2.40)

with

P (n)
µ (r, ωσ) =

ε0

n!

∑

α1···αn

∫

dω1 · · ·dωn χ
(n)
µα1···αn

(−ωσ;ω1 · · ·ωn)

Eα1(r, ω1) · · ·Eαn
(r, ωn)δ(ωσ − ω1 · · · − ωn) , (2.41)

where µ, α1, · · · , αn represent Cartesian subscripts (x, y, z). The linear dielectric
constant, ε(1)(ω) is related to the first order susceptibility by

ε(1)
να1

(ω) = 1 + 4πχ(1)
να1

(ω) (2.42)

The expressions above allow some considerations about the hyperpolarizabili-
ties. In a molecule with a center of inversion, or in a centrosymmetric crystal, the
even order polarizabilities and susceptibilities vanish due to symmetry relations.
On the other hand, molecules with a large dipole moment and an easily polarizable
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electronic density will have large hyperpolarizabilities. This is the case of many or-
ganic systems with electron-donating and electron-acceptor groups at opposite ends
of a conjugated π electron bridge. In these highly nonlinear dipolar materials, the
component of the first hyperpolarizability tensor parallel to the one dimensional
intramolecular charge transfer axis becomes predominant.

There are different nonlinear optical phenomena in which several incoming
photons with frequencies (ω1, · · · , ωn) result in an exiting photon with frequency
ωσ. These processes are usually denoted (ωσ;ω1, · · · , ωn). As the system returns
to the ground-state after emitting the photon, conservation of energy tells us that
ωσ = ω1 + · · · + ωn. Different nonlinear optical properties correspond to differ-
ent combinations of these frequencies. For example, second harmonic generation
corresponds to (−2ω;ω, ω) and can be computed from the appropriate frequency-
dependent terms of the hyperpolarizability βijk(−2ω;ω, ω); The electro-optical Pock-
els effect corresponds to (−ω;ω, 0); third harmonic generation is determined by
γijkl(−3ω;ω, ω, ω), and so on.

We must notice that there are several conventions for the definition of the (hy-
per)polarizabilities, which are conveniently detailed in Ref. [53]. In this work we
follow convention AB (where the prefactors 1/n! are explicitly included in Eq. (2.37),
that appears to be the most used by the theoretical community. In the following,
all referenced values have been converted to this convention.

2.4.2 Time propagation

It is clear that the time-dependent Kohn-Sham equations given by 2.16 contain the
response of the system to linear in the external potential (in fact, to all orders). It
is therefore possible to obtain linear response quantities, like the optical absoption
spectrum of the system, by adding a perturbing field to the Kohn-Sham potential,
and by propagating Eq. 2.16 in time. In the following we retrict the formalism to
electric response, but the framework is quite general and can be applied to other
perturbations and higher order responses.

We follow the scheme proposed by Yabana and Bertsch in Refs. [54, 55, 56, 57,
58], and excite all frequencies of the system by giving some small momemtum κ in
the direction xj to the electrons. This is achieved by transforming the ground-state
Kohn-Sham wave-functions according to:

ϕ(r, δt) = eiκxjϕ(r) , (2.43)

and then propagating these wave-functions for some (finite) time (see Sect. 3.5).
The dynamic polarizability, α(ω), is essentially the Fourier transform of the dipole
moment of the system

αij(ω) = −δ〈X̂i〉(ω)

κ
= −1

κ

∫

d3r xi δn(r, ω) =

−1

κ

∫

dt

∫

d3r xi δn(r, t)e−iωt (2.44)
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2.4.3 The response function

Let us assume that a system is in its ground state, described by the many-body
wave-function |Ψ0〉. At t = t0 we perturb the system by applying a (infinitesimally)
small time-dependent perturbation, δv(r, t). The linear change in the density is
then

δn(r, t) =

∫

dt′
∫

d3r′ χ(rt, r′t′)δv(r′, t′) . (2.45)

The function χ is the so-called linear density-density response function. A simple
calculation shows that χ can be written as the expectation value of the commutator
of two density operators [59, 60]

iχ(rt, r′t′) = θ(t− t′) 〈Ψ0|
[

n̂H(r, t), n̂H(r′, t′)
]

|Ψ0〉 , (2.46)

where n̂H is the density operator in the Heisenberg representation. Note that the
factor θ(t − t′) ensures that the response function is properly causal. By inserting
the completeness relation 1 =

∑

m |Ψm〉 〈Ψm| into (2.46) and Fourier transforming
into frequency space we obtain the Lehmann representation of the density response
function

χ(r, r′, ω) = lim
η→0+

∑

m

[〈0| n̂(r) |m〉 〈m| n̂(r′) |0〉
ω − (Em − E0) + iη

− 〈0| n̂(r′) |m〉 〈m| n̂(r) |0〉
ω + (Em − E0) + iη

]

, (2.47)

where η is a small positive infinitesimal, and Em is the energy of the mth many-
body state. This representation is particularly elucidative: as a function of fre-
quency, χ will have poles at the true excitation energies of the system, Ω = Em−E0.
To find these excitation energies we can therefore search for the poles of χ.

Expression (2.47) can be quite simplified if the system is non-interacting. In
this case, only a few Slater determinants 〈Ψm| contribute to χs. These involve the
excitation of a single particle from an occupied state to an unoccupied state. The
non-interacting response function then reads

χs(r, r
′, ω) =

∞
∑

jk

(fk − fj)
ϕj(r)ϕ∗

j(r
′)ϕk(r

′)ϕ∗
k(r)

ω − (ǫj − ǫk) + iη
, (2.48)

where fk denotes the occupation of the state k. As expected, χs has poles at the dif-
ference of the single-particle eigenvalues, ǫj − ǫk, which are the excitation energies
in the non-interacting system.

TDDFT provides a very elegant method to evaluate the response function for
the interacting system. By construction, the time-dependent Kohn-Sham system
has the same density as the interacting system. We can therefore calculate the
linear change of the density using the Kohn-Sham electrons

δn(r, t) =

∫

dt′
∫

d3r′ χKS(rt, r
′t′)δvKS(r

′, t′) . (2.49)

Note that the Kohn-Sham system is a non-interacting system of electrons, so its
response function, χKS, will have the form (2.48). Using the definition of the Kohn-
Sham potential, Eq. (2.19), we can deduce

δvKS(r, t) = δv(r, t) +

∫

d3r′
δn(r′, t)

|r − r′| +

∫

dt′
∫

d3r′ fxc(rt, r
′t′)δn(r′, t′) , (2.50)
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where we have introduced the xc kernel

fxc[nGS](r, r
′, t− t′) =

δvxc[n](r, t)

δn(r′, t′)

∣

∣

∣

∣

n=nGS

, (2.51)

where the functional derivative is evaluated at the ground-state density, nGS(r).
Combining the previous results, we can obtain a Dyson-like equation for the re-
sponse function

χ(rt, r′t′) = χKS(rt, r
′t′)

+

∫

d3x

∫

d3x′
∫

dτ

∫

dτ ′χKS(rt,x, τ)

[

δ(τ − τ ′)

|x − x′| + fxc(xτ,x
′τ ′)

]

χ(x′τ ′, r′t′) . (2.52)

The previous equation is a formally exact representation of the density response
of the interacting system. We note that by taking fxc = 0 we recover the random
phase approximation (RPA) to the response function.

2.4.4 The poles of the response function

The response equation is an integral equation that has to be solved self-
consistently. Furthermore, one of the ingredients of (2.52) is the Kohn-Sham re-
sponse function, χKS, which is usually obtained though a sum over all (occupied and
unoccupied) states [cf. eq. (2.48)]. This summation usually converges quite slowly
and requires the inclusion of many unoccupied states. However, for a system with a
discrete spectrum of excitations it is possible to transform (2.52) into an eigenvalue
equation for the excitation energies that circumvents these problems [61, 62, 63].

By writing (2.52) in frequency space and rearranging the terms, we can obtain
the fairly suggestive equation

∫

d3r′ [δ(r − r′) − Ξ(r, r′, ω)]χ(r′, r′′, ω) = χKS(r, r
′′, ω) , (2.53)

where the function Ξ is defined by

Ξ(r, r′, ω) =

∫

d3r′′ χKS(r, r
′′, ω)

[

1

|r′′ − r′| + fxc(r
′′, r′, ω)

]

. (2.54)

As noted in the previous section, the interacting response function, χ, has poles at
the true excitation energies of the system, Ω, while the Kohn-Sham response func-
tion has poles at the difference of Kohn-Sham eigenvalues. For the equality (2.53)
to hold, it is therefore required that the operator δ(r − r′)−Ξ has zero eigenvalues
at the excitation energies Ω, i.e., λ(ω) → 1 when ω → Ω, where λ(ω) is the solution
of the eigenvalue equation

∫

d3r′ Ξ(r, r′, ω)ξ(r′, ω) = λ(ω)ξ(r, ω) . (2.55)

Using this equation we can determine the excitation energies of a finite system
from the knowledge of χKS and fxc. After some algebra [64] it is possible to trans-
form (2.55) into another eigenvalue equation having the true excitation energies as
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eigenvalues
∑

j′k′

[δjj′δkk′ ωjk + (fk′ − fj′)Kjk,j′k′(Ω)] βj′k′ = Ωβjk , (2.56)

where ωjk = ǫj − ǫk, and

Kjk,j′k′(ω) =

∫

d3r

∫

d3r′ ϕ∗
j(r)ϕk(r)

[

1

|r − r′| + fxc(r, r
′, ω)

]

ϕj′(r
′)ϕ∗

k′(r′) . (2.57)

If the excitation is well described by a single particle transition, we can neglect the
off-diagonal terms of Kjk,j′k′ to obtain the single-pole approximation (SPA) to the
excitation energies [61]. For a spin-unpolarized system it reads

Ωsinglet = ω12 + ReK12,12 . (2.58)

By performing the derivation including explicitly the spin-coordinates, we can also
arrive at a similar expression to the triplet excitation energies:

Ωtriplet = ω12 + Re [K12↑,12↑ −K12↑,12↓] . (2.59)

In the SPA the Coulomb and fxc contributions to the excitation energies appear as
a simple additive correction. Furthermore, the SPA is able to describe properly
the spin-multiplet structure of an otherwise spin-unpolarized system due to the
spin-dependence of the xc kernel. Several calculations for the lowest excitation
energies of atoms and molecules have been performed within this formalism with
quite good results [61, 65, 66]. Further results on the SPA, including a discussion
on why, and under which circumstances, the SPA is a good approximation can be
found in Refs. [67, 68].

There is another way of transforming (2.52) into an eigenvalue equation [62, 63].
The starting point is the parameterization of the linear change of the density

δn(r, ω) =
∑

ia

[ξia(ω)ϕ∗
a(r)ϕi(r) + ξai(ω)ϕa(r)ϕ∗

i (r)] , (2.60)

where i labels an occupied and a a virtual state. Inserting this expression in the
linear response equation, and after some algebra, it is possible to cast the problem
of determining the excitation energies into the pseudo-eigenvalue problem

∑

a′i′

[

δaa′δii′(ǫj − ǫk)
2 + 2

√
ǫa − ǫiKai,a′i′(Ω)

√
ǫa′ − ǫi′

]

βa′i′ = Ω2βai . (2.61)

The eigenvalues of this equation are the square of the excitation energies, while
the eigenvectors can be used to calculate the oscillator strengths [62, 63].

2.4.5 Sternheimer equation

We are concerned with external potentials that are the sum of a time-independent
part, typically created by a set of nuclei, and a monochromatic electric field
vfield(r, t) =

∑3
i=1 λi ri cos (ωt). If we assume that the magnitude of λ is small, we
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can use perturbation theory to expand the Kohn-Sham wave-functions in powers
of λ. The first order term reads

ϕm(r, t) = e
−i

“

ǫm+
P3

i=1 λiǫ
(1)
m i

”

t
{

ϕ(0)
m (r) +

1

2

3
∑

i=1

[

λie
iωtϕ

(1)
m, i(r, ω) + λie

−iωtϕ
(1)
m, i(r,−ω)

]

}

,

(2.62)
where ϕ(0)

m (r) are the wave functions of the static Kohn-Sham Hamiltonian H(0)

obtained by taking λ = 0
H(0)ϕ(0)

m (r) = ǫmϕ
(0)
m (r) , (2.63)

and ϕ
(1)
m, i(r, ω) are the first order variations of the time-dependent Kohn-Sham

wave-functions. From (2.62) and the definition of the time-dependent density
Eq. (2.18), we can obtain

n (r, t) = n(0) (r) +
1

2

3
∑

i=1

[

λie
iωtn

(1)
i (r, ω) + λie

−iωtn
(1)
i (r,−ω)

]

}

, (2.64)

with the definition of the first-order variation of the density

n
(1)
i (r, ω) =

occ.
∑

m

{

[

ϕ(0)
m (r)

]∗
ϕ

(1)
m, i(r, ω) +

[

ϕ
(1)
m, i(r,−ω)

]∗

ϕ(0)
m (r)

}

. (2.65)

By replacing the expansion of the wave-functions (2.62) in the time-dependent
Kohn-Sham equation (2.16), and picking up the first order terms in λ, we arrive at
a Sternheimer equation for the variations of the wave functions

{

H(0) − ǫm ± ω + iη
}

ϕ
(1)
m, i(r,±ω) = −P̂cH

(1)
i (±ω)ϕ(0)

m (r) , (2.66)

with the first order variation of the Kohn-Sham Hamiltonian

H
(1)
i (ω) = ri +

∫

d3r′
n(1)(r′, ω)

|r − r′| +

∫

d3r′ fxc(r, r
′)n(1)(r′, ω) , (2.67)

where P̂c is the projector onto the unoccupied subspace. The effect of this pro-
jector is to make zero the components of ϕ(1)

m, i(r,±ω) in the subspace of the occu-
pied ground state wavefunctions. In linear response, these components do not con-
tribute to the variation of the density,3 therefore we can safely ignore the projector.
This is important for large systems as the cost of the calculation of the projections
scales quadratically with the number of orbitals.

The first term of H(1)
i (ω) comes from the external perturbative field, while the

next two represent the variation of the Hartree and exchange-correlation potentials
(cf. Eq.(2.51)). In the previous equations we made use of the adiabatic approxima-
tion to write fxc as a frequency independent quantity. Equations (2.65) and (2.66)
form a set of self-consistent equations for linear response, that only depend on the
occupied ground state orbitals.

3This is straightforward to prove by expanding the variation of the wavefunctions in terms of the
ground state wavefunctions, using standard perturbation theory, and then replacing the resulting
expression in the variation of the density [Eq. (2.65)].
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Note that we included in Eq. (2.66) a positive infinitesimal η. This term is
essential to obtain the correct position of the poles of the causal response function,
and therefore to obtain the imaginary part of the polarizability. Furthermore, using
a small, but finite, η allows us to solve numerically the Sternheimer equation close
to resonances, as it removes the divergences of this equation.

By following the same kind of reasoning, we can arrive at a hierarchy of Stern-
heimer equations for the higher order terms in λ. These will be needed for the
calculation of γ, the second order hyperpolarizability, or higher order hyperpolariz-
abilities [69].

Polarizability

If we replace expression (2.65) in Eq. (2.32), we can obtain a formula for the polar-
izability in terms of the variation of the density

αij(ω) =

∫

d3r n
(1)
j (r, ω)ri . (2.68)

First hyperpolarizability

If for the dynamic hyperpolarizabilities we follow the same procedure as before, we
get an expression in terms of the second order variation of the density that requires
the evaluation of higher order variations of the wave functions. However, it is
possible to get the first hyperpolarizability directly from the first order variations
by means of the 2n+1 theorem. This theorem states that the nth order variations of
the wave functions are enough to obtain the 2n+1 derivatives of the energy [70, 71].
This theorem can be expanded to the dynamic case and allows us to write the first
hyperpolarizability β in terms of the first order variations of the wave functions.
After some algebra, we arrive at [72]

βijk(−ω1;ω2, ω3) = −4
∑

P

∑

ζ=±1

{

occ
∑

m

∫

d3r ϕ
(1)∗
m, i (r,−ζω1)H

(1)
j (ζω2)ϕ

(1)
m, k(r, ζω3)

−
occ
∑

m,n

∫

d3r ϕ(0)∗
m (r)H

(1)
j (ζω2)ϕ

(0)
n (r)

∫

d3r ϕ
(1)∗
n, i (r,−ζω1)ϕ

(1)
m, k(r, ζω3)

− 2

3

∫

d3r

∫

d3r′
∫

d3r′′Kxc(r, r
′, r′′)n

(1)
i (r, ω1)n

(1)
j (r′, ω2)n

(1)
k (r′′, ω3)

}

. (2.69)

where the first sum is over the permutations P of the pairs (i,−ω1), (j, ω2), and
(k, ω3) and the exchange-correlation kernel, written in the adiabatic approximation,
reads

Kxc(r, r
′, r′′) =

δ2vxc(r)

δn(r′)δn(r′′)

∣

∣

∣

∣

n=n(0)

. (2.70)

The first hyperpolarizability tensor has 27 components and is in general non-
symmetric. The quantity that is experimentally most relevant is

β‖ =
1

5

3
∑

i=1

(βzii + βizi + βiiz) (2.71)
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Where z is oriented in the direction of the dipole moment of molecule. Sometimes
the equivalent quantity βvec = βz = 5/3 β‖ is used.

2.4.6 Approximations to the exchange-correlation kernel

The xc kernel is an essential ingredient of Kohn-Sham linear response theory, as it
includes all non-trivial many-body effects beyond the simple RPA. Furthermore, its
functional dependence on the density is universal, i.e., fxc is the same for a helium
atom, a benzene molecule, or a jellium sphere. It is obviously impossible to obtain
the exact xc kernel – it would imply solving the general many-body problem – but
several approximations to fxc have appeared in the literature over the years.

A large number of functionals use information about the xc kernel of the uni-
form electron gas, funif

xc , to construct an approximate fxc for inhomogeneous systems.
As the electron gas is translationally invariant in space, funif

xc is not a function of
r and r′ separately, but only depends on their difference, r − r′. Moreover, due
to translation invariance in time, the xc kernel (both for the electron gas and for
inhomogeneous systems) is a function of the difference of times, t− t′. In this case,
it is often convenient to work in Fourier space, and look at funif

xc as a function of
momentum q and frequency ω. Furthermore, the xc kernel of the uniform gas is a
function of the density, i.e., funif

xc (q, ω, n).
The simplest approximation for fxc is the adiabatic local density approximation

(ALDA)
fALDA
xc (r, r′, ω) = δ(r − r′)funif

xc (q → 0, ω = 0, n)
∣

∣

n=n(r)
. (2.72)

The zero momentum limit at zero frequency of the xc kernel for the uniform gas is
simply given by

lim
q→0

funif
xc (q, ω = 0) =

d2

dn2

[

n εunifxc (n)
]

. (2.73)

Note that the ALDA kernel is local both in time (for it is frequency independent),
and in space. Surprisingly, and despite being such a crude approximation, the
ALDA approximation yields very good results for a large variety of atoms and
molecules (see Chapters 4 and 5). In fact, we could expect that the total neglect of
the frequency dependence of the kernel would lead to poor excitation energies. This
apparent paradox can be understood to some extent by looking at the frequency de-
pendent fxc of the electron gas in the long wave-length limit, funif

xc (q = 0, ω) [73].
While the ALDA kernel is a fairly good approximation to funif

xc (q = 0, ω) at low
frequency or for systems with high densities, it completely fails to reproduce the
strong frequency dependence of funif

xc (q = 0, ω) for low densities. The ALDA yields
such good excitation energies, even at high frequencies, because excitations at
these high frequencies are usually connected to regions of space with a high density
of electrons, where the ALDA becomes again a good approximation.

It is straightforward to use the frequency dependent funif
xc (q = 0, ω) [73] to con-

struct a dynamical local density approximation (DLDA) to fxc for inhomogeneous
systems

fDLDA
xc (r, r′, ω) = δ(r − r′)funif

xc (q = 0, ω, n)
∣

∣

n=n(r)
. (2.74)
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This functional was used by Dobson et al. to calculate a multipole surface plasmon
mode for a neutral Al jellium surface [74]. The shift in frequency of the mode,
compared to the usual ALDA results, was about 3%, but there was a 20% increase
in the damping.

Several approximations to the xc kernel of the homogeneous electron gas as a
function of q have been proposed. This function can also be used to construct an xc
kernel for inhomogeneous systems

fxc(r, r
′, ω) = funif

xc (r − r′, ω, n)
∣

∣

n=ñ(r,r′)
, (2.75)

with some conveniently chosen function ñ(r, r′). Now, the problem is which density
should be used to evaluate funif

xc , or, in other words, how to determine the best func-
tion ñ. There are several obvious choices, like n(r), n(r′), the arithmetic average,
[n(r) + n(r′)] /2, the geometrical average,

√

n(r)n(r′), etc.
A similar, but simpler, approach is to seek a local density approximation for the

response function of the interacting system, rather than merely for the xc kernel.
The first step towards such an approximation was given by Chakravarty et al., who
proposed the form [75]

χ(r, r′, ω) ≈ χunif(r − r′, ω, n)
∣

∣

n=n(r)
, (2.76)

where χunif is some suitable approximation to the response function of the homoge-
neous electron gas. A more symmetric expression was later used to study equations
of state for molecular and metallic hydrogen [76]

χ(r, r′, ω) ≈ χunif(r − r′, ω, n)
∣

∣

n= 1
2
[n(r)+n(r′)]

. (2.77)

Several more complicated approximations have already been tried. For a jellium
slab Dobson & Harris found that the best choice was to use the mean-density
ansatz [77]

ñα(z, z′) =
1

z′ − z

∫ z′

z

dz′′ nα(z′′) , (2.78)

where z is the coordinate perpendicular to the slab.
There are other approximations to the xc kernel that do not use information

stemming from the electron gas. In 1996 Petersilka et al. proposed the kernel [61]

fPGG
x (r, r′, ω) = −1

2

1

|r − r′|

∣

∣

∑occ
k ϕk(r)ϕ∗

k(r
′)
∣

∣

2

n(r)n(r′)
, (2.79)

which can be derived from a simple analytical approximation to the EXX poten-
tial [61]. This approximation, called the Slater approximation in the context of
Hartree-Fock theory, only retains the leading term in the expression for EXX. The
PGG kernel is again frequency independent, but has a rather non-local spatial de-
pendence. Recently, Burke et al. proposed to combine the PGG kernel with the
ALDA in an attempt to improve excitation energies [78].

Other kernels have been proposed in the literature, mainly to cope with deficien-
cies of the usual local approximations to describe the optical response properties of
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solids. One path was started in Ref. [79, 80] in which the kernel was derived by
imposing the TDDFT kernel to be static and equal, in the Bloch representation,
to the screened coulomb interaction [79, 81]. It is assumed that the Kohn-Sham
wavefunctions coincide with the quasiparticle ones. Important excitonic effects for
semiconductors are already obtained by using only the static long-range term

∆fxc(q,G,G′) = −δG,G′

α

|q + G|2 , (2.80)

where α is a numerical constant [79]. On similar grounds, the work of Ref. [82] has
developed a robust and efficient frequency dependent and non-local fxc imposing
TDDFT to reproduce the many-body diagrammatic expansion of the Bethe-Salpeter
polarization function. In contrast to previous works a closed-perturbative expan-
sion of the kernel is provided that is of general applicability. The results for the
optical and electron energy-loss spectra of wide-band gap insulators (LiF, SiO2 and
diamond) with strong excitonic effects are very well reproduced. Both spatial non-
locality and frequency dependence of the kernel are important in order to properly
describe excitonic effects.

Finally, we would like to mention the work by Tokatly & Pankratov, who used a
many-body diagrammatic technique to derive an expression for the xc kernel [83].
Moreover, they also showed that the spatial non-locality of the xc kernel is strongly
frequency dependent, especially in extended systems in the vicinity of the excita-
tion energies.





Chapter 3

Numerics†

In this Chapter we will detail the numerical techniques that we use in order to
solve the equations stemming from TDDFT, either in the linear or the non-linear
regime (including time propagation). We will place special emphasis in either new
or unusual algorithms. Note that all these techniques have been implemented,
and are currently available, in the computer code OCTOPUS. This is a free code,
licensed under the GPL version 2, and it can be obtained at http://www.tddft.
org/programs/octopus.

3.1 Generalities

OCTOPUS is intended as a general-purpose tool for the study of time-dependent
processes, both in the linear and non-linear regimes. It solves the time depen-
dent Kohn-Sham equations in real time, by discretizing all quantities in real
space [84, 85, 86, 87, 88, 54, 55, 56, 57, 58, 89, 90, 91]. This methodology has al-
ready proved to be a very powerful technique, yet its greatest attractiveness resides
in its conceptual simplicity. Furthermore, OCTOPUS makes use of norm-conserving
pseudopotentials to describe the electron-ion interaction, which are indispensable
to reduce the computational burden. Electromagnetic fields are treated classically
and the nuclei are considered to be classical point particles. The electronic wave
functions are propagated with a nearly unitary scheme. The present version can
be used to study both one, two, and three dimensional finite and periodic systems.
Modern workstations should be able to handle molecules of hundreds of atoms,
which is enough, for example, to treat chromophores in proteins (using QM/MM
techniques1). Some physical properties obtainable with the program are:

†Part of this chapter is based on the articles:

• octopus: a first-principles tool for excited electron-ion dynamics, M. A. L. Marques, A. Castro,
G. F. Bertsch, and A. Rubio, Comput. Phys. Commun. 151, 60 (2003).

• octopus: a tool for the application of time-dependent density functional theory, A. Castro, H.
Appel, M. Oliveira, C. A. Rozzi, X. Andrade, F. Lorenzen, M. A. L. Marques, E. K. U. Gross,
and A. Rubio, Phys. Stat. Sol. (b) 243, 2465 (2006).

1In this case, part of the system is treated within quantum mechanics whereas the rest of the
protein and solvent are treated as classical fields [92].
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• Linear and non-linear optical (i.e. electronic) response of molecules or clus-
ters.

• Non-linear response to classical high-intensity electromagnetic fields, taking
into account both the ionic and electronic degrees of freedom.

• Ground-state and excited state electronic properties of systems with lower
dimensionality, such as quantum dots.

• Photo-induced reactions of molecules (e.g., photo-dissociation, photo-
isomerization, etc).

• In the immediate future, electronic transport within TDDFT.

The code is freely available from http://www.tddft.org/programs/
octopus/. The reader is also referred to the web site to obtain more information,
updated documentation, examples, new versions, etc.

3.1.1 Grids

All quantities are usually represented in an uniform grid in real space. More so-
phisticated discretizations have been proposed in the literature (like the adaptative
grid method [93, 94]), and will be discussed in Sect. 3.2. The simulation region can
take the shape of a sphere, a cylinder, a parellelepiped, or the union of spheres
centered in each atom. In some cases, the user can select to have different mesh
spacings in each of the spatial directions (useful e.g. for quasi two-dimensional
quantum dots). Since the wave functions are sensitive to the boundaries, these
must be placed at least some Ångströms away from the molecule or cluster.

To profit from the short range of the Kleynman-Bylander projectors (see
Sect. 3.1.5), we store them in small spheres centered around each atom. The typical
number of points contained in those spheres is a couple of hundred. This number
effectively determines the sparseness of the Hamiltonian matrix.

The Laplacian operator is discretized at the grid points ri using a finite-order
rule:

∇2ϕ(ri) ≈
∑

j

cjϕ(rj) . (3.1)

Normally OCTOPUS uses a 9-point rule, although the user can change this setting
in the input file. The expansion coefficients cj are generated, to the desired order,
following an algorithm developed in Ref. [95].

The electronic ground-state is obtained through the self-consistent solution of
the Kohn-Sham equations. The starting trial wave-functions may be generated
randomly or obtained through a simple LCAO calculation. In the latter case, the
Hamiltonian is built using a minimum basis set of atomic pseudo-wave functions.
This turns out to be a good starting point for the self-consistent cycle. The proce-
dure could be refined by improving on the quality of the basis set.
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3.1.2 Eigensolvers

Once we know how to construct the real-space representation of the Hamiltonian
for a “trial” density n (or, in fact, for a trial set of KS orbitals ϕi from which the
density is generated), we are faced with the problem of solving the Kohn-Sham
equations (1.4) for the N lowest lying eigenpairs of this Hamiltonian operator. In
real space this amounts to the solution of an eigenproblem for large sparse matrices
(sometimes of the order of 107×107). The literature in this field is abundant [96, 97],
and we have tried several schemes in OCTOPUS. The following are available in the
current version of the code: conjugate-gradients based schemes [98, 99], Lanczos-
based algorithms [100, 101, 102] and the Jacobi-Davidson procedure [103].

3.1.3 Mixing

We are left with the mixing of the density, which is essential for the convergence
of the self-consistent procedure. For that purpose, we employ some standard tech-
niques. Essentially, one has to build recursively a series of densities n(i) that con-
verges to the solution density n0. Each new density is generated through a pre-
scription of the form:

n(i+1) = G[ñ(i+1), n(i), n(i−1), . . . , n(i−s)] , (3.2)

where ñ(i+1) is the density obtained from Eq. (1.2) using the Kohn-Sham orbitals
of step i + 1. The simplest example of such a prescription is the so-called “linear
mixing” [104], for which Eq. (3.2) takes the form: n(i+1) = (1 − α)ñ(i+1) + αn(i) .
However, OCTOPUS allows for more sophisticated procedures – we refer the reader
to the original references: the generalized Broyden algorithm of Johnson [105, 106,
107, 108, 109], and the “guaranteed reduction” Pulay algorithm [110].

3.1.4 Spin

All the previous equations were written considering no spin polarization. However,
OCTOPUS is also able to perform calculations using spin-density functional theory,
either considering complete spin alignment throughout the system or not. This
latter case requires the use of the generalized local spin-density theory [27]. The
wave functions are then described as two-component spinors Φ(r) = (ϕ1(r), ϕ2(r))T

where the components are complex wave functions.
Finally we also mention the possibility to perform calculations including exter-

nal magnetic fields. Current-density functionals are being implemented, but it is
already possible to perform calculations including a static uniform magnetic field.

3.1.5 Pseudopotentials

Even if it is possible to perform with OCTOPUS full potential, all-electron, calcula-
tions, the use of a real-space grid severely limits the number of systems accessible.
In fact, to describe the fast oscillations of the core wave-functions near the nuclei
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requires an extremely small grid spacing. Therefore, in order to perform calcula-
tions of complex systems, we have to rely on the pseudopotential approximation.
This is a standard, and well controlled, procedure in solid-state physics, but less
utilized in the world of quantum chemistry.

OCTOPUS can load norm-conserving pseudopotentials of different types (like
Troullier-Martins [111] or the relativistic separable potentials of Hartwigsen,
Goedecker and Hutter [112, 113]) and in nearly all commonly used file formats.
Furthermore, we also provide a web interface to J. L. Martins’ pseudopotential gen-
eration code [111].

3.1.6 Hartree potential

In three dimensions, the Hartree potential may be represented in two equivalent
forms: as the integral:

vHartree[n](r) =

∫

d3r′
n(r′)

|r − r′| , (3.3)

or as the solution of Poisson’s equation:

∇2vHartree[n](r) = −4πn(r) . (3.4)

This equation can be solved either by a conjugate-gradients minimation (where
boundary conditions are handled through a multipole expansion of the charge in-
side the simulation box), or by fast Fourier transforms. In the latter case, care has
to be taken not to include fictitious cell-cell interactions. This problem has been
solved in the literature using two basic methodologies, either by imposing a cut-off
to the Coulomb potential [114, 115, 116] or by computing the corrections analyti-
caly [117, 118, 119, 120]. OCTOPUS implements the first of these options [121].

Conjugate gradients. This amounts to solving Eq. (3.4) via a conjugate gradi-
ents algorithm. This poses the problem of the boundary conditions for vHartree. The
standard solution is to obtain the boundary conditions by calculating the value of
vHartree at points around the simulation box by making use of a multipole expansion
representation of the density n: For points outside, the potential is given by

vHartree(r) =

∞
∑

l=0

l
∑

m=−l

4π

2l + 1

1

r(l+1)
Ylm(r̂)Qlm , (3.5)

Qlm =

∫

d3r rlYlm(r̂)n(r) ,

where Ylm are spherical harmonics, and r̂ is the angular part of r. OCTOPUS now
offers an alternative: we subtract from n a sum of densities Qlmnlm, where Qlm are
the multipoles of n, and where nlm are auxiliary known charge distributions whose
(lm)-moment is unity, and whose other moments are zero:

n̄ = n−
L

∑

l=0

l
∑

m=−l

Qlmnlm . (3.6)
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For a sufficiently large integer L, n̄ has negligible boundary conditions, so that
vHartree[n̄] may be calculated with the usual Laplacian with zero boundary condi-
tions. Since Poisson’s equation is linear,

vHartree[n] = vHartree[n̄] +
L

∑

l=0

l
∑

m=−l

QlmvHartree[nlm] . (3.7)

The functions vHartree[nlm] can be obtained exactly (see Ref. [121] for explicit analyt-
ical expressions for nlm and vHartree[nlm]).

Multigrids. Still in real-space, as a recent addition, OCTOPUS now also allows
for the use of the multigrid method [122, 123, 124, 84]. Multigrid is a linear scaling
iterative method to solve elliptic problems. The base of this scheme is to use a group
of different grids that have less points than the original grid where the problem is
discretized. In these coarser grids the corrections to the solution in the original
grid are calculated using standard relaxation methods (such as Gauss-Jacobi or
Gauss-Seidel). The solution process is much faster in the coarser grids, not only
because of the reduced number of points, but also because relaxation operators are
less local.

Currently, this technique is implemented in OCTOPUS only for the problem of
solving Poisson’s equation; our plans however are to use this technique to acceler-
ate the convergence of our eigensolvers [125].

Fourier space. OCTOPUS also allows to move to Fourier space and obtain the
Hartree potential by making use of the well-known fact that it is simply a multi-
plicative function in Fourier space. This is the best choice for fully periodic systems,
since it naturally handles the periodic boundary conditions. It is a fast and efficient
method thanks to the existence of the fast fourier transform (FFT) algorithm.

For systems of reduced periodicity (finite systems, slabs, cylinders) plane waves
can still be used efficiently to calculate the Hartree potential using the cutoff tech-
nique. The discussion of this issue is referred to Ref. [126].

3.2 Adaptive coordinates

The real-space techniques for computational simulations in the condensed matter
realm are usually praised for, at least, two strong advantages: On the first hand,
the intrinsically local character of the “basis set” permits, in principle, large scale
parallelization by dividing the space in domains. This locality is also the basis for
the use of techniques aiming at the linear-scaling of the computational effort. On
the second hand, the real space mesh on which the magnitudes are represented
may be locally adapted to the needs of each region, thus allowing for varying spa-
tial resolution – one feature that is difficult to translate to the more traditional
plane wave representation. This section is centered on the second aspect: One
possible route to implement curvilinear coordinates, able to adapt the local resolu-
tion to the needs of each region in space. The next section will be dedicated to the
parallelization.
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→ r → ξ(r) →

Figure 3.1: An adaptive-coordinates representation is constructed through the def-
inition of a coordinate transformation function ξ.

Before proceeding, however, we should remark that the term “real-space meth-
ods” is sometimes used with a wider meaning, including techniques based on ex-
pansions in basis-sets, such as, for example, the finite-elements (FE) [127], and the
wavelets approach [128]. In contrast, the approach that we follow is referred to
as “finite-differences” (FD). FE is a general technique for the numerical solution
of partial differential equations that has a long and fruitful history in the realm of
computational engineering. Unfortunately, its use for the electronic structure prob-
lem has been scarce, despite the similarity of the equations to those encountered
in fields such as fluid dynamics, structural mechanics or electromagnetics. A FE
set is a legitimate basis set, which implies proper variational behavior – a feature
missing in FD, and it naturally permits the use of varying spatial resolution. A
state-of-the-art comparative description of the FD, FE, and the wavelet techniques
in the context of electronic structure may be obtained from Ref. [129].

A real-space representation is the description of the functions involved in the
calculation by the values that these functions take on a collection of points in real
space (the “grid” or “mesh”). This grid can be regular – meaning that the points
are equispaced between each other – or curvilinear. An “adaptive” or “curvilinear”
grid is the deformation of a regular grid through some transformation function (see
Fig. 3.1), which leads to a curved distribution of points. This deformation should
be intelligently done, so that the density of points increases in the regions of space
where the problem requires a larger resolution.

In the last years, a number of groups have contributed to the development of
these techniques in the field of electronic structure calculations (see Refs. [93, 94,
130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140]). In OCTOPUS we have imple-
mented one scheme based on the ideas of these works.

An example of curvilinear coordinates is based on the following transformation
function, first proposed by Gygi [93, 130, 94]

ξm = xm +
∑

α

(xm − Rm
α )fα(|x − Rα|), (3.8)

fα(r) = Aα
aα

r
tanh

(

r

aα

)

exp

[

−
(

r

bα

)2
]

, (3.9)

where α runs over the atoms, and Rα are the atomic positions. The parameters Aα,
aα, and bα fine-tune the transformation – the resolution enhancement, the region
around each atom where the regular grid is transformed, etc.
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Figure 3.2: Left: the “basic” porphyrin molecule. Right: convergence study of the
ground-state total energy of the porphyrin molecule, with and without the use of
the adaptive-grid technique. In this case, we have used the transformation formula
of F. Gygi [93, 130, 94], doubling the local cut-off near the atoms, and a 44-point
stencil to represent the Laplacian operator.

Once that the positions of the grid points are specified, we represent each func-
tion involved in the calculation (f , g,. . . ) by the vector formed by the values that it
takes on the grid points (f , g, . . . ). We must then define the basic operations:

• The basic vector space operations are of course unaltered: αf +βg → αf +βg.

• The integration is now a weighted sum; each grid point i has a weight ωi,
which is in fact the Jacobian of the transformations:

∫

d3r f(r) =
∑

i

ωifi , (3.10)

wi = det [gmn]i = det

[

∂ξm

∂xn

]

i

. (3.11)

• The integral permits to define the dot product:

〈f |g〉 =
∑

i

ωifigi = f †Ωg . (3.12)

We see how a metric appears naturally; it is given by the diagonal matrix Ω:
Ωij = δijωi .

• The operators that are local in real space are trivial to represent; they are just
multiplicative operators in the same way that they were for uniform grids.

• The differential operators (e.g., the kinetic operator) are the main problem. In
principle, one can use the transformation laws to relate the differential oper-
ators in the new grid to the usual well-known finite-differences discretization
expressions in the uniform space:

∇2 =
∑

mn

gmn ∂

∂ξm

∂

∂ξn
+

∑

pmq

∂ξp

∂xq

∂

∂ξp

(

∂ξm

∂xq

)

∂

∂ξm
. (3.13)
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This, however, involves a lot of computations, and in general does not provide
a Hermitian operator. Instead, we have used the following approach, valid for
any grid, even unstructured ones:

– Select a stencil: given each point in the grid, the stencil is the set of
neighboring points from which we calculate the action of any differential
operator D:

(D(f))i =
∑

j∈Stencil(i)

Ci
jfj . (3.14)

– Select a set of polynomials {xαyβzδ}, of equal number to the points in
the stencil: the coefficients Ci

j are fixed by ensuring that the action of D
on these polynomials is exact. This amounts to solving a linear system
of equations of order the size of the stencil for each point of the grid.
This operation must be performed at the beginning of the calculations,
or every time that the grid is redefined.

– The Laplacian operator is Hermitian; the gradient operator is anti-
Hermitian. The resulting numerical operator C, however, is not (anti)
Hermitian. But it can be (anti) symmetrized by transforming the matrix
C in the following way:

C̃ =
1

2
(C ± W−1CW ) . (3.15)

More details about the selection of the stencil and of the fitting polynomials may
be consulted directly in the code. Here we will finish this section by presenting
an example that shows the gain that is to be expected from the use of adaptive
coordinates.

For that purpose we have chosen the “base” porphyrin molecule, depicted on the
left hand side of Fig. 3.2. We have then calculated its ground state total energy at
the KS/LDA level, with varying grid spacing. We plot, on the right hand side of
Fig. 3.2, the resulting convergence study – a plot of the error in the total energy
as a function of the grid spacing. We show two curves, one of them corresponds
to the calculations with the standard uniform grid, and one of them with adaptive
coordinates. The meaning of the grid spacing in the latter case is ambiguous (the
spacing is no longer constant), and therefore we plot in the figure the original grid
spacing, before the transformation is performed. In this way, at each abscissa point
the number of grid points of both the uniform and the adaptive grid is the same.

In this case, we used Gygi’s transformation function, Eq. (3.8). The parameters
are chosen in such a way that the grid resolution is doubled in the vicinity of the
nuclei. The plot shows a faster convergence for the adaptive grid: The calculation
can be done, with the same level of accuracy, by making use of roughly half the
number of points (it is the number of points in the grid that determines the final
computational cost).



Large-scale parallelization 47

Figure 3.3: Parallelization modes for DFT/TDDFT codes.

3.3 Large-scale parallelization

The current trend in hardware technology follows a steep increase in the number of
processors in each computing machine or facility, as opposed to the trend towards
an increase in the clock speed or number of operations that each processing unit
may perform per unit time. To use modern computing facilities efficiently, we have
to ensure that our codes are able to benefit from such parallel-computing architec-
tures.

3.3.1 Parallelization strategies

Recently, we have incorporated into OCTOPUS a multiple-way parallelization
scheme that may divide the work among a given number of processors, splitting
the tasks either in k-points, in Kohn-Sham states, in regions of real-space, or in a
combination of all of them. Each single form of the contemplated parallelizations
may scale by its very nature only to a certain maximum number of processors. Only
combined schemes allow to overcome such limitations.

In Fig. 3.3 we have represented the various possible modes for which a task
division within a DFT/TDDFT calculation may be obtained:

• k-points: In a ground-state DFT calculation each processor solves the KS
equation

ĤKS, k ϕnk(r) = εnkϕnk(r) (3.16)

for a given but fixed k-point. Communication among the nodes is only re-
quired for the calculation of the (common) density or other Brillouin-zone
integrations. This is the parallelization mode that most ground-state solid-
state DFT codes offer. The implementation is straightforward and scales very
nicely with the number of processors. However, limitations arise for systems
with very large unit cells (and therefore few k-points).

• spin: The different spin subspaces may be treated by different processors. In
practice this is rather similar to the k-point parallelization, so that both spin
and k-points are represented as common quantum numbers and are treated
on the same footing.

• Kohn-Sham states: For the ground-state a parallelization in state indices
or bands is more involved than the k-point parallelization. Essentially, the
state indices have to be divided into different state-groups. The eigenprob-
lem is then solved for each group and a subsequent orthonormalization of
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Domain A Domain B

Ghost Points of Domain B

Figure 3.4: Ghost points in a domain parallelization.

the states is performed among the states of different groups. Special block-
diagonalization algorithms are used for this task.

On the other hand, in time-dependent DFT the parallelization in state indices
is straightforward. Since the time-dependent Kohn-Sham equations consti-
tute a N-fold initial value problem, each orbital/state index may be propa-
gated on a different processor. Communication is only required for the calcu-
lation of the density and in some cases for the calculation of the current.

• real-space regions: The real-space mesh is divided into different domains, so
that each processor can treat a different portion of the total mesh. This is
illustrated in the left of Fig. 3.4, where we show a six-fold domain decomposi-
tion of a benzene molecule in the xy plane. Apart from the distribution of the
computational burden over the different nodes, this parallelization strategy
also has the distinct advantage that the total memory requirement for the
storage of the grid points is distributed over the nodes. Much larger systems
can be treated if domain parallelization is used.

The price one has to pay for this flexibility is the rather involved implementa-
tion which requires non-trivial communication among the nodes. On the right
hand side of Fig. 3.4 we show the application of a finite-difference stencil of
the Laplacian to a boundary point of Domain B. Due to the non-local character
of the stencil this requires points of Domain A (grey shaded area) which are
held in memory by a neighboring processor. These points are termed ghost
points and need to be communicated among neighboring nodes every time the
function values on the grid change. Low-latency high-bandwidth networks
are therefore the preferred interconnects for such an implementation.

• other: electron-hole pairs, scattering states, etc: The basis set in a linear re-
sponse calculation within time-dependent DFT consists of electron-hole pairs:
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products of occupied and unoccupied Kohn-Sham states. Typically a large
number of matrix elements in the form of Eq. (2.57) is required. Since the dif-
ferent matrix elements are independent of each other, a parallelization may
be easily obtained by simply distributing their calculation over the different
nodes.

The natural description of a quantum-mechanical transport calculation is in
terms of scattering states at given energies. Similar in spirit to the parallel
treatment of Kohn-Sham states, the propagation of these scattering states
can be distributed over different nodes.

3.3.2 Technical aspects

For the implementation of the multiple-way parallelization in OCTOPUS we have
employed version 1 of the message passing standard MPI [141, 142]. The choice
was mainly motivated by the availability of this MPI variant for virtually any com-
puter architecture, and by the fact that MPI is the de facto standard on large-scale
parallel architectures. We did not make use of version 2 or newer developments in
the MPI standard since these features are still not available on many platforms.
Parallelization techniques like OpenMP have been ruled out from the start, since
they are limited to shared memory architectures with many processors in a single
machine. The current Top500 list (http://www.top500.org) contains only a few
machines of this kind.

Within OCTOPUS we allow for various different box shapes like spheres, cylin-
ders or parallelepipeds in 3D, or disks and rectangles in 2D. With a recent addition
to the code even arbitrary user-defined shapes can be chosen. To treat the segmen-
tation of the real space mesh for all possible geometries and spatial dimensions
on the same footing, we convert the sequence of mesh points into a structured
graph. The problem of decomposing the real-space mesh into different domains is
then translated into a graph-partitioning problem. Several graph algorithms are
available for such tasks and we have chosen for our implementation in OCTOPUS a
“multilevel k-way partitioning algorithm” as provided by the METIS library [143].
The library functions try to minimize the edge cuts while the graph partitioning
is performed. Translated back to the real-space mesh this means that the inter-
section area of neighboring domains is minimized which in turn implies that fewer
ghost points have to be communicated between the different nodes. This effect can
be seen nicely in the example of the benzene molecule (Fig. 3.4) where the domain
boundaries computed by METIS always lie between two carbon atoms, the optimal
situation in this case.

3.3.3 An example application

In Fig. 3.5 we show a sample calculation for 8 Cs atoms attached to C60. Because of
the size of the Cs atoms a rather large sphere with 26 Å diameter was used as en-
closing computational domain. By choosing a grid spacing of 0.20Å a total number
of 1 177 863 grid points were contained in the calculation box.
To asses the performance of the domain parallelization we have repeated the
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Figure 3.5: Measured speedups for a domain-parallel calculation of Cs8@C60.

ground-state DFT calculation of this system with a varying number of processors
ranging from one to 32. On the right hand side of Fig. 3.5 we plot the measured
speedup as function of the number of processors. The circles correspond to the tim-
ings obtained for the application of the Hamiltonian to the wavefunction and the
diamonds represent the measured timings for a full SCF cycle. Both curves follow
Amdahl’s law [144]: Suppose that p is the fraction of a calculation that can be per-
formed in parallel. Then 1 − p is the percentage which is intrinsically serial. If
we define the speedup S(N, p) of a parallel calculation as the ratio T (1, p)/T (N, p),
where T (N, p) is the execution time using N processors, we find

S(N, p) =
1

1 − p+ p/N
. (3.17)

Note, that the speedup will always saturate to 1/(1 − p) as function of the number
of processors, if p < 1. In Fig. 3.5 we have fitted our measured data to Amdahl’s
law (solid lines) and obtain parallel fractions p = 0.97 for the application of Ĥ to
the wavefunction and p = 0.992 for the execution of a full SCF cycle. Both fractions
indicate that a high degree of parallelization has been achieved for the domain
parallelization in OCTOPUS. Nevertheless, since the saturation is very sensitive to
the value of p there is still room for improvement in the future.

3.4 Exchange-correlation

The exchange-correlation energy functional is at the heart of DFT. These are very
complicated objects that try to encompass all intrincacies of the non-trivial many-
body effects. Over the years many approximations have been proposed for this
quantity.
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Due to their importance, we have made a considerable effort over the last years
to implement in OCTOPUS the widest possible choice of exchange-correlation func-
tionals. A fairly comprehensive list can be found in Appendix 7.4.

The exchange and correlation term is computed in real space with a proper dis-
cretization of the gradient operator in the case of the GGAs [145]. Hybrid function-
als can be used either through minimization the energy functional with respect to
the density using the optimized effective potential (OEP) technique [31, 32, 41], or
with respect to the wave-functions (which results in a non-local exchange operator,
like in Hartree-Fock). The OEP equations can be solved approximately through the
Krieger, Li & Iafrate approximation [42, 43], or exactly by using of the construction
explained in Ref. [146].

3.5 Propagators†

Formally, the solution of Eq. (2.16) may be written as:

ϕ(t) = Û(t, 0)ϕ0 = T exp

{

−i

∫ t

0

dτ Ĥ(τ)

}

ϕ0 , (3.18)

where “T exp”, the time-ordered exponential, is a short-hand notation for:

Û(t, 0) =

∞
∑

n=0

(−i)n

n!

∫ t

0

dτ1

∫ t

0

dτ2 . . .

∫ t

0

dτnT {Ĥ(τ1)Ĥ(τ2) . . . Ĥ(τn)} . (3.19)

Equation (3.19) is an exact reformulation of the time-dependent Schrödinger equa-
tion (see, for example, Ref. [59], chapter 3). If the Hamiltonian commutes with
itself at different times, we can drop the time ordering product; Moreover, if the
Hamiltonian is time-independent, the solution is simply

ϕ(t) = exp{−itĤ}ϕ0 . (3.20)

Unfortunately, this is not the case relevant for TDDFT.
In practice, it is normally not convenient to obtain ϕ(t) directly from ϕ0 for a long

interval [0, t]. Instead, one breaks [0, t] into smaller time intervals, and, by making
use of the well-known property Û(t1, t2) = Û(t1, t3)Û(t3, t2), the time propagator is
written as

Û(t, 0) =
N−1
∏

i=0

Û(ti + ∆ti, ti) , (3.21)

where t0 = 0, ti+1 = ti + ∆ti and tN = t. We normally use a constant time step,
i.e., ∆ti = ∆t. However, it is possible to use variable time-step methods, especially
if the algorithm implemented is able to choose optimally the time step without

†This section is based on the article:

• Propagators for the time-dependent Kohn-Sham equations, A. Castro, M. A. L. Marques, and
A. Rubio, J. Chem. Phys 121, 3425-3433 (2004).
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compromising the accuracy or the efficiency. In any case, we deal with the problem
of performing the short-time propagation

ϕ(t+ ∆t) = Û(t+ ∆t, t)ϕ(t)

= T exp

{

−i

∫ t+∆t

t

dτ Ĥ(τ)

}

ϕ(t) . (3.22)

Technically, the purpose of dividing [0, t] into smaller intervals is twofold: the
time-dependence of Ĥ is alleviated, and the norm of the exponential argument is
reduced (the norm increases linearly with ∆t). On top of these convenience rea-
sons, there is a natural limit to the maximum size of ∆t: If ωmax is the maximum
frequency that we want to discern, ∆t can not be larger than ≈ 1/ωmax. Below
this ∆tmax, we are free to choose ∆t considering performance reasons. If p(∆t) is
the cost of propagating ∆t for a given method, one should then choose the ∆t that
minimizes p(∆t)/∆t, the cost of propagating the wave function per unit time. The
optimal cost number of a given method is p(∆topt)/∆topt, so the method that mini-
mizes this optimal cost number can be viewed as the “best” method.

The value of ωmax is either determined by the energy spectrum of the ground-
state many-body Hamiltonian or by the frequency of the applied electromagnetic
field. In the former case, the maximum frequency of the Hamiltonian is typically
determined by the kinetic term. If the wave-functions are expanded in a plane-
wave representation, ωmax is related to the maximum reciprocal lattice vector used
in the expansion Gmax; On the other hand, if we choose to work with a real-space
discretization of the Hamiltonian, ωmax is determined by the mesh spacing h. We
have therefore

ωmax =
G2

max

2
=

2π2

h2
. (3.23)

In many cases the evolution will not probe the very high-frequencies, so we can
choose ∆t to be larger than 1/ωmax.

For a Hermitian Hamiltonian, the evolution operator is unitary, i.e.

Û †(t+ ∆t, t) = Û−1(t+ ∆t, t) . (3.24)

This mathematical property is linked to the conservation of probability of the wave
packet. Any desirable approximate propagator should be unitary, at least approx-
imately, for Hermitian Hamiltonians. Another important property fulfilled by the
evolution propagator is time-reversal symmetry2

Û(t+ ∆t, t) = Û−1(t, t+ ∆t) . (3.25)

From a numerical point of view, the algorithm used to perform the time-
propagation should be “stable” and “accurate”. The term “stable” is frequently
used in a rather loose form. It is, however, possible to give it a precise definition:
A propagator is stable below ∆tmax if, for any ∆t < ∆tmax and n > 0, Ûn(t + ∆t, t)

2This property does not hold if a magnetic field is present; it must not be enforced if one wants
to handle magnetic cases. However, any desirable algorithm should respect this property in the
particular case where no magnetic field is applied.
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is uniformly bounded. One way to assure that the algorithm is stable is by mak-
ing it “contractive”, which means that ||Û(t+ ∆t)|| ≤ 1. Of course, if the algorithm
is unitary, it is also contractive and hence stable; but if the algorithm is only ap-
proximatively unitary, it is better if it is contractive. The reason for this is easy
to understand: the error is typically proportional to the norm. A contractive algo-
rithm reduces the norm, and therefore the error grows smaller; on the contrary, a
non-contractive scheme yields larger errors at each time-step. The adverb “uncon-
ditionally” is sometimes added to these concepts to refer to algorithms that possess
a given property independently of ∆t and of the spectral characteristics of Ĥ (e.g.
unconditionally stable, etc.)

Although we are interested in solving the time-dependent Kohn-Sham equa-
tions, many similar problems arise in various areas of science. It is not surpris-
ing, therefore, that much work has been devoted in the past to the construction
of approximations to time-propagators. Most of the literature refers to nuclear
wave-packet propagation, either in a quantum, semi-classical, or mixed schemes.
The equations are, nevertheless, identical, and experience from this field may be
translated to others. We learned from Kosloff ’s review [147], from the work of
Lubich and coworkers [148, 149, 150], from the comparisons of Truong and oth-
ers [151], and from other references that will be cited when appropriate. For the
particular problem of TDDFT, we would like to mention the recent work of Sugino
& Miyamoto [152, 153].

It is also important to mention here the advances in the simulation of (adi-
abatic) molecular dynamics following the Car-Parrinello approach [154]. In this
case, the time-integration is effectively performed using modified Verlet and Gaus-
sian dynamics including multiple-time-scale algorithms [155, 156]. However, the
Car-Parrinello technique does not address the real electron dynamics of the system
but a fictitious dynamics determined by an effective electron mass The orthogonal-
ity constrain for the wavefunctions has also to be imposed (that is automatically
fulfilled in the unitary propagation schemes). Of course, these techniques are going
to be relevant when addressing the combined electron/ion dynamics of the system
under an external time perturbation.

In the following, we separate our discussion in two parts: First we look at sev-
eral algorithms to approximate exp(Â), where Â is a time-independent operator.
In particular, polynomial expansions, projection in Krylov subspaces, and split-
operator methods are investigated. We then discuss different approximations for
the time-evolution operator, like the mid-point and implicit rules, and Magnus ex-
pansions. Split-operator techniques can also be modified to approximate the full
time-dependent propagator. Note that, as the Kohn-Sham Hamiltonian is intrinsi-
cally time-dependent, the problem of approximating exp(Â) is not equivalent to the
problem of approximating the time-propagator. However, the approximate prop-
agators use exponentials of the form exp(Â) as building blocks, where Â typically
has the form −i∆tĤ(τ), for a given τ .



54 Numerics

3.5.1 Approximations to the exponential of an operator

In principle, the most desirable algorithm to calculate exp(Â)v, where v is an ar-
bitrary vector, would begin with the evaluation of exp(Â). In this way, we would
be able to easily apply the exponential of the matrix Â to any arbitrary vector.
Unfortunately, the methods that exist to calculate the exponential of a matrix are
computationally limited to matrices of order less than a few thousand. In a typical
plane-wave or real-space calculation the Hamiltonian matrix can be of the order
≈ 107, and therefore way too large for any of these methods. In fact, the size of
the Hamiltonian does not even permit its full storage in matrix form. A similar
situation appears when solving the linear system Âx = v: The evaluation of Â−1

would allow the solution of the linear system for any vector v. However, the effort
to invert the matrix Â grows as N3, where N is the dimension of the matrix.

The alternative is to use iterative methods that yield directly exp(Â)v for a par-
ticular choice of the vector v. These methods have a much better scaling with the
order of the matrix (for a recent review, please consult Ref. [157]). In this section
we focus in three different techniques: polynomial expansions of the exponential
(either in the standard base or in the Chebyshev base), splitting schemes, and
Krylov subspace projection techniques. In the following we present a brief descrip-
tion of these methods followed by some numerical results illustrating their relative
performance. To simplify our presentation we assume, without loss of generality,
Â = −iĤ∆t.

Polynomial expansions

The exponential of a matrix Â is defined by the Taylor expansion

exp(Â) =

∞
∑

n=0

1

n!
Ân . (3.26)

This suggests an obvious method to approximate the exponential

taylork{Â} =
k

∑

n=0

1

n!
Ân . (3.27)

For a given k, the method is of order k and requires k matrix-vector operations.
It amounts to expanding the exponential function in the standard base of polyno-
mials, {1, x, x2, . . . }. The truncation of the infinite series at a given k breaks the
unitarity of the exponential. It turns out that k = 4 is particularly suited for our
applications: k = 2 is unconditionally unstable; k = 4 is conditionally stable; k = 6
is also conditionally stable but for smaller values of ∆t.

The standard base of polynomials is not the only choice; one can use any given
(complete) base {Pn(x)}∞n=0. It is well known that Chebychev polynomial approxi-
mations are optimal for approximating functions, so we define:

chebk{Â} =

k
∑

n=0

cnTn(Â) , (3.28)
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where Tn is the Chebychev polynomial of order n. For a skew-Hermitian matrix Â
of the form −iĤ∆t the Chebyshev expansion reduces to [158]

chebk{−iĤ∆t, v} =

k
∑

n=0

(2 − δn0)(−i)nJn(∆t)Tn(Ĥ)v , (3.29)

where Jn are the Bessel functions. The resulting method is also of order k, and,
thanks to Clenshaw’s algorithm [159], requires k matrix-vector operations. As the
Chebychev polynomials are only defined in the range [-1,1], the Hamiltonian has
to be scaled so that its spectrum lies within this range before using Eq. (3.29). The
application of Chebychev polynomials to Chemistry was pioneered by Kosloff [147];
more recent studies can be found in Refs. [160, 161].

Krylov subspace projection

Them-th Krylov subspace, Km{Â, v}, for a given operator Â and vector v, is defined
as:

Km{Â, v} = span{v, Âv, Â2v, . . . , Âm−1v} . (3.30)

Note that the dimensionality of Km{Â, v} may be smaller than m if v does not have
non-null components of at least m distinct eigenvectors of Â. The Lanczos proce-
dure generates recursively an orthonormal base {vi}m

i=1 such that:

ÂV̂m = V̂mĤm + hm+1,mvm+1e
T
m , (3.31)

where V̂m = [v1, . . . , vm], Ĥm is an m × m symmetric tridiagonal matrix (upper
Heisenberg if Ĥ is non-hermitian), and ei is the i-th unit vector in Cm. The ma-
trix Ĥm is the projection of Â onto Km{Â, v} and is the upper-left part of Ĥm+1. By
induction, it can be proved [162] that for any polynomial pm−1 of degree ≤ m− 1

pm−1(Â)v = V̂mpm−1(Ĥm)V̂ T
m v = V̂mpm−1(Ĥm)e1 . (3.32)

This suggests a method to approximate any function, and specifically the exponen-
tial

lanczosk{Â, v} = V̂k exp(Ĥk)e1 . (3.33)

Very good approximations are often obtained for relatively small k. The calculation
of exp(Ĥk) can be computed by any of the methods described in Ref. [157]. The
Krylov subspace projection is an order k method that requires k matrix-vector op-
erations. To within our knowledge, it was Park & Light [163] who first applied
the Lanczos algorithm to Chemistry; Hochbruck & Lubich [164] made a thorough
mathematical analysis of the technique.

Splitting techniques

The split-operator (SO) technique takes advantage of the fact that the Hamiltonian
is composed of two terms, one diagonal in Fourier space – the kinetic operator T̂ ,
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and the other diagonal (or almost diagonal) in real space – the potential operator
V̂ . The idea is to approximate the propagator by the product of exponentials

split{−i∆tĤ} = exp

{

−i
∆t

2
T̂

}

exp
{

−i∆tV̂
}

exp

{

−i
∆t

2
T̂

}

. (3.34)

This decomposition neglects terms involving the commutator [T̂ , V̂ ] and higher or-
der commutators, and is of O(∆t2). Eq. (3.34) is sometimes called “potential ref-
erenced split operator”, since the potential term appears sandwiched between the
two kinetic terms. A “kinetic referenced” scheme is equally legitimate. Since the
three exponentials may be computed exactly, the SO technique is always unitary
and unconditionally stable, providing a very reliable second order method. The
split operator was first introduced in Physics and Chemistry by Feit and cowork-
ers [165, 166].

Besides the simple SO method, a wide variety of other splitting schemes have
been proposed [167, 168, 169]. One of these, the fourth order symmetric decompo-
sition was studied and applied to TDDFT by Sugino & Miyamoto [152]

suzuki{−i∆tĤ} =
5

∏

j=1

split(−ipj∆tĤ) , (3.35)

where the pj are a properly chosen set of real numbers. Hereon we will call this
scheme “Suzuki-Trotter” (ST), following the nomenclature of Ref. [152].

Performance comparisons

We start by comparing the performance of the fourth order Taylor [Eq. (3.27)] and
Chebyshev [Eq. (3.28)] expansions, and of the Lanczos method [Eq. (3.33)]. The
cost of these three methods is roughly proportional to the number of Ĥϕ operations.
Our test consists in applying exp{−i∆tĤKS} to the 1s orbital of sodium, to one 2p
orbital of carbon, and to one 5d orbital of the gold atom. The orbitals are slightly
perturbed from their ground-state shape, and ĤKS is the ground state Kohn-Sham
Hamiltonian (we are therefore ignoring the time-dependence of the Hamiltonian).
We define p(∆t) to be the number of Ĥϕ operations necessary to achieve a given
accuracy (defined as the norm of the difference between the exact solution vector
and the approximate one). The function p(∆t) measures the computational cost
in units of the cost of a matrix-vector operation. Dividing by ∆t we obtain the
computational cost of propagating the state per unit time, p(∆t)/∆t. Our results
are presented in Fig. 3.6.

For small values of ∆t, Lanczos and the Taylor expansion behave similarly,
whereas the Chebychev expansion is slightly worse. As we increase ∆t, the effi-
ciency improves for all methods, reaching an optimal value for the Taylor expan-
sion, after which increasing ∆t increases p(∆t)/∆t. The curves obtained with the
Chebychev expansion also reach a minimum, although much less pronounced. The
Lanczos method, on the other hand, always becomes more efficient with increas-
ing ∆t. We should recall that the maximum value of ∆t is determined not by the
propagation method, but by the time-dependence of the Hamiltonian. Below ∆tmax
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Figure 3.6: Number of Hamiltonian-wavefunction operations per unit time as a
function of ∆t for the Taylor (solid) and Chebyshev (dashed) expansions, and for
the Lanczos projection method (dotted).
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Figure 3.7: Comparison of the second-order split operator (SO, solid) and the
fourth-order Suzuki-Trotter (ST, dashed) schemes.

the value of ∆t should be chosen in order to minimize p(∆t)/∆t. From our results
it is clear that, for moderate to large values of ∆t, the best choice is the Lanczos
method, followed by the Chebychev expansion. For smaller ∆t, either the Taylor
expansion or Lanczos should be used.

The Lanczos method has an additional noteworthy advantage over the other
methods: There is a simple and reliable criterium to estimate the error in approxi-
mating the propagator by lanczosk(−iÂ∆t, v) [149]:

hm+1,m

∣

∣

∣

∣

[

exp(Ĥ)m

]

m,1

∣

∣

∣

∣

< ε . (3.36)

If this error is larger than the prescribed tolerance ε, we can (i) for a fixed ∆t,
increase the dimension of the Krylov subspace k until the precision criterion is
met, or (ii) for a fixed k, decrease ∆t. The implementation of the variable time-step
method (ii) is complicated if several orbitals have to be propagated at the same
time, as the optimum ∆t might not be the same for every orbital. Therefore, we
relied on method (i).

In Fig. 3.7 we compare the second-order split-operator scheme to the fourth-
order Suzuki-Trotter propagator. The plot depicts the error in the propagation
versus ∆t for the 5d orbital of Au referred above. The order 2 and order 4 behavior
of the schemes is clearly demonstrated by the slopes of the curves. For a given ∆t,
the error yielded by the higher order technique is always lower. However, the com-
putational cost of the Suzuki-Trotter scheme is five times larger than that of the
simple split operator. For a given accuracy, the higher order scheme will be more
profitable than the normal split operator if the time step ∆t is more than five times
smaller. In our experience, that is not always the case, and depends on the system
under consideration and on the level of accuracy seeked. Sugino & Miyamoto [152]
report the superiority of the higher order method for their implementation and
cases studied.

Now we compare the splitting techniques to the best of the polynomial expan-
sions, i.e. the Lanczos method. As these are very different approaches, it is hard
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Method Na [1s] C [2p] Au [5d]
Lanczos 48 63 75

SO 184 192 202
ST 227 231 244

Table 3.1: Performance number, p(t)/∆t, for the split-operator (SO), higher-order
Suzuki-Trotter (ST), and Lanczos subspace methods.

to find an appropriate cost function to compare them. We have therefore defined
a “quality” number based on the computer time necessary to achieve a given accu-
racy. The procedure to achieve the desired accuracy is different in both approaches;
For the Lanczos method we fix ∆t = 0.2a.u., and increase the dimension of the
Krylov subspace as needed; For the splitting techniques we decrease ∆t until ful-
filling the accuracy requirement. We then divide the total propagation time by the
time necessary to perform Ĥϕ and by ∆t to obtain the cost function per unit time
p(∆t)/∆t. (This procedure is consistent with our previous definition.) In Table 3.1
we show the cost function of the splitting techniques and of the Lanczos method
for several test cases. The Lanczos scheme is clearly superior; Between the two
splitting schemes we find that the higher order expansion doe not improve the per-
formance of the standard split operator.

3.5.2 Analysis of integrators for the TDSE

We now turn to the problem of approximating the evolution operator Û(t+∆t, t), i.e.
finding an approximation for ϕ(t+ ∆t) from the knowledge of ϕ(τ) and Ĥ(τ) for 0 ≤
τ ≤ t. Most methods also require the knowledge of the Hamiltonian at some points
in time between t ≤ τ ≤ t+∆t. To obtain this quantity, one can, e.g., extrapolate the
Hamiltonian using a polynomial fit to n previous steps. However, this can reduce
the accuracy of the propagator. To be fully consistent the following method can be
employed: (i) obtain Ĥ(τ) through extrapolation; (ii) propagate ϕ to get ϕ(t+ ∆t);
(iii) from ϕ(t+ ∆t) calculate Ĥ(t + ∆t); (iv) obtain Ĥ(τ) by interpolating between
Ĥ(t) and Ĥ(t + ∆t); (v) repeat steps (ii)-(iv) until self-consistency is reached. For
small time steps, the step (i) may be sufficient.

In the following, we briefly describe several propagators that we have investi-
gated within the framework of real-space TDDFT calculations. For the theoretical
description of the properties of the propagators (unitarity, time-reversibility), we
assume that Ĥ(τ) is properly obtained using the above-mentioned self-consistent
procedure, and that all numerical operations (calculation of the exponential of an
operator, solution of a linear system, etc.) are performed exactly. We then present
our results concerning the performance of the methods.

Implicit Midpoint rule

The implicit midpoint rule, also known as Crank-Nicholson (CN) method, is a mem-
ber of the family of methods sometimes referred to as “classical propagators”, a
family in which we may include Euler’s method, implicit or explicit Runge-Kutta,



60 Numerics

multistep algorithms, etc. These propagators are of “general purpose”, and have
well known numerical properties. However, the typical form of the Hamiltonian
matrix, given by Eq. (2.17), has traditionally favored the use of splitting techniques
or other methods.

The implicit midpoint rule is defined by

ÛCN(t+ ∆t, t) =
1 − i

2
∆tĤ(t+ ∆t/2)

1 + i
2
∆tĤ(t+ ∆t/2)

. (3.37)

The problem of propagating an orbital with this scheme is usually cast in the solu-
tion of the linear system L̂x = b, where L̂ = Î + i∆t

2
Ĥ(t + ∆t/2), x = ϕ(t + ∆t) and

b = [Î − i∆t
2
Ĥ(t+ ∆t/2)]ϕ(t). The CN scheme is unitary and preserves time-reversal

symmetry.

Exponential Midpoint rule

The exponential midpoint (EM) rule consists in approximating the propagator by
the exponential calculated at time t+ ∆t/2

ÛEM(t+ ∆t, t) ≡ exp{−i∆tĤ(t+ ∆t/2)} . (3.38)

The actual propagation can then be done by any of the methods described in
Sect. 3.5.1. If we assume that the exponential is calculated exactly, and that
Ĥ(t+ ∆t/2) is obtained self-consistently then this method is also unitary and time-
reversible. In practice this method requires small time-steps to be stable.

Time-reversal symmetry based propagator

In a time-reversible method, propagating backwards ∆t/2 starting from ϕ(t + ∆t)
or propagating forwards ∆t/2 starting from ϕ(t) should lead to the same result. By
using the simplest approximation to the propagator, this statement leads to the
condition

exp

{

+i
∆t

2
Ĥ(t+ ∆t)

}

ϕ(t+ ∆t) = exp

{

−i
∆t

2
Ĥ(t)

}

ϕ(t) . (3.39)

Rearranging the terms, we arrive at an approximation to the propagator

ÛETRS(t+ ∆t, t) = exp

{

−i
∆t

2
Ĥ(t+ ∆t)

}

exp

{

−i
∆t

2
Ĥ(t)

}

. (3.40)

We call this method the enforced time-reversal symmetry (ETRS) method.

Splitting techniques

The splitting techniques have been described in section 3.5.1 as a way to approx-
imate the exponential of a time-independent Hamiltonian. By combining them,
e.g., with the above mentioned EM or ETRS methods one obtains an approximation
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for the full propagator based on either the split-operator or on the Suzuki-Trotter
scheme.

Watanabe & Tsukada [170] have recently combined the EM approximation with
the split-operator method. In practice, this consists in setting V̂ = V̂ (t + ∆t/2)
in Eq. (3.34). If this potential is obtained accurately we end up with an order
two method, otherwise the method is of first order. There is, however, a simpler
alternative

ÛSO(t+ ∆t, t) = exp

{

−i
∆t

2
T̂

}

exp
{

−i∆tV̂ ′
}

exp

{

−i
∆t

2
T̂

}

v , (3.41)

where the potential operator is defined by

V̂ ′ = vext(r, t+ ∆t/2) +

∫

d3r′
n′(r′)

|r − r′| + vxc[n
′](r, t) . (3.42)

In this expression n′ is the density built after applying the first exponential in
Eq. (3.34). By other words, the modified SO method consists of: (i) apply the first
kinetic term; (ii) recalculate the density and obtain the Kohn-Sham potential, and
(iii) apply the potential term and the second kinetic term. In this simple way we
recover an order two method.

For the higher order Suzuki-Trotter technique, Suzuki provided a time-
dependent version:

ÛST(t+ ∆t, t) =

5
∏

j=1

S2(−ipj∆tĤ(tj)) (3.43)

where the times tj are related to the set pj trough tj = t+ (p1 + · · ·+ pj/2)∆t. Once
again, the potential between t and t+ ∆t has to be properly extrapolated to obtain
a true fourth order technique (similar for higher order expansions).

Magnus expansions

As noted previously, Û(t + ∆t, t) does not reduce to a simple exponential of the
form exp{−i∆tĤ(t)} unless the Hamiltonian is time-independent. One may ask
if there exists an operator Ω̂(t + ∆t, t) such that Û(t + ∆t, t) = exp{Ω̂(t + ∆t, t)}.
Magnus [171] answered this question positively in 1954: there exists an infinite
series, convergent at least for some local environment of t, such that:

Ω̂(t+ ∆t, t) =

∞
∑

k=1

Ω̂k(t+ ∆t, t) . (3.44)

There also exists a procedure to generate the exact Ω̂k operators [172]:

Ω̂k(t+ ∆t, t) =

k−1
∑

j=0

Bj

j!

∫ t+∆t

t

dτ Ŝj
k(τ) , (3.45)

where Bj are Bernoulli numbers, and the operators S are recursively generated

Ŝ0
1(τ) = −iĤ(τ) ; Ŝ0

k(τ) = 0 (k > 1) (3.46a)

Ŝj
k(τ) =

k−j
∑

m=1

[

Ω̂m(t+ ∆t, t), Ŝj−1
k−m(τ)

]

(1 ≤ j ≤ k − 1) , (3.46b)
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For example, the first two terms of the recurrence are:

Ω̂1(t+ ∆t, t) =

∫ t+∆t

t

dτ1

[

−iĤ(τ1)
]

(3.47a)

Ω̂2(t+ ∆t, t) =

∫ t+∆t

t

dτ1

∫ τ1

t

dτ2

[

−iĤ(τ1),−iĤ(τ2)
]

. (3.47b)

In general, the k-th term will be a k-dimensional integral of a sum of commutators
of Ĥ at different times. An approximation of order 2n to the full Magnus operator
(and hence, to the evolution operator) is achieved by truncating the Magnus series
to n-th order, and approximating the integrals through a n-th order quadrature for-
mula. The exponential midpoint rule can be regarded as the second order Magnus
expansion, ÛEM = ÛM(2) as

Ω̂M(2)(t+ ∆t, t) = −iĤ(t+ ∆t/2) . (3.48)

The fourth order Magnus expression is constructed by taking the first two terms
in the Magnus series and using, for example, a two-point Gaussian quadrature to
approximate the integrals. The result is

Ω̂M(4)(t+ ∆t, t) = −i
∆t

2

[

Ĥ(t1) + Ĥ(t2)
]

−
√

3∆t2

12

[

Ĥ(t2), Ĥ(t1)
]

, (3.49)

where t1,2 = t +
[

(1/2) ∓
√

3/6
]

∆t are the Gauss quadrature sampling points. For
the specific case of the Kohn-Sham Hamiltonian, the fourth order Magnus propa-
gator has the form

ÛM(4)(t+ ∆t, t) = exp
{

−i∆tĤM(4)(t,∆t)
}

, (3.50)

where the modified Hamiltonian ĤM(4)(t,∆t) operator is defined as:

ĤM(4)(t,∆t) = H(t,∆t) + i
[

T̂ + V̂ nonlocal
ext ,∆V (t,∆t)

]

, (3.51)

where only the non-local components of the Kohn-Sham Hamiltonian contribute to
the commutator, and with the definitions

H(t,∆t) = T̂ +
1

2

{

V̂KS(t1) + V̂KS(t2)
}

, (3.52a)

∆V (t,∆t) =

√
3

12
∆t

{

V̂KS(t2) − V̂KS(t1)
}

. (3.52b)

Expression (3.51) assumes that the non-local part of the Kohn-Sham Hamiltonian
does not vary significantly in the interval of interest (t, t+ ∆t). This non-local com-
ponent is part of the ionic pseudopotentials used in electronic structure calculations
and in consequence its variation is associated to the ionic movement. In principle,
this movement should be negligible in the electronic time scale that determines ∆t,
and this is the reason for that assumption.
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Figure 3.8: Error in the dipole moment, for the exponential midpoint (dashed line)
and fourth-order Magnus (solid) methods, as a function of ∆t.

The fourth order Magnus expansion involves the computation of one commu-
tator. The number of such commutators grows rapidly with increasing order, al-
though some work has recently been devoted to significantly reduce their num-
ber [173]. The Magnus expansion has received a great deal of attention from the
Chemistry and Physics community. A very recent in-depth study of the scheme
may be found in [174]; The first application to the field of quantum molecular sys-
tems was made in 1983 by Milfeld & Wyatt [175]. However, we could not find any
previous application of the Magnus expansions in the field of electronic structure
calculations.

Performance comparisons

In this section we compare the different approximations to the time-evolution op-
erator. We have analyzed the performance of the EM, ETRS, splitting techniques,
and Magnus integrators. It turns out that, in general, the EM and ETRS tech-
niques have very similar behaviors: The time step required for the EM propagation
is roughly half the time-step for the ETRS scheme, but the cost of each propaga-
tion step is also halved (the EM scheme requires the evaluation of one exponential,
while the ETRS requires two). It is also quite clear already from Table 3.1 that the
splitting techniques are not adequate for this kind of problems.

We are left with the comparison of the fourth order Magnus expansion to the
EM (which indeed is equivalent to a second order Magnus expansion). In Fig. 3.8
we plot the error in the dipole moment, after performing a single step propagation,
Û(∆t, 0). The system under consideration is a Na8 cluster in the jellium model, ex-
cited from its ground-state by a laser pulse of frequency 2Hartree. The fourth or-
der method is, as expected, more precise. However, the cost of applying the Magnus
operator, Eq. (3.51), is roughly 50% larger than applying the usual Hamiltonian;
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Figure 3.9: Evolution of the dipole moment of Na8 (in the jellium model), subject to
an intense laser field, calculated via the methods indicated in the legend.

pM(4)(∆t) ≈ 3
2
pEM(∆t). Therefore, the use of the fourth order Magnus expansion

will be advantageous over the simpler EM method only if one can use time steps
more than 1.5 times larger. Of course, the use of longer time-steps may be hindered
by the approximation used for the exponential (Lanczos, Chebychev, etc.)

Heuristically, the fourth order Magnus expansion becomes useful when the
Hamiltonian has very high frequencies, i.e., if the Hamiltonian is strongly time de-
pendent. An example is shown in Fig. 3.9 where we plot the evolution of the dipole
moment of the above-mentioned Na8 example during 10 atomic units of time. The
time-step is one atomic unit. The M(4) scheme is clearly superior in this range
of frequencies or, to be more precise, for this range of the product ω∆t, where ω
is the highest frequency present in the evolution. It is able to “follow” the exact
evolution of the dipole moment, whereas the lower-order methods deviate from it,
eventually rendering the evolution meaningless. Note that the very high-frequency
oscillations (2Ha ≈ 54 eV) shown in the figure correspond to the laser field, not to
the internal states of the cluster. (The plasmon response of this kind of clusters
lies typically within 2–3 eV.) On the other hand, the steady increase in the dipole
moment, to which the laser frequency is superimposed, corresponds to the begin-
ning of the oscillation of the plasmon. Of course, the dipole calculated with the EM
method will reduce to the exact curve if we reduce ∆t, but this makes the EM calcu-
lation much less favorable in computer time. For this particular example, it turns
out that the use of the fourth order Magnus expansion reduces the computational
cost by a factor of three.

We stress again that the answer to the question EM vs M(4) is problem-
dependent, and that the performance of bothmethods should be carefully compared
before performing a long time evolution.
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3.5.3 Conclusions

Unfortunately, we cannot name an “always optimal” algorithm for the propagation
of the time-dependent Kohn-Sham equations. The final choice depends on the in-
ternal characteristics of the physical system, and on the frequency and intensity
of any existing external fields. Furthermore, the final performance of any method
also depends on the specific implementation of the equations, and possibly also
on the computer architecture. (For example, we have observed strong variations
on the performance of the fast Fourier transforms, which have a definitive influ-
ence on the cost of the splitting techniques.) Nevertheless, and keeping in mind
all these observations, we believe that the exponential midpoint rule combined
with the Lanczos exponential approximator gives a very good algorithm to repre-
sent the time propagator for a wide range of systems. Moreover, if the problem
involves high frequencies, it is also worth trying the higher order Magnus expan-
sions. Although our numerical results were obtained using a TDDFT code based
on real-space methods, we expect them to be fairly general and applicable to other
implementations (e.g. plane-waves).

3.6 Some symmetry considerations†

Because of its tensorial character, one way of simplifying the calculation of the
polarizability is to use Neumann’s principle [176]: the polarizability tensor of the
system must be left invariant under any transformation that is also a point sym-
metry operation of the system. This condition of invariance reduces the number of
independent tensor components, since it provides relationships between those com-
ponents, thus potentially reducing the number of calculations necessary to obtain
the full tensor.

Numerous theoretical techniques can be used to calculate polarizabilities, with
varying level of accuracy and detail. In particular, there is a class of methods that
rely on the explicit use of the external perturbation, i.e., each line of the tensor is
obtained by performing one calculation. Because of this, when using these meth-
ods it is not always obvious along which directions the perturbing fields should be
aplied in order to make full use of Neumann’s principle.

Stricto sensu, the polarizabilities refer to the reaction to spin-independent (i.e.,
electrical) perturbations measured by spin-independent observables; they are re-
ferred to as density-density response functions. However, one can also think of more
general response functions and apply spin-dependent perturbations and/or look at
spin-dependent observables, obtaining in this way spin-density, density-spin and
spin-spin response functions – these generalized objects are sometimes referred to
as susceptibilities. Even though we are mainly concerned with the polarizability
itself, we will consider these more general objects, since we will also show how

†This section is based on the article:

• On the use of Neumann principle for the calculation of the polarizability tensor, M. J. T.
Oliveira, A. Castro, M. A. L. Marques, and A. Rubio, J. Nanosci. Nanotechno. 8, 3392-3398
(2008).
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the calculation of the density-density and spin-spin response of a spin-saturated
molecular system may be simplified.

3.6.1 Spatial symmetries

In this section, we will drop the spin indices, since the whole argument is valid for
any of the spin components of the polarizability.

It is easy to prove that α(ω) is a proper tensor: If we consider a second orthonor-
mal reference frame {ê′1, ê′2, ê′3}, α(ω) transforms following the tensorial transforma-
tion law:

α′(ω) = P
tα(ω)P , (3.53)

whereα′(ω) is the polarizability in the second reference frame, and P is the rotation
matrix between the two frames.

This tensorial character of the polarizability permits us to work in any orthonor-
mal reference frame; once we obtain its values, we may easily transform it by
straightforward matrix manipulation. Wemay then choose the frame which is most
appropriate, bearing in mind the geometry of the molecule, and this can reduce the
total number of calculations. However, this liberty does not allow us to make full
use of symmetry. For this purpose, we need to work with non-orthonormal direc-
tions.

Let us consider three linearly-independent, but possibly non-orthogonal, unit
vectors {p̂1, p̂2, p̂3}. We define the polarizability elements α̃uv(ω) as:

α̃uv(ω) = −
∫

d3r

∫

d3r′ (r · p̂u)χ(r, r′, ω)(r′ · p̂v) . (3.54)

This corresponds to a process in which the polarization of the perturbing field is
along p̂v, and the dipole is measured along p̂u. If we know the 3x3 matrix α̃(ω), we
get the real tensor α(ω) by making use of the following simple relationship:

α̃(ω) = P
tα(ω)P . (3.55)

P is the transformation matrix between the original orthonormal reference frame
and {p̂1, p̂2, p̂3}. Note that this transformation is in general not a rotation; P is not
unitary. Moreover, no matter how familiar it looks, Eq. (3.55) is not a change of
coordinates: α̃(ω) is not the polarizability tensor in the new reference frame. And
finally, also note that the traces of α̃ and α do not coincide:

Tr [α̃(ω)] = Tr
[

P
tα(ω)P

]

= Tr
[

α(ω)PP
t
]

. (3.56)

but PP
t 6= 1. Nevertheless, it tells us that we may obtain the polarizability tensor

by calculating the related object α̃(ω).
Now let us assume that the molecule under study possesses some non-trivial

symmetry transformations – to start with, we consider that it has two, A and B.
We consider an initial unit vector, p̂1, and define:

p̂2 = Ap̂1

p̂3 = Bp̂2 (3.57)
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We assume that this may be done such that the set {p̂1, p̂2, p̂3} is linearly indepen-
dent.

We then perform a TDDFT calculation with the perturbing field polarized in the
direction p̂1. This permits us to obtain the row {α̃11, α̃12, α̃13}. Since the matrix is
symmetric, we also have the column {α̃11, α̃21, α̃31}. The symmetry of the molecule
also permits us to obtain the diagonal: {α̃33 = α̃22 = α̃11}. The only missing element
is α̃23 = α̃32, but it is easy to prove that:

α̃23 = α̃1,A−1p̂3
, (3.58)

which we can also get from our original calculation. The conclusion is that we have
access to the full tensor by making only one calculation.

To fix ideas, we use the example of a molecule with one n-th order axis of sym-
metry (n > 2). Let R be the rotation of 2π/n degrees around this axis. We then
choose p̂1 not collinear with this axis, and also not perpendicular to it. If we define
Rp̂1 = p̂2 and Rp̂2 = p̂3, the set {p̂1, p̂2, p̂3} will be linearly independent. In this case,
moreover, since A = B = R, Eq. (3.58) reduces to α̃23 = α̃12.

It may very well be that we may only find two linearly independent “equivalent
axis”, p̂1 and p̂2, related by a symmetry transformation, A – this is the case of
a system that possesses only a plane of symmetry, or only an axis of symmetry of
order two. We may then define p̂1 to be a tilted vector with respect to this plane (not
contained in it, and not perpendicular). Then, p̂2 = Ap̂1, where A is the reflection
on the plane, is an equivalent vector, and p3 can be chosen to lie in the symmetry
plane (the obvious choice will be p̂3 = p̂1 ∧ p̂2, that ensures linear independence).
We then only need two calculations, one with the polarization along p̂1 (or p̂2) and
another with the polarization along p̂3. Moreover, if p̂1 is chosen to be tilted exactly
π/2 with respect to the symmetry plane, the system of vectors is orthonormal, and
we do not even need to apply Eq. (3.55). Note that this case applies to all planar
molecules.

3.6.2 Singlet and triplet excitations in spin-saturated sys-

tems

We consider a system whose ground state is spin-saturated. It verifies:

α↑↑
ij = α↓↓

ij , (3.59a)

α↑↓
ij = α↓↑

ij . (3.59b)

And, in consequence, α[nm]
ij = α

[mn]
ij = 0, and

α
[nn]
ij = 2(α↑↑

ij + α↑↓
ij ) , (3.60a)

α
[mm]
ij = 2(α↑↑

ij − α↑↓
ij ) . (3.60b)

Despite this symmetry, in order to obtain all spin-components (which in this spin-
saturated case are only two independent ones), we would still need two calcula-
tions: one perturbing with a spin-independent potential – in order to obtain α

[nn]
ij ,

and one with a spin-dependent one – in order to obtain α[mm]
ij .
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Figure 3.10: Left: One view of Si8H18 (point group D3d). In this picture, the dark
brown atoms are silicon and the grey atoms are hydrogen; Right: Two different
views of protonated triphenylguanidine (point group C3h). In this picture, the dark
blue atoms are nitrogen, the cyan represent carbon, and finally the white atoms
are hydrogen.

However, one can easily use a similar scheme to the one outlined in the previous
section in order to calculate the two polarizabilities in only one shot. The idea is to
apply a perturbation in the form:

δv[↑]
σ (r, ω) =

{

−xjκ(ω) , σ =↑
0 , σ =↓ , (3.61)

or, in the Pauli matrix language:

δv[↑](r, ω) = −1

2
κ(ω)xj(σ̂0 + σ̂z) . (3.62)

It is then easy to verify that the response of the dipole observables will then be
given by:

δ〈X̂i〉[↑]j (ω) = −1

2
κ(ω)α

[nn]
ij , (3.63a)

δ〈X̂iσ̂z〉[↑]j (ω) = −1

2
κ(ω)α

[mm]
ij , (3.63b)

thus providing us with the components of the two response functions that we need
with only one calculation.

3.6.3 Examples

There are many complex molecules of tecnological relevance that present symme-
tries such that the schemes outlined in the previous sections can be used. We chose
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Figure 3.11: Protonated triphenylguanidine averaged absorption cross-section for
singlets and triplets. The curves obtained with and without the use of symmetry
completely overlap.

two of them to illustrated the method: protonated triphenylguanidine and one
hidrogenated silicon cluster Si8H18. Triphenylguanidine compounds are regarded
as interesting for quadratic nonlinear optical applications while hidrogenated sil-
icon is an important optico-electronic material with potentially important techno-
logical applications.

The ground-state of protonated triphenylguanidine is spin-saturated, has one
proper axis of symmetry of order three, one plane of symmetry, and one improper
axis of rotation of order three (see Fig. 3.10). The ground-state of Si8H18 is spin-
saturated, has an inversion center, one proper axis of symmetry of order three,
three proper axis of symmetry of order two, three planes of symmetry, and one
improper axis of symmetry of order six (see Fig. 3.10). This means one can make
use of the schemes outlined in the previous sections to obtain all the components
of the response functions with only one calculation: all components of both α[nn](ω)
and α[mm](ω) tensors.

Without using the symmetry of the system the response functions were com-
puted by applying spin-independent and spin-dependent perturbations with polar-
ization directions along the x, y and z directions. This way the response functions
were straighforwardly obtained but required a total of six time-propagations.

To use the symmetry a set {p̂1, p̂2, p̂3} is needed. In the case of protonated triph-
enylguanidine we built it by defining p̂1 to be a vector tilted π/4 with respect to the
plane of symmetry and the two symmetry transformations A and B to be an inver-
sion with respect to the plane and a 2π/3 rotation around the axis of symmetry of
order 3. In the case of Si8H18 we chose p̂1 to be a vector tilted π/4 with respect to
the axis of symmetry of order three and both symmetry transformations A and B
to be 2π/3 rotations around the same axis.

Applying a perturbation of the same form as Eq. (3.61) with a polarization di-
rection along p̂1 and using Eqs. (3.55), (3.63a) and (3.63b) allowed us to obtain the
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Figure 3.12: Si8H18 averaged absorption cross-section for singlets and triplets.
Again, The curves obtained with and without the use of symmetry completely over-
lap.

response functions with just one calculation in both cases.
All response calculations were done with OCTOPUS [177, 178] using the Perdew-

Zunger [6, 33] parametrization of the adiabatic local density approximation for the
exchange-correlation potential. To represent the wave-functions in real space we
used a uniform grid with a spacing of 0.195Å and a box composed by spheres of
radius 5Å around every atom. A time step of 0.0048 fs assured the stability of the
time propagation, and a total propagation time of 19.35 fs allowed a resolution of
about 0.1 eV in the resulting spectrum.

The results obtained are summarized in Fig. 3.11 and Fig. 3.12 where we plot
the averaged absorption cross-section (trace of the tensor) for singlets and triplets.



Part II

Applications





Chapter 4

Nanostructures and small

molecules

Nanostructures, including atomic clusters and molecular-nanodevices, are nowa-
days at the heart of many fundamental and technological research projects. Char-
acterization of their electronic, structural, and bonding properties is a real neces-
sity. Optical, electron and time-resolved spectroscopies offer this possibility, al-
lowing the study of static and dynamic electron-electron correlations. The elec-
tronic properties are sensitive to the evolution of the energy levels as the number
of atoms in the cluster increases. The optical spectrum provides information on the
electronic structure. In particular, the optical response of the clusters depends on
their size and also on the cluster structure. This is an important feature, since the
determination of the structure is, in general, a hard task, either for experimental
techniques or for sophisticated total energy calculations, and knowledge of the geo-
metrical structure of a cluster is required as a basis for understanding many of its
properties.

In the following sections we show several illustrative examples of how TDDFT
calculations can be used to unravel the physics of these interest systems. We
present both calculations of the linear response, and of second-order response.

4.1 Carbon clusters†

The prototype of carbon clusters is the C60 fullerene. X-ray and energy-loss ex-
periments [179, 180] show the presence of two collective excitations, one around
28 eV (σ-plasmon) and the other around 6.3 eV (π-plasmon). These are seen in the
photoabsorption cross section of Fig. 4.1, obtained from the direct solution of the
TDDFT Kohn-Sham equations. The essence of these two experimental features can
be understood in terms of the motion of electrons in σ-orbitals linking neighboring

†This section is based on the article:

• Can optical spectroscopy directly elucidate the ground state of C20? A. Castro, M. A. L. Mar-
ques, J. A. Alonso, G. F. Bertsch, K. Yabana, and A. Rubio, J. Chem. Phys. 116, 1930-1933
(2002).
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atoms in the C60 cage and π-orbitals extending in and out of the cage [181]. Two
similar resonances have been observed for graphite (and are explained in the same
way [182]) but not for diamond or amorphous carbon where only the higher one
is observed. Photoabsorption data in the visible region [183] and photoionization
cross sections (above 7.5 eV) have been reported for free C60 [184], and a collective
excitation is seen at an energy of ∼ 20 eV with a linewidth of 10 eV.1

Larger fullerenes are not longer spherical and exhibit interesting electronic and
optical properties; for example C76 [55] is chiro-optical. In Fig. 4.1 we illustrate for
the case of fullerenes the following fact known for metallic clusters: the form of the
collective resonance of ”delocalized-like” electron systems is dictated by the shape
of the cluster. Therefore the spheroidal shape of C70 leads to a splitting of the low
frequency π-like plasmon into two resonances, with the lower one for the external
field applied along the long-axis direction of the cluster. The σ-plasmon is much
less sensitive to the specific shape of the cluster, and its energy is very similar for
both C60 and C70. Furthermore, it does not depend on the direction of the applied
filed with respect to the symmetry-axis of the cluster.

Medium size carbon clusters are predicted to have a wide variety of isomers
with the form of cages, bowls, planar graphitic structures, rings and linear chains.
The theoretical and experimental study of the different isomers may help to under-
stand the way fullerenes form [185]. The smallest possible fullerene, C20, consists
of 12 pentagons with no graphitic hexagons intercalated. Other low energy isomers
of C20 include a bowl, several rings and other closed 3-dimensional arrangements.
The production of the cage and bowl members of the family has been reported in
Ref. [186]. The smallest fullerene cannot be expected to form spontaneously, but
has been produced from the precursor C20H20. The bowl was produced in the same
way, and photoelectron spectroscopy has been used to distinguish between the dif-
ferent species. It is very difficult to make reliable theoretical predictions of the
most stable structure of C20. In fact, different levels of theory favor different iso-
mers. At the Hartree-Fock level, the ring is the ground state, followed by the bowl
and the cage [187]. Density functional theory in the LDA approximation reverses
the order, predicting the cage as the lowest energy structure [188, 189]. The use
of better functionals based on the GGA does not clarify matters: the ordering of
the isomers depends on the particular correction used [187, 188, 189]. Quantum
Monte Carlo (QMC) and coupled cluster (CC) methods have also been applied in
an attempt to resolve the issue, yielding bowl-ring-cage ordering using the former
method [187] and cage-bowl-ring using the latter [190] . Furthermore, it seems
that the results are sensitive to the pseudopotential [191].

Another complication is that entropy effects affect the relative stability, and
the calculated free energies as a function of the temperature [192] have been used
to assign the dominant species produced by vaporizing graphite or prepared from
precursors.

The geometrical structures of six members of the C20 family are given in Fig. 4.2:

1For an endohedral hydrogen impurity there is a shift of the π-plasmon to higher energy (around
8.1 eV) together with a substantial fragmentation on the low and high energy sides of the resonance.
The main effect of an endohedral potassium impurity is to enlarge the linewidth of the resonance
through a large fragmentation due to the proximity of particle-hole transitions.
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Figure 4.1: Photoabsorption cross section, σ(ω) (in arbitrary units), for C60 (botton
panel), and for C70 (upper panel) along the two principal symmetry axis. The long
axis has been choosen along the z-direction. The cross sections have been obtained
with OCTOPUS.
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the smallest fullerene (cage), which is a Jahn-Teller distorted dodecahedron, the
ring, the bowl, and three other cage-like structures, labeled as (d), (e) and (f). Struc-
tures (d) and (f), related by a Stone-Wales transformation [193], are composed of
four hexagons, four pentagons, and four four-membered rings. These structures
are the six isomers with lower energy obtained by Jones within the LDA approxi-
mation [194]. Other structures, such as bicyclic rings, chains and tadpoles may be
favored by entropy at high temperature and have been observed experimentally.
However, neither of them seem to be a possible low temperature ground state.

TDDFT calculations of the optical absorption taken from Ref. [195] are shown
in Fig. 4.2. While present experiments are not able to discriminate between the
different spatial directions, the averaged spectra are still sufficiently different to
discriminate between the different structures. Two regions can be distinguished
in all the graphs: (a) the peaks which can be seen in the near ultraviolet, and (b)
a broad absorption that starts at around 7.5 eV. Focussing attention on the lower
energy peaks, the ring exhibits the largest optical gap and also the strongest collec-
tive transition. The bowl also has a high optical threshold, larger than 5 eV, but the
intensity of the first significant transition is an order of magnitude weaker than in
the ring. The relative intensities of the peaks, the fact that the first excitation is
divided into two for the bowl, and the relative strength of the excitations in the
6–7 eV region, can all be used to distinguish the bowl isomer from the ring .

The spectra of the four three-dimensional isomers start at much lower energy
and are more similar to each other, which is expected from their similar geome-
tries. The fullerene isomer exhibits two peaks at 3.9 and 5.1 eV, with the second
much stronger than the first one. Most of the strength concentrates above the ion-
ization threshold (7.5 eV), and has a broad plateau starting at around 7 eV. This is
different from the planar-like isomers, where an important fraction of the strength
appears below 7 eV. Isomer (d) can be distinguished by the presence of a transition
at quite low energy, 2.5 eV, as well as by the fragmentation into many states going
up to 6 eV. Isomer (e) differs from the fullerene cage by the presence of a transition
(labeled B in the Fig. 4.2) between the transitions that would be seen in the cage.
The spectrum of isomer (f) is similar to that of the fullerene cage up to the second
peak, but it is shifted down by about 0.3 eV. Isomer (f) also has a third peak near
6 eV, in a region where there is a gap in the spectrum of the fullerene cage, and
that difference would be definitive.

4.2 CdSe nanostrutures†

4.2.1 Introduction

For the past years, semiconductor quantum dots have attracted large interest from
the community due to the peculiar role played by quantum confinement [196]

†This section is based on the article:

• Identification of CdSe fullerene-like nanoparticles from optical spectroscopy calculations, S.
Botti and M. A. L. Marques, Phys. Rev. B 75, 035311 (2007).
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Figure 4.2: Dipole strength function, in eV−1, for several isomers of C20 obtained
with the OCTOPUS code. The dipole strength functions have been averaged over all
orientations of the system. The dashed line in the upper panel corresponds to the
independent particle approximation.
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and the consequent potential for size-tunable nanodevices. High quality colloidal
nanoparticles can now be routinely synthesized with a remarkably narrow size
distribution (even lower than 5% [197]), and have already proved to be excellent
components for a variety of applications in opto-electronics (i.e., light-emitting
diods [198], optically pumped lasers [199], photovoltaic cells [200]), in telecom-
munications [201], and in biomedicine as chemical markers [202, 203]. Among the
colloidal nanocrystals, CdSe is perhaps the most studied, due to the efficiency of
its synthesis, the high quality of the resulting samples, and the fact that the op-
tical gap is in the visible range. In most experimental setups, CdSe nanoparticles
are formed by kinetically controlled precipitation, and are terminated with capping
organic ligands, like, e.g., the trioctyl phosphine oxide (TOPO) molecule, which pro-
vide stabilization of the otherwise reactive dangling orbitals at the surface [197].

The understanding of the atomic arrangement and surface deformation of CdSe
clusters is quite important. In fact, strong reconstructions imply necessarily impor-
tant modifications of the electronic states, and consequently of the size-dependent
optical properties at the basis of all technological applications. For ligand-
terminated CdSe clusters, both transmission electron microscopy data [197, 204],
molecular dynamics simulations [205] and ab initio structural relaxation [206]
agree on predicting an atomic arrangement of the inner Cd and Se atoms anal-
ogous to the one in the wurtzite CdSe crystal. The extent to which the cluster
surface retains the crystal geometry is more controversial as the surface cannot be
easily resolved experimentally. Generally, if the surface is properly passivated, the
reconstruction is assumed to be small and limited to the outermost layer (and even-
tually the layer just beneath it), which is in agreement with molecular dynamics
simulations [205]. Pudzer et al. [206] have predicted for clusters with diameters
up to 1.5 nm a strong surface reconstruction, remarkably similar in vacuum and in
the presence of passivating ligands.

Recently, the synthesis and probable identification of highly stable (CdSe)33 and
(CdSe)34 nanoparticles grown in a solution of toluene has been reported [207, 208].
The experimental absorption spectra of these nanoparticles at low temperature
show sharp peaks, similar to the ones that characterize TOPO-capped clusters of
the same size [197]. However, the surfactant molecules employed in the synthesis
process are, in this case, removed by laser vaporization. Furthermore, an X-ray
analysis indicates that the coordination number of Se is between 3 (the coordina-
tion of a fullerene) and 4 (the coordination of the bulk crystal). In view of this, and
in absence of direct structural data, the non-passivated compound nanoparticles
are predicted to have a core-cage structure, composed by a puckered fullerene-like
(CdSe)28 cage accommodating a (CdSe)n (n=5,6) wurtzite unit inside.

The core-cage structures proposed by Kasuya et al. [207] are significantly dif-
ferent from all previous bulk-derived arrangements. This geometry is proved to be
particularly stable by first-principle total energy calculations [207]. However, up
to now no definitive proof has been given for the identification of the highly stable
observed nanoparticles with the fullerene-like structures.

We address the problem of the identification of CdSe nanoparticles through the
comparison between measured [207] and simulated optical spectra. In fact, as the
electronic states are strongly modified by changes of size and shape, absorption (or
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Figure 4.3: Relaxed cages, filled cages and wurtzite structures of (CdSe)n. Cd atoms
are in green and Se atoms are in beige.

emission) peaks are sensitive to such changes as well. Optical spectroscopy can
thus be a powerful tool (especially if it can be combined with other spectroscopic
techniques) to probe the atomic arrangement of synthesized nanoparticles.

4.2.2 Ground state calculations

The atomic positions of our CdSe nanoparticles were obtained by geometry opti-
mization within DFT [209], using norm-conserving pseudopotentials [111] and the
local density approximation (LDA) for the exchange-correlation potential [33]. For
all calculations presented here we used 2 Cd (5s2) and 6 Se (4s24p4) valence elec-
trons. We verified that using a pseudopotential with 18 valence electrons for Cd
did not change significantly the relaxed bond lengths and angles.

We considered initial candidate structures with different sizes ranging up to
about 1.5 nm. To build up these atomic arrangements we started from three differ-
ent kinds of ideal geometries: (i) bulk fragments cut into the infinite wurtzite crys-
tal, (ii) octahedral fullerene-like cages made of four and six-membered rings and
(iii) the core-cage structures of Ref. [207], composed of puckered CdSe fullerene-
type cages which include (CdSe)n wurtzite units of adequate size to form a three-
dimensional network. We assume that the Cd-Se distance before structural relax-
ation is the distance in the CdSe wurtzite crystal, calculated within DFT in the
same approximations used for the nanoparticles [209]: its value (0.257 nm) com-
pares well with the experimental value (0.263 nm).

Atomic arrangements after optimization are depicted in Fig. 4.3. All clusters
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Figure 4.4: Distance of Cd atoms (circles) and Se atoms (diamonds) from the center
of the cluster after geometry optimization, as a function of their distance before
optimization. An atom that lies on the straight line y = x has not changed its
position. In panel (a) results of the analysis for (CdSe)33,34 core-cage clusters, in
panel (b) for the (CdSe)33 wurtzite cluster.

suffer contraction upon geometry minimization. For example, (CdSe)33,34 clusters
experience a size reduction of about 1–1.5%, in agreement with the X-ray analysis
of Ref. [207]. However, as the relaxation affects mainly the outermost atoms, the
overall effect is more pronounced in smaller structures, where the average Cd-
Se distance decreases up to 4%. This contraction does not conserve the overall
shape, as Cd atoms are pulled inside the cluster and Se atoms are puckered out.
As a consequence, Cd-Cd average distances can be reduced by 30%, while Se-Se
distances remain essentially unvaried. This is clearly visible in Fig. 4.4, where
the relaxed distance of Cd (circles) and Se (diamonds) atoms from the center of
the cluster is plotted for (CdSe)33,34 clusters as a function of their distance before
relaxation. If the atoms remained in their initial position, all datapoints would
fall on the straight line y = x. The fact that most Cd atoms lie below the line,
while most Se atoms are above it, shows that in our simulation Cd atoms prefer to
move inward and Se atoms outward. That puckering happens independently of the
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Figure 4.5: Calculated total energies per CdSe unit (a) and HOMO-LUMO gaps (b)
as a function of the number of CdSe units. The zero of energy is set to the total
energy per pair of the (CdSe)34 core-cage. The empty (filled) circles refer to cage
(core-cage) clusters, while the diamonds refer to wurtzite-based structures.
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cluster size and it is in agreement with previous calculations [207, 206].
All wurtzite fragments get significantly distorted upon relaxation and break

their original symmetry. In agreement with the findings of Pudzer et al. [206],
the strong modification of bond lengths and angles concerns essentially the surface
layer. In particular, we can see in Fig. 4.4(a) that the wurtzite-type (CdSe)33 is
already large enough to conserve a bulk-like crystalline core. In fact, the spread
of the points from the straight line is pronounced only for the external shell of
atoms. The calculated overall contraction of the cluster is consistent with exper-
imental data [210]. Also the empty cages [(CdSe)12, (CdSe)28, and (CdSe)48] get
puckered, but conserve their overall shape. Their binding energies are smaller by
0.1–0.2 eV with respect to the binding energies of the corresponding filled cages
[see Fig.4.5(b)], showing the importance of preserving the three-dimensional sp3

Cd-Se network. To optimize the core-cage structures [(CdSe)12+1=13,(CdSe)28+5=33,
and(CdSe)28+6=34] we created different starting arrangements assuming different
orientations for the encapsulated CdSen=1,5,6 units. In the relaxed assemblies the
distributions of bond lengths and angles result very similar despite of the distinct
initial configurations. Nevertheless, we decided to use few distinguishable relaxed
geometries in the spectroscopy calculations in order to evaluate the dependence of
the optical spectra on small changes in the atomic positions.

In Fig. 4.5(a) we summarize our results for the total energy per CdSe unit in the
configurations studied here. The zero of energy is set to the lowest energy structure
of (CdSe)34. The core-cage (CdSe)33 cluster is significantly more deformed under
optimization than (CdSe)34, but it turns out to have a very similar binding energy.
We thus confirm that the fullerene-like geometries are particularly stable [207].
The filled cage structure made of 13 units gives as well a relative minimum in
the total energy per pair. In the case of (CdSe)13 and (CdSe)33 it is possible to
compare the total energies of the different three-dimensional isomers: the core-
cage nanoparticles have a slightly higher binding energy [0.15 eV for (CdSe)13 and
0.05 eV for (CdSe)33]. However, we should not forget that the energy differences
we are discussing here are all very tiny, sometimes of the same order of magnitude
as the accuracy of the calculations. That fact confirms how difficult it can be to
extract structural information from a single number (the total energy) and leads
to the conclusion that the simple analysis of total energy differences cannot be
conclusive to demonstrate the existence of fullerene-like CdSe clusters.

4.2.3 Optical absorption

From the relaxed geometries we obtain the optical spectra at zero temperature
using TDDFT in the adiabatic local density approximation [73]. The accuracy in
reproducing transitions of intermediate energy is known to be somewhat deterio-
rated, due to the wrong asymptotic behavior of the LDA exchange-correlation po-
tential. For this reason, we will focus the analysis of our results on the lowest
energy peaks.

In Fig. 4.6 we display the photoabsorption spectra of the empty cages of differ-
ent diameters. First of all, we observe that the absorption threshold is system-
atically blueshifted with respect to the bulk optical gap (≃ 1.8 eV). In particular,
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Figure 4.6: Left: Photoabsorption cross section σ(ω) of the empty cages. In panel
(a) the absorption spectra of (CdSe)48 (dotted line) and (CdSe)28 (solid line); in panel
(b) the absorption spectra of (CdSe)12 (dotted line) and (CdSe)6 (solid line). Right:
Photoabsorption cross section σ(ω) of the isomers of (CdSe)13. In panel (a) the
absorption spectrum of the wurtzite structure; in panel (b) the absorption spectrum
of the filled cage.
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Figure 4.7: Photoabsorption cross section σ(ω) of the isomers of (CdSe)33,34. The
experimental data in arbitrary units (a) are compared with our calculated spectra
(b), (c), and (d). The different curves in panels (c) and (d) correspond to distinct
relaxed geometries obtained starting from different filled cages.

due to quantum confinement effects, the shift is more pronounced when the clus-
ter size is smaller. Second, we can compare the absorption threshold with the
Kohn-Sham gap between the highest occupied and lowest unoccupied molecular
orbitals (HOMO-LUMO) reported in Fig. 4.5(a): the Kohn-Sham gap is systemati-
cally smaller than the TDDFT absorption threshold. It is well known that the sim-
pler approach of taking the differences of eigenvalues between HOMO and LUMO
orbitals gives peaks at lower frequencies in complete disagreement with the exper-
imental spectra [195]. We note that the TDDFT optical gaps include both electron-
electron and electron-hole corrections to the Kohn-Sham gap at the level of the
adiabatic local density approximation.

We should keep in mind that the opening of the gap due to confinement can
be counterbalanced by a closing of the gap due to surface reconstruction. This
leads to a non trivial dependence of the absorption gap as a function of the cluster
size. This effect is already present at the Kohn-Sham level [see Fig.4.5(a)] and it
persists in TDDFT spectra. In fact, the calculated absorption curves are strongly
dependent not only on the cluster size but also on the details of its atomic arrange-
ment. This is evident if we compare the optical response of the different isomers
of (CdSe)33 in Fig. 4.7. The absorption threshold is lower in wurtzite-type clus-
ters as the HOMO-LUMO gap is reduced due to the presence of defect states in
the gap as a consequence of the strong surface deformation. For a similar reason,
the larger surface deformation of the core-cage (CdSe)33 aggregate in comparison
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with the more stable (CdSe)34 structure explains why the first starts absorbing at
lower energies than the second. Finally, we note that the similar curves of different
colors in panels (c) and (d) of Fig. 4.7 correspond to distinct core-cage geometries
obtained in various optimization simulations. We conclude that the dependence of
the relevant peak positions and shapes on the different atomic arrangements is not
negligible, but the peak positions and oscillator strengths are sufficiently defined
for our purposes.

A comparison with measured spectra [207] is possible for nanoparticles made of
33 and 34 CdSe units (see Fig. 4.7). The solid blue line in panel (a) of Fig. 4.7 refers
to room temperature absorption data for mass-selected nanoparticles prepared in
toluene at 45◦C (sample I), while the green dotted line correspond to analogous
data for the solution prepared at 80◦C (sample II). Both samples are character-
ized by strong absorption at 3 eV. For sample II the experimental data show the
appearance of a broad peak extending to lower energies. This peak turns out to
move to even lower energies when the temperature and the time in the synthesis
process increase. In a simple quantum confinement picture, these findings suggest
that larger particles, possibly reconstructed bulk fragments, are formed when the
temperature increases. Moreover, the sharp peak at about 3 eV, which is always
present, was hypothesized to be the signature of the highly resistant fullerene-like
clusters.

Our calculated spectra shown in Fig. 4.7 prove the presence of fullerene-like
core-cage structures. The theoretical optical response of all our model core-cage
(CdSe)34 clusters is indeed characterized by a well defined absorption peak at 3 eV.
Also the core-cage (CdSe)33 cluster and the (CdSe)33 reconstructed bulk fragment
can contribute to this peak. However, they cannot be present in sample I, as that
would be signalled by the appearance of a broader peak at lower energy, which is
absent in the experimental spectrum. On the other hand, a peak at about 2.5 eV,
connected to the peak at 3 eV by a region of increasing absorption, is present in the
spectrum for sample II. Our calculations show that the (CdSe)33 wurtzite fragment
is responsible for the peak at 2.5 eV, while the broad absorption region between
2.5 eV and 3 eV can be explained by the presence of (CdSe)33 core-cage structures.
This is in disagreement with the intuition of Ref. [207] that bulk fragments of
about 2.0 nm gave rise to the broad absorption below 3 eV. Although it is true that
a peak in that energy range is typical of 2.0 nm crystalline-like TOPO-passivated
nanoparticles [197], the effect of the structural deformation of ligand-free samples
is more than a simple broadening of the absorption line. In fact, ligand-free clus-
ter can absorb at lower energies than passivated cluster of the same size due to a
closing of the gap induced by surface reconstruction. On the other hand, the exper-
imental evidence of a continuous redshift of the 2.5 eV peak when the temperature
and the time of the synthesis process increase can only be explained by the gradual
addition of atoms to the (CdSe)33 bulk fragment, as the creation of the next stable
core-cage structure would require filling the successive fullerene-like cage made of
48 CdSe units.
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4.3 Gold clusters and spin-orbit effects†

4.3.1 Introduction

The research on (and possible application of) small size-and-shape selected coinage
metal nanoparticles depends on the feasibility of their selective preparation. For-
tunately, experimental breakthroughs in the last decades have demonstrated this
possibility: e.g., for gold — that constitutes the topic of the current section — a syn-
thesis method that allows for control of the average cluster size and deposits the
gold nanostructures onMg0 was reported in Ref. [211]; in a different example, func-
tionalized Au55 clusters were generated using a “bottom-up” fabrication method
based on the self-assembly of the clusters on organic template patterns [212].

The interpretation of the noble metal clusters absorption spectra is quite com-
plex. Anionic silver clusters exhibit, for example, the expected redshift as the clus-
ter size is decreased [213], whereas the cations are blue-shifted [214]. This blue-
shift has also been found in the optical response of large (2–4 nm diameter) gold
nanoparticles supported in alumina [215], and can be traced back to the action of
the d-electrons.

It is therefore clear that, even if the d10s1 electronic arrangement of all coinage
metals may suggest their treatment as simple alkaline clusters, the d-shell inter-
play with the s electron is an important perturbation. However, this does not suffice
to explain the singularity of gold nanostructures: relativistic effects are also crucial
for understanding the properties of gold chemistry [216]. The effect of relativity on
the geometries of gold clusters has already been thoroughly studied: planar struc-
tures are favored for small clusters up to a surprisingly large number of atoms.
This fact has been observed experimentally [217, 218]; theoretical calculations also
show that planar structures are energetically lower in energies up to n = 7, 11
and 12 for cationic, neutral and anionic clusters, respectively [219, 220]. These
numbers are much larger for gold than for copper or silver, and this fact can be
unambiguously assigned to relativity [221].

We are concerned, however, with relativistic effects on the electronic excitation
properties of gold nanoparticles. Optical absorption experiments have already been
performed for a number of years, using a variety of techniques (e.g. electron pho-
todissociation spectroscopy [222, 223] or photodepletion spectroscopy [224]). Also,
a number of theoretical calculations are available: Recently, Idrobo et al. [225]
have calculated the static polarizabilities and the absorption spectra of Aun clus-
ters (n =2-14, 20), making use of TDDFT. Photodissociation spectroscopy measure-
ments were combined with TDDFT in Refs. [222] in order to interpret the absorp-
tion spectra of Au+

4 ·Arn (n = 0 − 4) and Au−
n ·Xe (n = 7 − 11), respectively. Lermé

et al. [226] used the local density approximation (LDA) together with the jellium
model to explain the blue-shift in the Mie-resonance frequency of gold clusters with

†This section is based on the article:

• The role of dimensionality on the quenching of spin-orbit effects in the optics of gold nanos-

tructures, A. Castro, M. A. L. Marques, A. H. Romero, M. J. T. Oliveira, and A. Rubio, accepted
for publication in J. Chem. Phys. (2008).
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Figure 4.8: Absorption cross section of linear Aun (n = 2 − 7), obtained with (black
line) and without (light grey line) spin-orbit coupling.

decreasing cluster size. The spectrum of Au20 has also been calculated by several
groups [227, 228, 229].

Even though the necessity of including to some extent relativistic effects is al-
ways stressed, the effect of spin-orbit coupling on the optical absorption spectra
is unexplored. Usually, except for accurate (quasi)-relativistic quantum chemistry
calculations for the atom or the dimer [230, 231, 232], the account for relativity is
restricted to using relativistic effective core potentials or pseudopotentials. Yet, the
spin-orbit splitting of the lowest-lying non-forbidden spectroscopic line of the gold
atom is as large as 0.5 eV. Can one expect that the splittings are quenched with
the size of the Au clusters? Or, that they are washed away as the density of states
grows – and with it, the complexity of absorption spectra – , so that the general
shape and features of the spectra are largely unaffected by the presence or absence
of spin-orbit in the model? Does the magnitude of spin-orbit effects depend on the
cluster dimensionality (wires, planar or 3D structures)? These questions will be
answered in the following.
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4.3.2 Methodology

Geometries were obtained by making use of the Car-Parrinello approach [154].
For this optimization, we used norm-conserving scalar-relativistic pseudopoten-
tials [111]. At this stage the spin-orbit coupling was neglected, since (i) the struc-
tural modification introduced by this effect is expected to be small, and (ii) the
purpose of the present work is to isolate the spin-orbit effect in the electronic exci-
tations, and therefore compare the spectra with and without spin-orbit for the same

geometry. The PBE-GGA approximation [233] accounted for exchange-correlation
effects (the inclusion of gradient corrections to the exchange-correlation was found
to be important [234]). Our ab initio calculations confirm that planar structures
are found to be the most stable ones for the cluster sizes studied here (except for
the Au20 case), usually with a difference in energy of around 0.3 eV. The obtained
planar and 3D structures are depicted in Figs 4.9 and 4.10. In addition, to complete
the study of the effect of dimensionality, we have performed computations for linear
chains (wires) of gold atoms. For these 1D structures we chose to fix the bond length
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Figure 4.10: Absorption cross section of 3D Aun (n = 4−7, 20), obtained with (black
line) and without (light grey line) spin-orbit coupling.

to 2.9Å, which is the nearest-neighbor distance in bulk gold.2 Note that nanowire
gold chains were predicted and generated experimentally in the 1990s, and were
the subject of extensive investigations [236, 237, 238, 239]. Low-dimensional gold
structures are also ubiquitous in the study of electronic transport through single
molecules, often connecting the molecule to the leeds.

Optical absorption spectra were computed within TDDFT. In particular, we used
the explicit time-propagation technique [54, 57], as implemented in the code OC-
TOPUS [177, 178]. Regarding numerics, we represent the relevant functions on a
real-space regular rectangular grid (the grid spacing was chosen to be 0.4 a.u.; the
border of the simulation box was taken 8a.u. away from the closest nucleus). The
total propagation time was 750 a.u., and we used the (adiabatic) LDA to describe
exchange-correlation effects [240].

The electron-ion interaction was described using the Troullier-Martins rela-

2Atomic gold chains can be created by stretching gold nanocontacts, or by deposition on stepped
surfaces. Their interatomic distance can vary substantially; see, e.g., Ref. [235]
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tivistic non-local norm-conserving pseudopotentials [111]. We followed the fully-
relativistic generation recipe described in Ref. [241], as implemented by in the code
APE [242]. We should note that a fully consistent treatment of relativity would
involve the solution of Dirac-like single-particle Kohn-Sham equations; however,
it was soon realized that, within a pseudopotential formalism, scalar relativistic
effects – up to order α2 – may be encapsulated within the expression for the pseu-
dopotential [243, 244]. Moreover, the largest contribution of the spin-orbit term to
the chemical properties has its origin in the core region, and may also be treated
within the pseudopotential approximation. We have followed the scheme suggested
by Theurich and Hill [245], which, coupled to our TDDFT implementation, allows
us to discern the effect of spin-orbit in the valence excitations. We obtain in this
way, for the atomic 2P1/2 and 2P3/2 spectroscopic lines, 4.85 and 5.30 eV (experimen-
tally they are found at 4.632 and 5.105 eV). There is an absolute error of about
0.2 eV, but the error in the difference — the spin-orbit splitting — is much smaller
(0.025 eV).

4.3.3 Results

The absorption cross sections for the set of clusters studied here are shown in
Figs. 4.8, 4.9 and 4.10 for one-dimensional wires, 2D and 3D structures, respec-
tively. The plots show the results obtained with (black thick line) and without
(lighter grey line) the spin-orbit coupling term.

For the wires (Fig. 4.8), the inclusion of the spin-orbit term has a quite-large
effect. For the smallest system, Au2, the splitting of the first peak in the spectrum
amounts to around 2 eV. This effect is somewhat reduced with increasing number
of atoms, but for the largest system studied (Au7) spin-orbit still changes the po-
sitions of the peaks by as much as 0.5 eV. This result is particularly important in
the field of electronic transport, where wires of these dimensions often appear in
experimental and theoretical setups. As resonances in the conductance arise when
hitting an electronic excitation energy, our results indicate that inclusion of spin-
orbit coupling is crucial to obtain these resonances with the correct position and
intensity.

For the 2D and 3D structures (Figs. 4.9 and 4.10), the effect is still noticible, but
much smaller than for the 1D wires. Furthermore, as the cluster size grows, the
density of excited states grows, and the detailed peak structures is washed away
by the superposition of spectral widths. This fact hides the details of the spin-orbit
coupling splitting, and may be interpreted as a “quenching” of this effect. This is
specially visible for the 2D Au7 and Au8 structures, and for the 3D tetrahedral Au20

(the 3D Au7, however, shows a more pronounced spin-orbit splitting);

Finally, we would like to stress that, by comparing the spectra obtained for dif-
ferent isomers with the same size, it is clear that it carries structural information.
Therefore, optical spectroscopy can be used as a characterization tool to discern the
specific isomer synthesised in experiments.
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This work LDA HFa MP4a CCSD(T)a Exp.

µ 0.0631 -0.1052 0.0905 0.057 0.0481b

αxx 12.55 11.25 12.00 11.97
αzz 15.82 14.42 15.53 15.63
ᾱ 13.64 13.87c 12.31 13.18 13.19 13.09d

βxxz 8.35 8.24e 5.0 8.3 8.4
βzzz 33.34 33.52e 31.1 28.3 30.0
β‖ 30.03 30.00e 24.8 27.0 28.0

Table 4.1: Comparison of static polarizabilities and hyperpolarizabilities for
CO. Results are in atomic units. aFinite differences results from Ref. [246].
bExperimental result from Ref. [247]. cLDA basis set results from Ref. [248].
dExperimental result from Ref. [249]. eLDA basis set results from Ref. [250].

4.4 Quadratic response with the Sternheimer

equation†

In this section, we illustrate the calculation of second-order response functions
within TDDFT. We used as methodology the sternheimer equation presented in
Sect. 2.4.5 and implemented in OCTOPUS. We look at some simple molecules that
have been well studied both experimentally and theoretically: CO, H2O, and paran-
itroaniline (PNA).

In all our calculations we took the experimental geometries: CO = 1.13Å;
HO = 0.957Å, ˆHOH = 104.5o; the experimental geometry of PNA determined
through X-ray crystallography can be found in Ref. [251]. However, there are
two CH distances missing from the crystallographic data. For these we followed
Ref. [252] and took their theoretical values (see Table 1 of Ref. [253]). In all cases
the dipole moment of the molecule was taken perpendicular to the z axis, for H2O
the molecule was considered in the yz plane and in the case of PNA it was taken in
the xz plane. We used Troullier-Martins norm-conserving pseudopotentials with a
core radius of 0.66 Å for H, 0.78 Å for C, and 0.74 Å for both N and O.

We used a simulation box composed of spheres centered at each atomic position,
with a radius of 9.5Å for CO, 7.4Å for H2O, and 5.3Å for PNA. The points were
distributed in a regular grid with spacing 0.20Å for CO, 0.17Å for H2O, and 0.19Å
for PNA. With these parameters, hyperpolarizabilities are converged to better than
1%. As expected, the simulation boxes required to converge the hyperpolarizabili-
ties were much larger than the ones typically used in ground-state calculations, as
these quantities have sizeable contributions from the regions far away from the nu-
clei. The required simulation box size depends on the frequency of the perturbation,
being larger for higher frequencies. Finally, we used the LDA parameterization by

†This section is based on the article:

• A time-dependent density functional theory scheme for efficient calculations of dynamic (hy-

per)polarizabilities, X. Andrade, S. Botti, M. A. L. Marques, and A. Rubio, J. Chem. Phys.
126, 184106 (2007).
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Figure 4.11: Second harmonic generation β||(−2ω;ω, ω) of CO. The inset shows a
comparison of the results of this work (TDLDA) with other available results. Exp:
Experimental results from Ref. [254]; HF: Hartree Fock results from Ref. [252];
LDA, BLYP, B3LYP: DFT results from Ref. [252]; CCSD: Coupled cluster results
from Ref. [252].

ω =0.00 eV ω =1.79 eV ω =1.96 eV

This work LDAa This work LDAa This work LDAa

βzzz -21.23 -19.14 -27.67 -25.22 -29.37 -26.81
βzxx -9.84 -8.82 -12.89 -11.45 -13.68 -12.11
βxxz -9.84 -8.82 -16.87 -15.57 -19.28 -17.90
βzyy -12.08 -11.67 -14.94 -14.39 -15.68 -15.09
βyyz -12.08 -11.67 -14.48 -13.99 -15.06 -14.56

Table 4.2: Tensor components for second harmonic generation β(−2ω;ω, ω) of H2O.
aTheoretical results from Ref. [252].

Perdew and Zunger [33] to approximate the exchange-correlation functionals.
We start our discussion with CO. The results for static properties are displayed

in Table 4.1. The results fully agree with the other DFT-LDA calculations. Com-
pared to more sophisticated quantum chemistry methods, the LDA overestimates
the values for the polarizabilities and the hyperpolarizabilities. This, as mentioned
before, comes from a deficiency in the asymptotic region of the LDA potential.

In Fig. 4.11 we present our calculations of the second harmonic generation spec-
trum, β||(−2ω;ω, ω), of CO, together with the available experimental results [254]
and previous theoretical data [252]. Our results agree very well with previous
DFT results using the LDA. We can also see that the use of the generalized gra-
dient approximation BLYP (Becke 88 [255] for exchange and Lee, Yang, and Parr
[256, 257] correlation) does not change significantly the results. Using a hybrid
functional, the Becke 3 parameter B3LYP functional [258], does reduce the error,
while Hartree-Fock (HF) results underestimate the value for the hyperpolarizabil-
ity. The best results are, as expected, obtained by coupled cluster calculations using
singles and doubles (CCSD).
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α(0, 0) β‖(0; 0, 0) β‖(0;ω,−ω) β‖(−2ω;ω, ω)

This work (TDLDA) 10.51 -25.89 -28.33 -34.71
This work (KLI/ALDA) 8.61 -11.75 -12.43 -14.03
LDAa 10.5 -26.1 -28.6 -35.1
BLYPa 10.8 -27.9 -30.9 -38.8
LB94a 9.64 -17.8 -17.7 -20.3
LDAb 10.63 -23.78 -26.09 -32.12
BLYPb 10.77 -23.65 -26.11 -32.76
B3LYPb 9.81 -18.54 -20.11 -24.11
HFb 8.53 -10.73 -11.27 -12.52
CCSD(T)c 9.79 -18.0 -19.0 -21.1
exp. 9.81d -22±9e

Table 4.3: Comparison of (hyper)polarizabilities of H2O for different DFT calcula-
tions. CCSD(T) and experimental values are given as reference. For dynamic re-
sults ω = 1.79 [eV]. aGrid based calculations from Ref. [89]; bBasis set calculations
from Ref. [252]; cResults from Ref. [259]; dExperimental results from Ref. [260];
eExperimental results from Ref. [261];

Now we turn to the H2O molecule. To test our implementation, we show, in
Table 4.2, the different components of the hyperpolarizability tensor for ω = 0 eV,
1.79 eV, and 1.96 eV. We see that our results compare well to previous theoreti-
cal work [252]. The small difference can be explained by the different numerical
methodologies (real-space grid and pseudopotentials in our case and basis sets in
Ref. [252]).

In Table 4.3 we show the static polarizability, α(0, 0), the static first hyperpolar-
izability, β‖(0; 0, 0), the optical rectification, β‖(0;ω,−ω), and second harmonic gen-
eration, β‖(−2ω;ω, ω) for water. All dynamic values were calculated for ω = 1.79 eV.
This time we also have included results with the KLI orbital dependent exchange-
correlation potential combined with the ALDA exchange-correlation kernel. Con-
cerning LDA values, we can see that our results fully agree with the results of
Ref. [89] that also uses a grid based representation, while basis-set results from
Ref. [252] differ by less than 10%. We can see that all LDA and BLYP val-
ues overestimate the magnitude of (hyper)polarizabilities with respect to experi-
ment and coupled cluster calculations. The use of more sophisticated exchange
correlation functionals, like LB94 or B3LYP, improves significantly the results,
while the KLI/ALDA scheme gives an underestimation of the magnitude of (hy-
per)polarizabilities similar to Hartee-Fock results.

To conclude the discussion of water results, we plot, in Fig. 4.12 the frequency
dependence of the optical rectification in the visible and near ultraviolet regimes.
It is clear that our method not only works for small non-resonant frequencies but
also in the more complicated resonant regime.

Finally, we turn to a larger molecule: paranitroaniline. Our results for the
second harmonic generation process in this molecule are given in Fig. 4.13. There
are two experiments available: i) a gas phase experiment [263] performed for a
single frequency; and ii) paranitroaniline in solvent for several frequencies [262].
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Figure 4.12: Calculated optical rectification β‖ (0;ω;−ω) of H2O.

The latter were corrected for the presence of the solvent, but this correction is
clearly incomplete as the value from Ref. [262] for ω = 1.17 eV is still 10% larger that
the gas phase measurement [263]. We include also other theoretical values using
DFT [250, 264] and CCSD [252]. We can observe that our results underestimate
the solvent experimental results by about 15% for all available frequencies. In
comparison, B3LYP and CCSD results are seriously too small at high frequencies,
with values that are around 40-50% smaller than experiment. We think that the
reason for this discrepancy is the better description of the hyperpolarizabilities
near resonance of our method. Furthermore, it uses a grid based representation
that describes better the regions far from the nuclei in comparison with localized
basis sets, allowing for larger flexibility in capturing the dynamic changes in the
wave functions.
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Figure 4.13: Second harmonic generation β||(−2ω;ω, ω) of paranitroaniline. Note
that the y axis in the right panel is in logarithmic scale. exp. solv.: Solvent phase
experimental results from Ref. [262]; exp. gas: Gas phase experimental results
from Ref. [263]; LDA/ALDA, LB94/ALDA: DFT basis set results from Ref. [250];
B3LYP: DFT basis set results from Ref. [264]; CCSD: Coupled cluster results from
Ref. [252]. Some references use a different convention to define hyperpolarizabili-
ties, all the values shown here have been converted to convention AB.





Chapter 5

Biological systems†

Absorption or emission of light from biomolecules are crucial processes to under-
stand the machinery of biology [265]. Photosynthesis [266], vision [267], biolumi-
nescence [268] or DNA damage are paradigmatic examples. A sound theoretical
understanding of the photo-chemistry of biological molecules is not only needed to
describe the mechanisms of life, but also because some of the key molecules can
be employed for technological purposes at the nanoscale [269]. However, despite
the tremendous effort being focused on this field, the first-principles theoretical de-
scription of the interaction of these molecules with time-dependent electromagnetic
fields is still a challenging problem, lacking a definitive, systematic, methodology,
that should allow to bridge the different spatial and time scales that are relevant
for the description of light-induced biological processes with predictive power.

TDDFT has repeatedly shown in the last decade its usefulness when attempting
this challenge. The reason is its unparallelled balance between the computational
load that it requires and the accuracy that it provides. In the past few years, we
have performed a number of theoretical studies on the photo-response of organic
and biological molecules by making use of TDDFT; It is the purpose of this Chapter
to overview, by showing several of these application examples, some of the capa-
bilities of this approach and highlight the deficiencies of present approximations
for the unknown frequency-dependent exchange-correlation kernel that enters the
TDDFT equations.

The visible and near ultraviolet (UV) range of the spectrum is, of course, spe-
cially relevant – and it is indeed the visible and UV spectroscopy the main appli-
cability niche of TDDFT. We will therefore concentrate on this area. Most organic
molecules, however, are completely transparent to visible light, and begin to absorb
in the UV region. Upon absorption of a photon, a molecule undergoes a transition
between two molecular states. The most common transitions are σ to σ∗, π to π∗

and π to nπ, and correspond to absorption of light in the UV. In molecular chains
with alternate bonds, however, absorption can be shifted to longer wavelengths. In

†Part of this chapter is based on the article:

• The challenge of predicting optical properties of biomolecules: pros and cons of time-dependent

density-functional theory, A. Castro, M. A. L. Marques, D. Varsano, F. Sottile, and A. Rubio,
accepted for publication in C. R. Physique (2008).
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these so-called conjugated molecules, the electrons are delocalized over the whole
system. Therefore, by increasing the length of the molecule, the π-electrons be-
come more delocalized, and the HOMO-LUMO energy gap decreases. If the system
is long enough, optical absorption may lie in the visible region. Chromophores are
those organic molecules with long conjugated bonds, resulting in very efficient ab-
sorption in the visible or near-UV regions of the spectrum. Section 5.1 is dedicated
to some examples of this large family of molecules.

Section 5.2 is dedicated to the optical properties of DNA basis and compounds.
TDDFT may help in this case to analyse how the response of the nucleobases is al-
tered by their mutual interaction, either in their natural environment (where the
bases are paired in the Watson-Crick scheme, and covalently bound to a sugar-
phosphate backbone), or in synthesised arrangements. The favourable scaling
properties of TDDFT with respect to traditional Quantum Chemistry approaches
is in this case crucial to be able to study the evolution of excited state properties
as the size of the DNA compounds grows. We also show calculations of the circular
dichroism of the adenine molecule and dimer, where it is highlighted the relevance
of the circular dichroism spectra to address the properties of stacked bases (includ-
ing the chirality of molecules).

TDDFT, in principle, addresses the electronic problem of a molecular system;
the study of the dynamics requires of some form of molecular dynamics. Sec-
tion 5.3 is dedicated to some approaches to this coupling between TDDFT and
molecular dynamics. The systems chosen for this purpose are the azobenzene chro-
mophore (whose fast isomerisation has a large potential for possible applications),
and formaldimine, which also illustrates the double-bond rotation that underlies
many biological dynamical processes.

5.1 Chromophores in proteins

Biochromophores are never isolated in nature, but typically covalently bound to a
protein. For instance, the retinol, present in our eyes and responsible for captur-
ing the photons in the first stage of the vision process, is always a part of some
protein – of any in the so called “opsin” family. The proteic surroundings – includ-
ing water and cell environment – may have a strong influence on the response of
a chromophore to light. Following with the retinol example, the absorption max-
imum of the chromophore in the protein red-shifts about 120 nm with respect to
the chromophore in solution. It is clear that any successful theoretical treatment
of the optical response of a chromophore must include consistently the effect of its
environment.

The photoactive region, however, is usually constituted by a relatively small
active centre – the chromophore, and the surrounding medium – and the rest of
the molecule plus the environment can be considered as a perturbation. The envi-
ronment can be a solution, or even a solid-state device. Optical processes related,
for instance, to vision and photosynthesis, rely on a subtle interplay between op-
tical absorption by the photoactive centre and its decay mechanism through the
coupling to the internal vibrational modes of the molecule, including isomerisation
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Figure 5.1: Top panel: Optimized structure of the neutral chromophore and its
closest charged residues inside the green fluorescent protein (GFP): His148, Arg96
(positive) and Glu222 (negative). Botton panel: Computed photoabsorption cross
section of the neutral (dashed line) and anionic (dotted line) chromophores. For
comparative purposes the anionic results have been divided by 4. Experimental
results at 1.6 K (thin solid lines) [270] and room temperature (thick solid line) [271]
are also given. The inset gives a decomposition of the calculated spectrum of the
neutral chromophore in the three directions, showing the inherent anisotropy of
the GPF molecule.

processes, as well as the coupling to the environment (the supporting protein and
the solvent). In the following, we supply some recent examples of application of
TDDFT to the calculation of absorption spectra of biomolecules, namely of the so
called fluorescent proteins. These constitute a basic set of molecules with a wide
range of applications as biological markers – and now are also being used to form
hybrid devices for nano-optic applications.

5.1.1 The Green fluorescent protein (GFP)†

A complex and appealing photoactive molecule is the green flourescent protein
(GFP). This molecule has been studied experimentally in various environments,
in solution as well as in vacuo, and has been found to exhibit a rich and complex
behavior that is the subject of much current debate. The measured optical absorp-
tion spectrum of the wild type (wt) GFP shows two main resonances at 2.63 and
3.05 eV [270, 271] (see Fig. 5.1), that are attributed to two different thermodynam-
ically stable protonation states of the chromophore, the neutral and the negative
configurations of the chromophore, respectively. So far, ab-initio quantum chem-
istry has not been able to provide satisfactory agreement with the spectroscopic

†This section is based on the article:

• Time-dependent density-functional approach for biological chromophores: the case of the green

fluorescent protein, M. A. L. Marques, X. Lopez, D. Varsano, A. Castro, and A. Rubio, Phys.
Rev. Lett. 90, 258101 (2003).
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data, and has not contributed much to confirm or rule out various possible sce-
narios of photodynamics in the GFP. A good description of the optical properties
of the GFP photoreceptor has been achieved [272] by using an approach that com-
bines (a) a hybrid quantum mechanics-molecular dynamics (QM-MM) method to
obtain the structure, with (b) time-dependent density functional theory to treat
the electronic excitations. The structures were first optimized using a QM-MM
method [273, 274, 275] with a semiempirical Hamiltonian [276] to describe the
quantum subsystem. The quantum mechanical (QM) region included a sequence
of three amino-acids that form the chromophore: Ser65, Tyr66 and Gly67. The op-
timized structure of the chromophore, with the most important neighbor residues,
is shown in Fig. 5.1. On the other hand, the anionic form of the chromophore
was obtained by deprotonation of Tyr66 and protonation of Glu222. The calculated
photoabsorption spectra of the GFP neutral and anionic chromophores, shown also
in Fig. 5.1, are in excellent agreement with experiment assuming the presence
of the two forms of the photo-receptor, protonated and deprotonated respectively,
in an approximate 4:1 ratio. Furthermore, it can be seen in the inset of Fig. 5.1
that light polarized along the x-direction is responsible for the lowest optical tran-
sition in the neutral chromophore. The molecule is nearly transparent to visible
light polarized along the other two orthogonal directions. The GFP turns out to
be a rather anisotropic molecule in the visible region, a property that could be
used to enhance the photo-dynamical processes in well oriented GFP samples for
opto-electronic devices. It should be emphasized that good agreement is obtained
because the breaking of the planarity of the biochromopeptide caused by the pro-
tein surrounding has been taken into account. Notice also that the measured peaks
can be clearly assigned to either the neutral or anionic forms of the GFP.

5.1.2 The blue mutant of the GFP†

In the past years there has been an increasing demand for the ability to visualize
different proteins in vivo that require multicolor mode imaging. For this reason,
several groups set forth to develop GFP-mutant forms with different optical re-
sponses. A mutant of the GFP of particular interest is the Y66H variant, in which
the aminoacid Tyr66 of the GFP is mutated to a histidine [277, 278]. The resultant
protein exhibits fluorescence shifted to the blue range, and is for that reason often
referred to as the blue emission variant of the GFP, or the blue fluorescent protein
(BFP). The BFP chromophore is considerably more complicated than the GFP. It
has four possible protonation states: one anionic (named HSA), two neutral (HSD
and HSE), and one cationic (HSP). Each one of them, in turn, has two possible sta-
ble conformations, one cis and one trans, joined by a transition state. The optical
spectra of all these configurations, as obtained by means of TDLDA, is shown in
Fig. 5.2.

The main candidate to explain the experimental spectrum of the BFP turns

†This section is based on the article:

• Optical Absorption of the Blue Fluorescent Protein: a First Principles Study, X. Lopez, M. A.
L. Marques, A. Castro, and A. Rubio, J. Am. Chem. Soc. 127, 12329-12337 (2005).
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Figure 5.2: Optical absorption spectrum in the range 2–5 eV for the various proto-
nation states and conformers of the chromopeptide in the gas phase (cis: blue-solid
line; TS: green-dashed line; and trans: red-dotted line).

out to be a neutral-cis configuration. However, in contrast to the wt-GFP where
the response of the anionic and of neutral states occurs at distinct frequency
ranges [279, 280, 281], in the BFP both anionic and neutral configurations have
very similar spectra, with only minor differences in the fine structure close to the
main peak. On the other hand, even if the absorption spectrum is not conclusive,
the acid dissociation constant (pKa) analysis seems to rule out the existence of the
anionic state in vivo. Furthermore, other protonation states (such as the cationic)
cannot be present in the BFP protein as their spectral features are outside the
measured absorption spectra.

Like in the GFP, it is quite important to take into account the role of the chro-
mophore environment. This role is 2-fold: (i) it induces structural modifications of
the gas phase chromophore, the most important being the breaking of the imida
rings; and (ii) it makes a local-field modification of the external electromagnetic
field. To study these effects, QM/MM simulations of the chromopeptide embedded
inside the BFP were performed (see Ref. [281] for computational details). We will
discuss the cis-HSD case, since it is the lowest energy structure for the neutral
chromophore, and X-ray data indicate a cis conformation, therefore making it the
most likely candidate to be present in the experiments.
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Figure 5.3: Optical absorption spectrum for the cis-HSD state of the chromophore
in the gas phase and distorted by the BFP protein environment, compared with the
experimental spectrum of the BFP.

Regarding the structure, the protein induces the breaking of planarity (around
18o) of the otherwise planar gas-phase structure. Then, in order to determine the
role played by the protein intra-media in the optical spectroscopy properties of the
chromopeptide, we selected several structures from the QM/MM minimization and
performed TDDFT calculations. These calculations are summarized in Fig. 5.3,
along with the calculated gas phase result (named “Gas-phase” in the figure), and
the experimental spectrum. The spectrum of the bare chromophore, but as dis-
torted by the protein environment, is denoted “Distorted”. The other two curves
correspond to the chromopeptide plus a selection of some the closest residues (the
environment). “Env II” is larger than “Env I”, and includes it.

It can be seen how the induced non-planarity has a sizable effect in the spec-
trum. It causes a considerable red-shift of the gas-phase cis-HSD peaks. Thus, the
optical spectrum is sensitive to the ≈ 20o torsion. On the other hand, the effect
of the polarization of the electronic cloud by neighbor residues is less important.
The inclusion of the residues in “Env I” in the TDLDA calculation causes a further
red-shift of the second peak, but leaves the first peak almost unchanged. However,
when enlarging the environment to “Env II”, we find a spectrum with a shape sim-
ilar to the one of the twisted chromopeptide with two well-defined peaks at similar
positions. It seems that “Env I” provides an inhomogeneous surrounding, which
leads to an overpolarization, and this artifact is corrected by the inclusion of a
larger environment.

In summary, the optical absorption inside the BFP exhibits a red shift of about
0.15 eV, which has mainly a structural origin – a breakdown of planarity. This could
be responsible for the 0.13 eV red-shift observed between folded and unfolded con-
formations of the BFP protein [277]. Furthermore, there is a subtle cancellation
between the shielding of the electromagnetic field acting on the chromophore due
to its closest residues. This cancellation effect makes that the calculated spectra
for the isolated (twisted) chromophore and for the chromophore in the protein are
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nearly identical. Another aspect that we have shown to be relevant is the inclusion
of temperature [281] that is important to bring more quantitative agreement be-
tween the calculated BFP spectra and the measured one. Temperature introduces
fluctuations in the dihedral angle related to the breaking of planarity in the BFP
chromophore (floppy torsional motion of the two imida-rings are included), and con-
sequently to a broadening and shift of the calculated spectra. We note this breaking
of planarity plays a fundamental role in the description of the optical properties of
other GFP-mutants.

5.2 Optical response of DNA bases and base pairs†

In order to characterise either the structural or the response properties of biomolec-
ular systems, it is crucial to be able to distinguish the intrinsic molecular properties
from the effects induced by the environment (e.g. the solvent). The optical absorp-
tion spectrum may be able to properly discriminate those effects, hence its success
as characterisation tool. This fact is specially important for DNA and DNA-based
compounds [282, 283].

In addition to the obvious relevance of scientific investigation of DNA molecules
for medical and biological purposes, we have witnessed lately how DNA compounds
and DNA-like derivatives are studied for their potential applications for nanotech-
nological purposes. The reasons are its stability (in solution), its one-dimensional
character, along with the unique properties of self-assembly and recognition. How-
ever, in order to advance farther this technological line of research, the determina-
tion and interpretation of the electronic properties of nucleobases and of DNA heli-
cal arrangements is an extremely valuable foreword, and notable multidisciplinary
efforts are currently devoted to such goals [284, 285, 286, 287, 288, 289]. Further-
more, knowledge of the electronic properties, excited-state lifetimes, and ultraviolet
(UV) absorption spectra is of paramount importance for our understanding of, e.g.,
the crucial phenomenon of UV radiation-induced DNA damage.

To relate the optical properties of the nucleic acids to their structure, spatial
conformation, and type of intra-molecular interactions, a valuable preliminary step
is to gain insight into the excited-state properties of their building blocks, namely
the monomeric bases, and to understand the role of hydrogen-bonding and stack-
ing when these monomeric units form complex assemblies. In their natural en-
vironment, the DNA bases are paired via hydrogen-bonds in the Watson-Crick
scheme [290], and are covalently bonded to the sugar-phosphate backbone. The
hydrogen-bonded base pairs interact with each other in the typical helical arrange-
ment by inter-plane van der Waals forces. To disentangle how the different inter-
actions control the DNA dynamics upon light absorption, it is important to infer
how the spectrum of a given isolated nucleobase is modified by mutual interactions
in the different spatial conformations of DNA assemblies. TDDFT certainly is an

†This section is based on the article:

• A TDDFT study of the excited states of DNA bases and their assemblies, D. Varsano, R. Di
Felice, M. A. L. Marques, and A. Rubio, J. Phys. Chem. B 110, 7129-7138 (2006).
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appropriate tool for attempting this task.
We report a complete study of the optical absorption spectra of the five isolated

gas-phase nucleobases and some of their assemblies is reported: simple Watson-
Crick (WC) pairs, simple π-stacks of two bases and more complex π-stacks of WC
guanine-cytosine (GC) pairs. These calculations of isolated simple nucleobase-
assemblies are a remarkable playground to prove the reliability of TDDFT for
DNA-based materials. For the first time, the optical properties for a helical con-
formation of two stacked GC pairs [d(GC)] were computed by an ab-initio method.
For such a conformation, H-bonding (which leads to the formation of WC pairs) and
π-stacking effects are active simultaneously and can be distinguished.

The results discussed below and in Ref. [291] can be summarised as follows. For
the isolated bases we got absorption spectra in rather good agreement with previ-
ous theoretical works and (qualitatively) with experiments. The proper ordering of
the ππ∗ excitations is well reproduced, namely the excitation energy increases in
going from cytosine to guanine to adenine. Moreover, the LUMO state has always
a π-like character whereas the HOMO is π-like for the purines and σ-like for the
pyrimidines.

Regarding the base assemblies (WC H-bond pairs and stacked configurations),
the shape of the spectrum is not much altered by the π-stacking or H-bond in-
teractions. However, hypochromicity (intensity decrease) is observed in the high
energy range of the spectrum. The hypochromicity induced by π-stacking is larger
than that induced by H-bonding. In the case of H-bonded basis, for light polarized
perpendicular to the bases there is a blue-shift of the spectra compared to the spec-
tra of the isolated bases. The photoabsorption cross section along this direction
is manly due to the contribution of nπ∗ excitations and turns to be order of mag-
nitude less intense than the spectrum for light polarized along the plane, due to
ππ∗ excitations. In the stacked case, the HOMO and LUMO states are distributed
both on the purine and pyrimidine bases, whereas in the H-bonded configuration
the HOMO is in the purine and the LUMO in the pyrimidine (charge transfer-type
excitation). When combining both H-bonding and π-stacking, the two effects add
independently, and the hypochromicity in the UV is enhanced.

Fig. 5.4 demonstrates some of these aspects, namely the effect of the H-bonding
and π-stacking in the optical absorption. It displays the spectra for the H-bonded
GC (“GCH”) and AT (“ATH”) pairs. In order to characterize the effect of the bonding,
the spectra of the pairs (solid lines) is compared with the linear combination of the
spectra of the isolated basis (dashed lines). The features evidenced by the figure
are (i) a small shift found for the lowest frequency peaks; (ii) the hypochromicity at
high frequencies; and (iii) an overall blue-shift of the spectrum for light polarized
perpendicular to the pair (not shown). In addition to the above features that orig-
inates from the individual bases, new features appear in the spectra because the
purine and the pyramidine coexist in the Watson-Crick arrangement. This coex-
istence changes the nature of the frontier orbitals: the HOMO is purine-localized,
the LUMO is pyramidine-localized (bottom part of Fig. 5.4 , and the value of the
HOMO-LUMO gap is smaller than in the isolated bases. Consequently, peaks at
lower energies with oscillation strengths orders of magnitude smaller than the ππ∗

peaks, or totally dark, emerge in the spectra. These excitations, as for instances
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Figure 5.4: Average photoabsorption cross section of the GCH and ATH base pairs
(solid blue. top), and averaged spectra of stacked guanine and cytosine GCS and
of two stacked WC GCH pairs d(GC) (solid blue, bottom). The linear combination
of the spectra of the isolated purine and corresponding pyrimidine (G+C and A+T;
dashed lines) are also shown for comparison.
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HOMO LUMO

GCH

GCS

Figure 5.5: The structures of the GCH pairs and d(GC) assembly are shown, along
with the HOMO and LUMO KS wave functions.

the HOMO-LUMO excitation are, consequently, of charge-transfer type.
The role of these charge-transfer excitations needs to be analyzed more in de-

tail in order to understand their impact in the excited state dynamics of DNA-based
complexes (note that those states are very likely to be dark, or with very low oscilla-
tor strength for light-induced electronic excitations). In particular it is important
to address which level of exchange-correlation functionals work well to describe
properly this effects.

In the bottom part of Fig. 5.4 are shown the absorption spectra for the stacked
GCS dimer (left) and for two stacked GCH stacked pairs. As in the case of hydrogen
bonding, the shape of the spectrum is not strongly altered, but important differ-
ences are encountered in the oscillator strength, which turn to be substantially
reduced (hypochromism). In particular, looking at the spectrum of the two stacked
GCS dimers d(GC), we find the shape of the spectrum very similar to the GCH pair,
but again strongly reduced in intensity because the stacking. This feature indicates
that the two kinds of base couplings seem to act separately and independently, in
the sense that on does not affect the other in the optical response. The major effect
of the stacking is the hypochromicity, which is very useful because the intensity
change can be used to follow the melting of the secondary structure of nucleic acids
when varying the temperature or environmental parameters.

Besides optical absorption, another optical technique that is even more widely
used for the characterisation of chiral biomolecules is circular dichroism. TDDFT,
in its real-time propagation scheme, allows for a straightforward calculation of the
rotatory power or circular dichroism spectra (see Ref. [55] for the details). The im-
plementation and computation of circular dichroism spectra by TDDFT in real-time
is in progress and will be the topic of a self-standing investigation, that should al-
low the identification of helical fingerprint in the optical characteristics, and more
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Figure 5.6: Calculated dipole strength function (top) and circular dichroism (bot-
tom) for an isolated adenine base (solid black line) and for a stacked dimer of two
adenines (red dashed line). The structure of the stacked dimer is also shown in the
inset.

direct interpretation of standard post-synthesis experimental data. Just as an ex-
ample, we show in Fig. 5.6 the calculated optical absorption, and circular dichroism
spectra for an isolated adenine base (A) and a stacked dimer made of two adenines
(dA2) having interplane distance of 3.4Å and a twist angle of 36◦.

The absorption spectra of the isolated adenine and the dimer (top panel) have
practically the same shape and the hyphocromicity induced by the stacking interac-
tion discussed above is observed. Totally different is the circular dichroism signal:
while the optical rotatory power of an isolated adenine is very small in the con-
sidered range of energies, at the contrary we observe a strong signal for the dimer
induced by the helical motif, with a strong negative and positive bands at 180nm
and 200nm in satisfactory agreement with recent experimental data.
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5.3 Dynamics of biological molecules – azoben-

zene

Upon absorption of light, the associated electronic transition may trigger subse-
quent nuclear dynamics: photo-dissociation, photo-isomerisation, etc. These relax-
ation processes are crucial to understand many biomolecular processes, e.g. the
isomerisation of retinol. TDDFT is solely concerned with the electronic structure
and in order to study the coupled electron-ion dynamics we need to either extend it
or couple it with some flavour of molecular dynamics (MD).

Ideally, one could make use of multi-component TDDFT [292], which treats both
electrons and nuclei quantum-mechanically, and on the same footing. This ap-
proach, however, is still immature and the computational resources that it would
require are still out of reach. MD, on the other hand, assumes classical nuclei,
which is sufficient for many purposes, although its formulation involves address-
ing the difficult problem of non-adiabaticity.

MD can be used in conjunction with TDDFT in various different ways, depend-
ing on the purpose and of the computational requirements of the particular system
that is addressed. For example, one may perform classical Born-Oppenheimer MD
on the ground state energy surface calculated with DFT, and make use of TDDFT
to obtain the time-resolved absorption spectrum – simply performing one TDDFT
calculation at sampled points in the molecular trajectory. One example of this ap-
proach is given below – applied to the azobenzene dye. This approach, however,
does not address the electronic excited states (and therefore, the photon absorption
processes) nor the possibility of non-adiabaticity.

In order to allow for electronic transitions, one can use, among others, two differ-
ent approaches: Ehrenfest dynamics, or surface hopping [293, 294]. In the former
case, the forces on the (classical, point particle) nuclei are calculated “on the fly” by
making use of the Ehrenfest theorem (i.e. the force on a nucleus is the expectation
value of the partial derivative of the electronic Hamiltonian with respect to the
nuclear coordinate). The electronic equations incorporate the nuclear positions as
time-varying parameters, and an external, classical, electromagnetic field may also
be included. In the surface-hopping scheme, one performs classical adiadabatic MD
on ground or excited state surfaces, and a stochastic algorithm permits to “hop” be-
tween them. We will illustrate below the TDDFT-based Ehrenfest approach – a
previous application example and the theoretical and computational details of our
approach to this scheme are given in Ref. [295]. For a discussion of the problems re-
lated to the combination of classical ion dynamics with quantum electron dynamics
see, for example, Ref. [296].

The azobenzene molecule is conformed by two phenyl rings joined by the azo
group (see Fig. 5.7 where it is depicted in various conformations). It undergoes very
rapid (below the picosecond) cis/trans isomerisation around the N=N bond with
very high efficiency [297]. This property has arised great interest on azobenzene-
related systems for nanoscale opto-mechanical-device. Furthermore this change of
structure goes together with a change in dipole moment that can be used to act
as a optical-gate in, for example, nanotube-based transistors [298]. More relevant
for the present work, in Ref. [299], Spörlein et al. have performed femtosecond
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CIS 60o

130o TRANS

Figure 5.7: Calculated photoabsorption spectra of the isolated azobenzene chro-
mophore, at five points along an approximate isomerisation path connecting the
cis and the trans conformations. The black curve represents the average absorp-
tion; the colored lines are the decomposition of the spectra into different spatial
directions, showing the anisotropy.
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time-resolved optical spectroscopy on a certain small peptide (APB), which acts as
an optical trigger due to the presence of azobenzene. Their results demonstrate
how the absorbance is strongly red-shifted upon cis/trans isomerisation. This pro-
nounced spectral difference permits both a selective light-induced interconversion
and easy spectroscopical differentiation. We have addressed this problem within
our TDDFT formulation: Fig. 5.7 depicts our calculated photoabsorption spectra
for four selected nuclear conformations selected along one predefined approximate
isomerisation path joining the cis and trans positions. It must be noted that the
peptide backbone has been only used to relax the nuclear conformations – the iso-
merisation path has been obtained by minimization using a semiempricial QM/MM
approach. Later the peptide backbone has been cut, and the TDDFT calculations
have been performed only on the azobenzene molecule. The results, nevertheless,
show a redshift of most of the spectral weight, in the same manner than the exper-
iment. The position of the main peak does not coincide, and this may be due to that
neglection of the peptide influence.



Chapter 6

Van der Waals interactions†

6.1 Introduction

The van der Waals interaction is a common presence in the worlds of physics, chem-
istry, and biology. It is a dispersive force that acts even between neutral bodies
at large separations, and that results from the non-zero dipole-dipole attraction
stemming from transient quantum dipole fluctuations. It is the interplay between
the electrostatic and dispersive interactions that determines many interesting phe-
nomena in nature, even in the macroscopic world. In fact, it is van der Waals inter-
actions that are responsible for the remarkable ability of geckos to hold to surfaces.

But the realm of van der Waals forces, being quantum in nature, is the world of
atoms and molecules — the nano world. In fact, these forces determine the struc-
ture of DNA molecules and the folding and dynamics of proteins, the orientation of
molecules or nanostructures on surfaces, etc. They are also key ingredients in the
building and functioning of many of the systems relevant for the emerging fields
of nanotechnology and biotechnology. It is therefore not surprising that the num-
ber of theoretical studies of van der Waals interactions in these systems, has been
steadily increasing over the past year. At the same time, the tools used in these
studies have increased sophistication and precision.

In this Chapter, we give a step forward and present fully ab-initio calculations
of the van der Waals coefficients for the interaction between nanostructures and
between these nanostructures and surfaces.

The calculation of van der Waals dispersion forces can be a challenging problem
[300, 301]. Three regimes have to be distinguished, according to the distance that
separates the interacting molecules:

(i) short distances, such that there is non-negligible overlap of the electronic

†This chapter is based on the articles:

• Ab initio calculation and modelling of van der Waals interactions between nanostructures and

surfaces, S. Botti, A. Castro, X. Andrade, A. Rubio, and M. A. L. Marques, Phys. Rev. B 78,
035333 (2008).

• Efficient calculation of van der Waals dispersion coefficients with time-dependent density func-

tional theory in real time: application to polycyclic aromatic hydrocarbons, M. A. L. Marques,
A. Castro, G. Malloci, G. Mulas, and S. Botti, J. Chem. Phys. 127, 014107 (2007).
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clouds of the two molecules. This is the most difficult situation, since it re-
quires, in principle, a supermolecule calculation, i.e. the treatment of the two
molecules combined together as a single entity. The valid approaches in this
overlapping regime (and therefore also valid in the non-overlapping regime) are
sometimes called seamless van der Waals techniques. Numerous possibilities ex-
ist, although none of them entirely satisfactory: full configuration interaction for
very small molecules [302, 303], Møller-Plesset perturbation theory [304] or Monte
Carlo methods [305, 306]. Attempts to use ground state density functional theory
(DFT) are specially challenging [300, 301]; In the realm of time-dependent density-
functional theory (TDDFT), the recent work of Dobson [307] summarizes the cur-
rent research, largely based on the adiabatic connection / fluctuation dissipation
theorem. Dispersive forces can also be added to standard DFT through empirical
correction terms. These, however, require the previous knowledge of the C6 van der
Waals coefficients (see below), often roughly estimated from the atomic C6’s [308].
In the present work we will not consider this regime.

(ii) long distances, such that we can neglect the overlap. In this case, the elec-
trons belonging to different molecules are distinguishable, and one can isolate the
Coulomb operator that corresponds to interactions between electrons of different
molecules, and apply (second order) perturbation theory for this operator [309].
The first term in the perturbative expansion of the interaction energy decays as
−C6/R

6, where R is the intermolecular distance.
(iii) very long distances, such that retardation effects become important [310].

This means that the time it takes for the photons that mediate the electromagnetic
interaction to travel between the two molecules is not negligible. Retardation is
described by a correction factor that is equal to unit for small distances and pro-
portional to 1/R for large distances.

The knowledge of the various static and dynamic multipole polarizabilities at
imaginary frequencies suffices to compute the van der Waals interaction in the
regimes (ii) and (iii). These response functions can be calculated within a variety
of quantum chemical methods, typically through the evaluation of a wide range
of excitation energies and associated transition matrix elements. Alternatively, at
a lower computational cost, we can use time-dependent density-functional theory
(TDDFT). The first calculation of C6 coefficients using TDDFT was performed in
1995 by van Gisbergen et al. for a variety of small molecules [311].

6.1.1 Interaction between two finite systems

When both the wave-functions overlap and retardation effects are almost null [situ-
ation (ii)], the application of second order perturbation theory leads to an expansion
of the interaction energy with respect to the inverse of the intermolecular distance
(1/R):

∆E(R) = −
∞

∑

n=6

Cn

Rn
. (6.1)

The coefficients Cn are usually called Hamaker constants [312]. The leading non-
null term C6 is due to the dynamic dipole-dipole polarizability. The odd terms
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until n = 11 are also null for spherical molecules (or if an average over relative
orientations is taken), if we neglect retardation effects. In principle, the coefficients
also depend on the relative orientation of the molecules.

The CAB
6 dispersion Hamaker constant for a pair of molecules A andB, averaged

over all possible relative orientations, is related to the dipole molecular polarizabil-
ity through the Casimir-Polder relation:

CAB
6 =

3

π

∫ ∞

0

du α(A)(iu) α(B)(iu) , (6.2)

where α(X)(iu) is the average of the dipole polarizability tensor of molecule X, α(X),
evaluated at the complex frequency iu:

α(X)(iu) =
1

3
Tr[α(X)(iu)] . (6.3)

It should be noted that: (i) If we fix the relative orientation of the molecules, the
orientation dependent Hamaker constant can also be calculated from the α tensors,
considering the appropriate linear combination of their components; (ii) higher
order Hamaker constants, useful for shorter distances, can be obtained through
the use of analogous formulae involving higher order multipole polarizability ten-
sors. The expressions accounting for these two generalizations can be found, for
example, in Ref. [309]. The calculations presented below are solely concerned with
Eq. (6.2); however we wish to stress that the methodology trivially yields full polar-
izability tensors of arbitrary order, hence providing the possibility to tackle those
general cases, with almost no extra computational cost.

On the other hand, when the distance increases and retardation effects become
important, the van der Waals interaction depends solely on the static polarizability
[310, 313, 314], decaying as ∆E(R) = −KAB/R7, where the constant is

KAB =
23c

8π2
α(A)(0) α(B)(0) , (6.4)

where c is the velocity of light in vacuum.

6.1.2 Interaction between a finite system and a non-metallic

surface

In this case, the leading term of the expansion of the van der Waals energy as a
function of the distance between the cluster and a reference plane at a distance Z0

from the atoms on the surface is given by

∆E(Z) = − C3

(Z − Z0)3
, (6.5)

where C3 is the Lifshitz coefficient that can be calculated from [315] the dynamical
polarizability of the cluster and the dielectric function of the bulk material:

C3 =
1

4π

∫ ∞

0

du α(iu)
ǫM(iu) − 1

ǫM(iu) + 1
. (6.6)
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It is interesting to remark that C3 is expressed only in terms of quantities cal-
culated for the bulk crystal. The quantity that depends on the characteristics of
the surface is the position of the reference plane Z0. However, for semiconducting
surfaces, it can be shown [315] that in absence of local field effects Z0 is equal to
a/2, where a is the interplanar distance. Moreover, it is known that even relatively
large local field corrections give rise to rather small shifts of the reference plane
[315]. The expression (6.6) for the C3 coefficient is a general result, also valid for
metallic surfaces. However, the position of the reference plane Z0 is a more delicate
issue in the case of a metal, as positioning the reference plane at a distance of a/2
from the surface can lead to significant errors in the interaction energy (i.e. about
30% for a noble metal surface [315]).

6.2 Methods

The main ingredients to evaluate the van der Waals coefficients are therefore the
electronic polarizability α of the cluster and the dielectric constant of the bulk ma-
terial ε, both evaluated at imaginary frequencies. The computational methods and
the problems involved in the calculation of these two quantities are quite different,
so we will discuss them separately.

6.2.1 Finite systems

One can, in principle, obtain the electronic polarizability by using any quantum-
chemistry theory capable of handling time-dependent perturbations. As the nanos-
tructures we are interested in can be fairly large, we choose TDDFT, as this ap-
proach provides an excellent compromise between accuracy and feasibility.

Several different numerical approaches can be found in the literature to calcu-
late α at imaginary frequencies within TDDFT. For example, linear response theory
can be employed to calculate the density-density response function χ, from which
α directly follows (cf. Eqs. (2.31) and (2.32)):

α
(X)
ij (ω) =

∫

d3r

∫

d3r′ ri χ
(X)(r, r′, ω) rj . (6.7)

This approach is quite common and has been used for the calculation of the C6

coefficients of a wealth of molecules and clusters.
Alternatively, one can work in real time. By propagating the time-dependent

Kohn-Sham equations, we obtain δn(r, t) and the polarizability αij(ω) via Eq. (2.44).
In order to obtain values of α at imaginary frequencies one only has to substitute
ω by iu. This computational framework has been implemented in OCTOPUS.

A slightly different approach, is the polarization propagation technique, whose
extension to imaginary frequencies has been used to compute C6 coefficients [316,
317, 318, 319]. For large molecules, Banerjee and Harbola have also proposed the
use of orbital free TDDFT, providing satisfactory results for large sodium clusters
[320, 321].

It is also possible to use an alternative scheme based on the solution of a Stern-
heimer equation of Section 2.4.5. Although a perturbative technique, it avoids the
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use of empty states and has a quite good scaling (N2) with the number of atoms.
This method has already been used for the calculation of many response proper-
ties, like atomic vibrations, electron-phonon coupling, magnetic response, etc. In
the domain of optical response, this method has been mainly used for static re-
sponse, although few calculations at finite (real) frequency have appeared. Beside
the excellent scaling, the advantage of this technique is the relatively small prefac-
tor with respect to the time-propagation. We therefore expect it to be an important
tool for the calculation of van der Waals interactions between large systems, like
nanoclusters or molecules of biological interest.

6.2.2 Extended systems

Concerning extended systems, the electronic bandstructure of bulk semiconduc-
tors and insulators, which is the starting point to obtain the dielectric functions,
is nowadays accurately described by ab initio methods [322]. Much work has been
done in the past years to determine which approximations allow a proper descrip-
tion of electron-electron and electron-hole interactions, which is essential to obtain
optical functions (at real frequencies) in agreement with experimental data.

Within linear response for an extended system, the inverse dielectric function
of a periodic system is constructed from

ǫ−1 (q,G,G′, ω) = δG,G′ + v (q,G)χ (q,G,G′, ω) , (6.8)

where q is a vector in the Brillouin zone, G is a reciprocal lattice vector, v is the
bare Coulomb interaction, and χ obeys the matrix equation (2.52). The macroscopic
dielectric function ǫM can be readily obtained form the microscopic ǫ:

ǫM (ω) = lim
q→0

1

ǫ−1 (q,G = 0,G′ = 0, ω)
. (6.9)

The simplest approximation that yields the dielectric function consists in applying
the Fermi’s golden rule to obtain

ǫM = lim
q→0

ǫ (q,G = 0,G′ = 0, ω)

= lim
q→0

[1 − v (q,G = 0)χs (q,G = 0,G′ = 0, ω)] . (6.10)

In this approximation, the optical spectrum is calculated as a sum of indepen-
dent transitions between Kohn-Sham or quasiparticle states. Unfortunately, this
approximation is known to exhibit severe shortcomings compared to experiments
[323]. The next step is the so-called random phase approximation (RPA), that in-
cludes the effects due to the variation of the Hartree potential upon excitation while
fxc is set to zero. Unfortunately, this approximation does not lead to any significant
improvement for most solids, especially if there are no particularly pronounced po-
larizable inhomogeneities in the charge density. For a typical semiconductor, the
RPA absorption threshold is too low, the peaks are redshifted with respect to exper-
iment and the relative intensity of the peaks is also not correctly reproduced. Re-
placing the Kohn-Sham energies with the quasiparticle energies does not solve the
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problem: the peak positions are usually overcorrected and the oscillator strength
is not modified.

It is the neglect of variations of the xc potential, which include the effect of the
electron-hole Coulomb interaction, that is responsible for an overall disagreement
in the absorption strength, in particular for the failure to reproduce continuum
and bound excitons. The agreement with experiment can be greatly improved by
including the electron-hole interaction through the solution of the Bethe-Salpeter
equation (BSE) [324, 18, 37]. It is possible to obtain as well the same agreement
with experiments within TDDFT, provided that a good approximation is found for
the xc-kernel. In fact, this term is essential as its task is to modify the excitation
energies and to redistribute the oscillator strength. The adiabatic local density ap-
proximation for the xc-kernel (see Sect. 2.4.6). in the case of solids is not sufficient
to yield good dielectric functions. The reason for this failure can be traced back
to the short-range nature of the TDLDA fxc, while the“exact” fxc is expected to be
long-ranged [18], decaying in momentum space as 1/q2.

A class of kernels that was shown to be very efficient in the description of solids
are those derived from the BSE, used together with the quasiparticle bandstruc-
ture, instead of the Kohn-Sham states in the construction of χs. A parameter-free
expression was obtained in several different ways (for a detailed discussion we refer
to [37] and references therein), leading to the formula for the “nanoquanta kernel”
[37]. Although involving a potentially reduced computational effort with respect
to the BSE, these calculations are still significantly more cumbersome than those
within the RPA or the TDLDA. To keep the computational cost as low as possible,
in many cases it is enough to use simplified versions of the nanoquanta kernel. It
was shown that the nanoquanta kernel has the asymptotic form of a long-range
contribution (LRC) [79, 325]

f static
xc (q) = −α

static

q2
, (6.11)

where αstatic is a material dependent parameter, that can be related to the dielec-
tric constant. This long-range contribution alone is sufficient to simulate the strong
continuum exciton effect in the absorption spectrum and in the refraction index of
several simple semiconductors, like bulk silicon or GaAs, provided that quasiparti-
cle energies are used as a starting point.

A dynamical extension of this LRC model [80] of the form

fdyn
xc (q) = −(α + βω2)/q2 (6.12)

leads to remarkable improvements for optical spectra of large gap systems with
respect to calculations where the kernel is imposed to be static. Moreover, the dy-
namical approach has proved to be valid also for energies in the range of plasmons
and for the determination of dielectric constants. Note that the parameters of both
the static and the dynamical model can be related to physical quantities, like the
experimental dielectric constant and the plasmon frequency.

In this work, we calculated the dielectric functions at imaginary frequency us-
ing the computer code DP1, an ab initio linear response TDDFT code that works

1http://theory.polytechnique.fr/codes/dp
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Figure 6.1: CAB
6 Hamaker constants for all the pairs of PAHs under study, as a

function of the product of the number of Carbon atoms, NA ×NB.

in reciprocal space and frequency domain, and is based on a plane waves basis
set. Despite the enormous amount of studies concerning the accuracy of different
approximations for the xc kernel for solids, it is not a priori clear which approxi-
mation is more suitable when one wants to work at imaginary frequency. To this
purpose, we tested several approximations for the exchange-correlation kernel im-
plemented in DP and in the following we discuss their effect on the quality of the
van der Waals coefficient C3.

6.3 Calculations

6.3.1 Polycyclic aromatic hydrocarbons

Polycyclic aromatic hydrocarbons (PAHs), a large class of conjugated π-electron
systems, are of great importance in many areas, among which combustion and en-
vironmental chemistry, materials science, and astrochemistry. PAHs are found in
carbonaceous meteorites, in interplanetary dust particles, and are thought to be
the most abundant molecular species in space after H2 and CO, playing a crucial
role in the energy and ionization balance of interstellar matter in galaxies. Moti-
vated by this astrochemical relevance, there have been extensive studies of these
systems [326, 327, 328, 329]. This research is collected in a thorough compendium
of molecular properties of PAHs [329]. The computation of van der Waals con-
stants for pairs of PAHs, as a first approach to the analysis of their intermolecular
properties, is therefore a natural extension of this work. In fact, van der Waals
parameters are a crucial ingredient to model condensation and evaporation of PAH
clusters, which are another important player in the physics/chemistry of the in-
terstellar medium. In current works, people usually employ empirical van der
Waals parameters for the relatively long-range part of the interaction in molecu-
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lar dynamics simulations, together with some tight-binding approximation for the
short-range part [330, 331].

One previous calculation of dispersion coefficients of PAHs, based on the com-
plex linear polarization propagator method, was reported in Ref. [318], although
limited to benzene, naphthalene, anthracene, and naphtacene. This fact adds a
further motivation to our study, since it permits to compare the results of the two
schemes.

We have computed the CAB
6 Hamaker constants for all possible pairs {A,B}

of a set of 41 PAHs using the time propagation technique. The homo-molecular
Hamaker constants CAA

6 for all the PAHs studied are shown in Fig. 6.1 and 6.2; the
full set can be consulted in the database described in Ref. [329]. In this database
one can also find the average static dipole polarizability α(0), the effective London
frequency ω1 (see below) and the retarded van der Walls coefficient K.

It is very difficult to extract Hamaker constants experimentally; to our knowl-
edge, there are no experimental results reported for any PAH to compare to. For
benzene, however, Kumar and Meith [332] reported a value of 1723 a.u., by making
use of the dipole oscillator strength distributions (DOSDs), which are constructed
from experimental dipole oscillator strengths and molar refractivity data. This is
in good agreement with our computed value of 1763 a.u.

There are also results, reported in Ref. [318], obtained by means of the com-
plex linear polarization propagator scheme. This scheme was constructed on top
of TDDFT, although making use of the B3LYP functional. These methodological
differences, and further numerical details can explain the very small differences,
in all cases below 2% for benzene, naphthalene, anthracene and tetracene (also
known as naphthacene).

In the so-called London approximation, the polarizability at imaginary frequen-
cies is modelled with the help of only two parameters: the static polarizability, and
one effective frequency ω1:

α(iu) =
α(0)

1 + (u/ω1)2
. (6.13)

Upon substitution on the Casimir-Polder integral, this yields for a homo-molecular
Hamaker constant:

C6 =
3ω1

4
α2(0) . (6.14)

With the knowledge of C6 and α(0), one can obtain ω1 from Eq. (6.14). They are
roughly decreasing with the size of the PAH, from 0.482 Ha for benzene to the
0.156 Ha of pentarylene. The decrease is, however, strongly irregular. As it has
been pointed out before [333], it can be related to the ionization potential of the
molecules; this is demonstrated in Fig. 6.3, where we have plotted the ionization
potentials of the PAHs (calculated at the DFT/B3LYP level of theory), versus the ef-
fective frequency ω1. The data points approximately accumulate around a straight
line, proving the correlation.

Equation (6.14) also gives us a hint on the dependency of C6 with the size of
the molecule: it is proportional to the square of the polarizability (the product of
polarizabilities, if the molecules are different), which in turn typically grows with
the volume, and therefore, with the number of atoms. Consequently, one should
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expect a linear dependency of CAB
6 with respect to the product of the number of

atoms, NA ×NB. This is indeed confirmed in Fig. 6.1. Some cases, however, deviate
from a straight line. These cases correspond to strongly anisotropic PAHs (with
three very different axes). This is captured by the dipole anisotropy:

∆α2 =
1

3
[(αxx − αyy)

2 + (αxx − αzz)
2 + (αyy − αzz)

2] . (6.15)

Figure 6.2 shows how the PAHs whose Hamaker constant deviates strongly from
the general trend are those whose polarizability anisotropy is also stronger: we
have overlaid the values of C6 for all PAHs (divided by the square of the number
of Carbon atoms N2), with the values ∆α2 (also divided by N2). One can see how
the two datasets are correlated – specially in the right side of the graph, which
corresponds to the larger PAHs.

The crossover between the non-retarded and retarded regimes is given by the
length scale λ = 2πc/ω̄, where ω̄ is a characteristic frequency of the electronic spec-
trum of the molecule. For R/λ & 10 we enter the fully retarded regime, while for
R/λ . 0.1 we can still use Eq. (6.1). Using for ω̄ the values of ω1 obtained through
the London approximation, we reach values in the range of λ ∼ 0.1µm (for benzene)
to λ ∼ 0.3µm (for pentarylene).

It is interesting to notice that in the fully retarded regime we can writeKAA as a
function solely of the Hamaker CAA

6 coefficient and the effective London frequency
ω1. Combining equations (6.4) and (6.14) we arrive at

KAA =
23c

6π2

C6

ω1
. (6.16)

The values of homomolecular coefficients KAA for the PAHs studied in this work
can be found in the database described in Ref. [329].

6.3.2 Silicon clusters

These clusters were cut from bulk silicon, and then saturated with hydrogens along
the tetrahedral direction of the surface atoms. The geometries were optimized with
the computer code siesta [209], employing a double ζ with polarization basis set,
and the PBE parametrization [233] for the exchange-correlation potential.

From the optimized geometries, we then obtained the electric polarizability
within TDDFT using the Sternheimer equation. Calculations were performed at
zero temperature and fixed geometries. The electron-ion interaction is described
through norm-conserving pseudopotentials [111] and the LDA [33] is employed
in the adiabatic approximation for the exchange-correlation potential. We used
a spacing of 0.275Å and the simulation box was formed from the union of spheres
centered around the atoms with radius 4.5Å. The integrals in Eqs. (6.2) and (6.6)
were performed with a Gauss-Legendre quadrature using 6 frequency values. With
these parameters, we estimate the accuracy of our numerical calculations to better
than 5%.

In Fig. 6.4 we show our results for the C6 Hamaker constant between silicon
clusters. As the value of C6 scales as the product of the atoms in the cluster A (NA

Si)
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Figure 6.4: CAB
6 Hamaker constants as a function of the square root of the product

of silicon atoms in cluster A and B. As CAB
6 scales basically as the product between

the number of (silicon) atoms in A and B, we plot the Hamaker constants divided
by this number. Values of CAB

6 when A and B are the same cluster are plotted as
red squares, otherwise they are plotted as orange dots.

and in cluster B (NB
Si), we divided the Hamaker constant by NA

SiN
B
Si to eliminate

this dependence. We show both constants between two identical clusters (homo-
molecular – as red squares), and between different clusters (hetero-molecular –
orange dots). We see that the largest C6 per atom squared comes from the inter-
action between two SiH4 clusters, and the its value decreases rapidly until slightly
above 220 a.u., where it saturates. The few clusters that fall far from the line are
the most asymmetric, for which a description in terms of the average of the dipole
polarizability tensor is not necessarily as good.

As we have calculated both C6 and α(0) within TDLDA, it is easy to extract ω1

from Eq. (6.14). The resulting effective frequencies are plotted in Fig. 6.5, together
with the calculated static polarizabilities per number of Si atoms. We can observe
that ω1 decreases with the number of Si atoms, but the dependence on the size of the
cluster is rather weak, except for the singular case of the smallest aggregates. In
the following, for our model calculations we will use a constant effective frequency
of 0.343 Ha.

6.3.3 Cluster-surface interactions

Now, we consider the case of a silicon cluster in proximity of a surface of Si or a SiC
in the zincblende phase. In this case we want to calculate C3 coefficients, that are
determined both by the dynamical polarizability of the cluster and the dielectric
function of the bulk crystal.

The ground state calculations for the bulk crystals were performed using the
plane-wave code ABINIT with norm-conserving Hamman pseudopotentials for Si
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Figure 6.5: London effective frequency ω1 for the silicon clusters under study as a
function of the number of silicon atoms.

and C. We used a cutoff energy for the plane wave basis of 12.5 Ha for Si and 30 Ha
for SiC. The unit cell was relaxed within the LDA approximation, yielding lattice
parameters with an error smaller than 3%. The dielectric function at imaginary
frequencies was calculated using the code DP. For more information about the con-
vergence parameters we refer to Ref. [325].

From previous tests on the effect of different approximations for the xc poten-
tial, we know that the dynamical polarizability of the hydrogenated Si clusters is
accurately described within TDLDA and the C6 coefficients are not going to change
by more than 5% by using different approximations. We decide thus to focus on
the effect of different approximations for the xc-kernel in the calculation of the
dielectric function at imaginary frequencies of Si and SiC.

In Figs. 6.6 and 6.6 we can compare C3 coefficients for Si clusters on a Si surface
and Si clusters on a SiC surface, respectively. We show here results obtained within
the RPA (violet upright triangles), the TDLDA (beige inverted triangles), using the
static LRC kernel (blue diamonds) and the dynamical LRC kernel (green crosses).
Note that in the case of RPA and TDLDA calculations we used the Kohn-Sham
band structure to build χs, while the quasiparticle states calculated in the GW ap-
proximation are used when the static or dynamical LRC kernels are employed (for
details see [325, 80]). In Si and SiC the GW corrections to the bandstructures are
essentially equivalent to a rigid shift of the conduction states, thus replacing Kohn-
Sham energies with quasiparticle energies leads to a rigid shift of the absorption
spectrum towards higher energies. We have also plotted in Figs. 6.6 and 6.6 the
values of C3 obtained using simple models (red squares) for both the dynamical
polarizability of the cluster and the dielectric function of the crystal at imaginary
frequencies (see Ref. [334]).

For the interaction of Si clusters on either a Si or a SiC surface, all the approxi-
mations used for the xc kernel give curves with very similar trends and a dispersion
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Figure 6.6: Van der Waals C3 coefficients between silicon nanoclusters and a silicon
surface. The C3 coefficients were divided by the number of silicon atoms in the
cluster. The different curves were calculated using different approximations for
the dielectric constant of the bulk crystal at imaginary frequencies (see the text for
details).

of the values which is smaller than 7–8%. This finding reflects the fact that the di-
electric function at imaginary frequency is a well behaved curve, which gives the di-
electric constant at iu = 0 and then decreases monotonically to the asymptotic limit
of one. In Figs. 6.8 and 6.9 we can observe the dielectric functions at imaginary fre-
quencies (RPA: violet dashed curve, TDLDA: beige long-dashed curve, static LRC:
blue continuous curve, dynamical LRC: green dot-dashed curve). An experimental
curve can be obtained through a Kramers-Kronig transformation

ǫM(iu) = 1 +
2

π

∫ ∞

0

dω
ωIm [ǫM(ω)]

ω2 + u2
(6.17)

if the experimental absorption spectra has been measured on a spectral range large
enough.

In Figs. 6.8 we include for comparison the experimental curve [335]. The curve
calculated with the dynamical LRC approximation for the xc kernel is exactly su-
perposed to the experimental curve. In fact, this is the only approximation which
allows to get both a good dielectric constant, which fixes the interception with the
y axis, and an overall good shape of the absorption spectrum over a large spectral
range (see Ref. [80]). Both these elements are essential to get close to the data de-
rived from the experiment, as it can be notice by inspecting the form of (6.17). It is
interesting to notice that the curve calculated using the static LRC kernel is even
worse than the RPA curve, as the starting point at iu = 0 is bad and the overall
spectrum is then similar to the one obtained by the dynamical LRC approximation:
there is thus no fortuite compensation of errors as in the RPA curve, where the
error due to the too high dielectric consant is balance by the shift of the spectral
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Figure 6.7: Van der Waals C3 coefficient between silicon nanoclusters and a silicon
carbide surface. The meaning of the curves is as in Fig. 6.6.

weight to lower energies. The TDLDA curve is the one that lays further from the
dynamical LRC solution at lower frequencies due to the even higher dielectric con-
stant, but it gets closer than the static LRC curve for u ≤ 0.1, thanks to the same
compensation of errors already observed for the RPA calculation. In the case of SiC
(see Fig. 6.9) the static LRC results is the worst at any frequency as this approx-
imation also overestimates the most the dielectric constant. Once again, the RPA
curve is the closest to the dynamical LRC result, which is expected to be the most
accurate.

After having analyzed the dielectric functions at imaginary frequencies, it is
clear how to interpret the results for the C3 coefficients. The experimental result
is not shown in Fig. 6.6 as it coincides with the points calculated using the dy-
namical LRC kernel. Outside the limits of validity of the dynamical LRC model
(large gap insulators, strongly bond excitons) only a calculation for the bulk crystal
based on the solution of the BSE equation (or equivalently using the fully ab ini-
tio Bethe-Salpeter dervied kernel) can guarantee the quality of the C3 coefficients.
This implies necessarily larger computational costs. The RPA and TDLDA results
are quite good to evaluate C3, despite the well known deficiencies of these approx-
imations to calculate optical absorption spectra: they give errors smaller than 1%.
This is not necessarily true for any kind of system, but it is probably true to some
extent each time that the calculated dielectric function is larger than the experi-
mental one. One should be very careful not to use the static LRC approximation for
the kernel, despite the fact that it gives an absorption spectrum in overall agree-
ment with the experimental spectrum. This is due to the fact that the van der
Waals coefficients are very sensitive to the value of the dielectric constant.
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Figure 6.8: Dielectric function of Si along the imaginary axis as a function of the
frequency in a logarithmic scale. Results obtained with different approximations
for the xc kernel are compared to the curve extracted from experimental data by
using (6.17).
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Chapter 7

Non-linear response†

It is now possible to study electron and molecular dynamics in real time using var-
ious experimental techniques employing intense ultra-short laser sources [336].
Some examples of such investigations include X-ray photoelectron spectroscopy of
molecules [337, 338], pump-probe ionization measurements, production of high
harmonics as a source of soft X-rays [339, 340], the measurement of electron-
phonon interactions in thin films [341], and the estimation of the onset of Coulomb
screening [342].

To tackle such a problem from a theoretical perspective, TDDFT appears as a
valuable tool. Even with the simplest approximation to the exchange-correlation
potential, the adiabatic local density approximation (ALDA), one obtains a very
good compromise between computational ease and accuracy. TDDFT can certainly
be applied to large systems in non perturbative regimes, while providing a con-
sistent treatment of electron correlation. It has been well tested in the study of
electron excitations, like the optical absorption spectra in the linear regime (see
Chapters 4 and 5).

Although almost all applications of TDDFT in the field of laser physics have only
involved electronic dynamics, recent attempts have also been made at describing
the coupled nuclear and electronic motion in laser fields [343, 344], accounting for
the nuclear motion classically. A full quantum mechanical treatment of the system
could in principle be done within a multi-component TDDFT, although it has not
been tried for more than three particles [292]. However, since many vibrational
quanta are coherently excited, there is good motivation for the classical treatment
of the nuclei.

In the following, we will present some applications of TDDFT to some problems
that require non-linear dynamics of the electronic degrees of freedom, eventually
coupled to (classical) nuclear motion.

†Part of this chapter is based on the article:

• Optical properties of nanostructures from time-dependent density functional theory, A. Castro,
M. A. L. Marques, J. A. Alonso, A. Rubio, J. Comp. Theoret. Nanoscience 1, 231-255 (2004).
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7.1 Electron ion-dynamics of a van der Waals com-

plex: Ba..FCH3

In order to understand the physical mechanisms underlying the electron/ion dy-
namics of the Ba..FCH3 complex, extensive excited state simulations were per-
formed within a TDDFT formalism [345]. The initial configuration for studying the
laser induced reactivity is the ground state of the weakly bound Ba..FCH3 complex.
For the relaxed molecular structure, rather good agreement was noticed with pre-
vious CI calculations [346] (differences of about 2% in the bondlengths) and ioniza-
tion potential (the calculated value is 4.9 eV and the measured one 4.66 eV). Before
discussing the combined electron-ion dynamics, we show in Fig. 7.1 the calculated
optical absorption cross section of Ba..FCH3. A very good agreement with available
experimental data (also shown in the Figure) is obtained. The visible spectrum
is dominated by a single peak around 2 eV that is used afterwards to trigger and
control the chemical fragmentation of this complex. It is interesting to note that
the main peak of the spectrum corresponds to a HOMO-LUMO like transition with
major weight on the Ba atom. However this 6s − 6p atomic-like transition of the
Ba atom has been redshifted with respect to the calculated isolated Ba absorption
to 2.4 eV. This renormalization of the atomic transition stems from the polarization
of the atomic cloud around the Ba atom due to the dipole of the FCH3 part (this
is clearly seen in the shape of the HOMO-LUMO orbitals in Fig. 7.1). The differ-
ence of HOMO-LUMO eigenvalues is 1.6 eV, therefore the Coulomb plus exchange
and correlation effects induce a blueshift of this independent-particle transition of
about 0.4 eV. From this discussion it is clear that the static electronic properties of
this complex are well described by the present approach.

The theoretical simulation performed in Ref. [345] provides a clear picture of
the cluster photodissociation mechanism, whose main features are the following:
First, the pump laser excites the HOMO-LUMO transition of the molecule. This
excitation is mainly localized on the Ba atom (see Fig. 13). Although this is the
main excitation effect, in the short time scale the laser also populates other Born-
Oppenheimer surfaces that play a role in the ensuing dynamics. Then, the coupling
of this electronic excitation to the ions brings the molecule to an excited vibrational
state. The time scale for this coupling process in the simulation is of the order of
100–300 fs. During this vibration the laser continues to act and, eventually, leads
to the detachment of the BaF fragment from the remaining complex. If the probe
laser is applied shortly after the pump laser, the excited state does not have time
to decay into the excited-state molecular vibration, and then as product we get
the ionized Ba..FCH+

3 fragment. Only when the delay between pump and probe
is above 100 fs we observe the appearance of the BaF+ and Ba+ fragments. It is
important to emphasize that with only the pump laser and for all laser power den-
sities, polarization and initial configurations, no signal of the non-reactive channel
(Ba fragment) is observed in the simulations and only the BaF fragment is ob-
tained. This is in agreement with the fact that no Ba+ ion signal was observed
with the pump laser only, even though high fluences were employed.
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Figure 7.1: Top: two lowest unoccupied (LUMO and LUMO+1) and two highest
occupied (HOMO and HOMO-1) orbitals of the Ba..FCH3 molecule. The HOMO-
LUMO orbitals are mainly located on the Ba atom. Bottom: comparison between
the computed and measured [345] optical absorption spectra. The strongest ab-
sorption peak can be assigned to the HOMO-LUMO transition. The agreement
is very good taking into account the accuracy of the calculated spectrum (about
0.1 eV).
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7.2 Photofragmentation: the case of the noble gas

molecule He+
3
†

The photofragmentation of a singly ionized helium trimer is also a challenging
problem. We have performed simulations of this process for He+

3 [295], motivated
by the fact that this system has been studied previously. The geometry has been
predicted to be a symmetric linear trimer [347, 348, 349] by ab initio methods.
The optical spectrum has been characterized both experimentally [350] and theo-
retically [351]. Haberland et al. [352] have performed experiments studying the
photodissociation of ionized rare gas trimers, including He+

3 , induced by a 10ns
laser pulse, with photon energies ranging from 1.5 to 6 eV. Their results support
the picture of a linear trimer photo-excited to a totally repulsive state, coupled
to the ground-state through a parallel transition moment: the two lateral atoms
are expelled with high opposite velocities, whereas the central atom only gains a
small velocity at either side. The positive charge generally localizes on one of the
fast outer particles. The relevant potential energy curves are shown in Fig. 7.2.
TDLDA calculations of the optical response have been performed varying the nu-
clear geometry along the dissociation coordinate. The inset of the Fig. 7.2 shows
the optical absorption spectrum for the equilibrium geometry. It is clear that only
one excited potential energy surface is of interest; the only relevant optical transi-
tion is the Σg → Σu at 5.0 eV. The experiments position this peak at ≈ 5.3 eV. This
excited PES is totally repulsive, and photoinduced population of this state should
lead to dissociation.

In Ref. [295] we have presented a number of simulations of the response to a
laser pulse using various sets of laser parameters, and some results are shown in
Fig. 7.3. The shape of the laser pulse was trapezoidal in all four cases: an ascend-
ing linear ramp from 0 to ≈ 2.5 fs, a plateau of 25 fs, and then a descending linear
ramp again of ≈ 2.5 fs. Intensities and frequencies, on the contrary, are different.
The top panels depict non-resonant conditions, at one third (left) and five thirds
(right) of the resonance Σg → Σu (5 eV). In both cases the two outer atoms only
oscillate slightly around the equilibrium positions. The bottom panels represent
resonant conditions with varying intensities. Two different dissociative channels
are observed. In the left panel, a low laser intensity is provided, and the picture
corresponds with the findings in Ref. [352] – the two outer atoms gain high opposite
velocities, whereas the central one remains almost unperturbed (note that the in-
tensity is the same as the one used in the upper panels, where no dissociation was
obtained). A higher intensity was used for the simulation shown in the botton-right
panel, and in this case the trimer dissociates into a dimer and an isolated atom.
Most likely, the intensity of the nanosecond laser pulse used in the experiment is
low, which agrees with the symmetric dissociative picture of the botton-left panel.
This prediction would need further experimental confirmation.

†This section is based on the article:

• Excited states dynamics in time-dependent density functional theory: high-fieldmolecular dis-

sociation and harmonic generation, A. Castro, M. A. L. Marques, J. A. Alonso, G. F. Bertsch,
and A. Rubio, Eur. Phys. J. D 28, 211-218 (2004).
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Figure 7.4: Calculated harmonic spectrum of He irradiated at a wavelength of 616
nm and intensity of 3.5 × 1014 W/cm2. The squares represent the experimental
data [353], normalized to the value of the 33rd harmonic of the calculated spec-
trum. From Ref. [354].

7.3 High harmonic generation

By irradiating an atom, a molecule or a surface with a high intensity laser, an
electron may absorb several photons and then return to its original state by emit-
ting a single photon. The emitted photon will have a frequency that is a multiple
number of the laser frequency. This process is known as high harmonic genera-
tion. Since the emitted high energy photons maintain a high coherence, they can
be used as a source for X ray lasers. Fig. 7.4 shows the experimental [353] and cal-
culated harmonic spectrum of the Helium atom. The solid line gives the theoretical
results [354] obtained from the TDDFT using the EXX functional. The spectrum
shows a series of peaks that first decrease in amplitude, until a plateau is reached
that extends to very high frequency. The frequencies of the peaks are odd multi-
ples of the laser frequency. The even multiples are dipole forbidden by symmetry.
All theoretical approaches based on perturbation theory would produce a harmonic
spectrum that decays exponentially. TDDFT, on the other hand, reproduces well
the measured intensities

Another important process in high harmonic generation from molecules is the
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nuclear motion. Even harmonics may be created by irradiating HD with an intense
laser pulse, but not by irradiating H2: even harmonic generation is forbidden for
a centrosymmetric molecule. In an adiabatic treatment of the nuclear coordinates,
the nuclear masses play no role and the even harmonics do not appear. This is
no longer the case if non-adiabatic effects are taken into account, for the different
masses of H and D break the symmetry. Kreibich et al. [355] studied this process in
a 1D model with a full quantum mechanical treatment of the nuclear motion, find-
ing strong even harmonics at high harmonic number. To discern whether the clas-
sical treatment of nuclear motion also produces these harmonics, we have studied
the same 1D problem within our framework, using in this case the EXX potential.
The spectral intensity of the generated harmonics, H(ω), was calculated from the
expression:

H(ω) ∼
∣

∣

∣

∣

∫

dt eiω t d2

dt2
〈Ψ(t)| ê · D(t) |Ψ(t)〉

∣

∣

∣

∣

2

. (7.1)

where ê is the polarization vector, Ψ(t) the Kohn-Sham wavefunction and D(t) is
the time evolution of the dipole moment of the molecule. The laser pulse frequency
was 770 nm, and its total length 30 cycles. The shape was a linear ramp until the
10th cycle, and constant thereafter.

We find that the classical treatment does indeed produce even harmonics, but
much smaller than the quantum treatment. The results are shown in Fig. 7.5.
The top left panel shows the harmonic spectrum for HD, and only odd harmonics
are apparent. However, one can prove that the Hamiltonian of the HD molecule
already violates centrosymmetry within our classical treatment, through a term of
the form:

−1

2

(

1

MH
− 1

MD

)

P (t) [p̂1 + p̂2] , (7.2)

where P (t) = 1
2
(PH(t) − PD(t)) is the relative time-dependent nuclear momentum

and p̂i are the electronic momentum operators. Its effect can be enhanced by de-
creasing the nuclear masses. In the bottom left panel, the H and D masses have
been decreased by a factor 100, and then the second- and fourth-order harmon-
ics become visible. As a qualitative check of the numerics, we also show the same
graphs for H2, in which no even harmonics can occur. Thus we see that on a qualita-
tive level the non-adiabatic dynamics generating even harmonics is obtained with
the classical treatment of the nuclear coordinates. However, the quantum treat-
ment may be needed for a quantitative result. By describing the nuclei quantum
mechanically, the ground state violates centrosymmetry and the even harmonics
can be generated. In contrast, in the classical treatment the electronic ground
state is symmetric and the symmetry violation only builds up as the nuclei move.
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Figure 7.5: Harmonic spectra of HD (left panels) and H2 (right panels). The nuclear
masses used in the calculation are m′ = αm, being m the real mass. In this way,
top plots are made using for the nuclear masses their real values whereas bottom
plots are made using a hundredth of their real values.
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Figure 7.6: ELF isosurfaces (η = 0.85) of ethane (left), ethene (center) and ethyne
(right). The single bond of ethane shows as a convex ELF basin between the Carbon
atoms; the double bond of ethene originates two bond attractos, which in turn imply
an eight-shaped ELF isosurface between the Carbons), whereas the triple bond of
the linear ethyne shows as a ring.

7.4 The time-dependent electron localization

function†

The real-time dynamics calculations based on TDDFT, such as the ones presented
in the previous sections, permit us to observe the organic chemistry “in action”,
and in principle should allow us to see how bonds are born and die during chemical
reactions, or how they are altered by the presence of an external field. The concept
of “bond”, however, is an elusive one, and we wish to finish this section on applica-
tions of TDDFT with an excursion to a topic that may help to gain intuition about
this concept: the electron localization function (ELF), and the time-dependent ELF
(TDELF).

The concept of bond is based on that of electron pair, and was already systema-
tised by G. N. Lewis [356] in 1916. Electrons form pairs due to their 1/2 spin and
Pauli’s exclusion principle, and close “shells” – of eight electrons in many atoms due
to their spherical symmetry. The preference for pairing and closing shells seemed
to explain most bonding in Chemistry. This simple picture of Lewis is still in use
today, and the reason is that electrons do indeed “localize” in pairs when forming
molecules, and a big amount of the basic machinery of Chemistry is rather well ex-
plained with Lewis arguments. We speak of “localized” groups of electrons, either
pairs of electrons shared between atoms (“bonds”), non-bonding pairs of electrons
(“lone pairs”), and also larger groups – double, triple bonds –, atomic inner shells,
π electronic systems, etc.

How can one transfer these concepts to mathematical terms? It is not easy

†This section is based on the articles:

• Time-dependent electron localisation function: A tool to visualise and analyse ultrafast pro-

cesses, A. Castro, T. Burnus, M. A. L. Marques, and E.K.U. Gross, in Analysis and Control

of Ultrafast Photoinduced Reactions, ed. by O. Kühn, L. Wöste, Springer Series in Chemical
Physics Vol. 87, Springer, Heidelberg, 555-576 (2007).

• Time-dependent electron localization function, T. Burnus, M. A. L. Marques, and E.K.U.
Gross, Phys. Rev. A (Rap. Comm.) 71, 10501 (2005).
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to “define” bonds from electronic densities and wave functions. In order to shed
light into this problem, the concept of “electron localization function” (ELF) was
tailored by Becke and Edgecombe [357]; a concept that was later extended for time-
dependent phenomena thanks to the time-dependent ELF function (TDELF) [358].
The ELF has repeatedly been used to obtain intuitive pictures of bonding properties
in molecules in the ground state; the TDELF, in turn, monitored during a TDDFT-
based simulation, helps to visualise time-dependent molecular processes.

We briefly recall the definitions [357, 359, 360, 358, 361, 362]:

η(r, t) =
1

1 + (C(r, t)/CHEG(r, t))2
, (7.3)

C(r, t) =
∑

σ=↑,↓

{

τσ(r, t) − 1

4

(∇nσ(r, t))2

nσ(r, t)
− j2

σ(r, t))

nσ(r, t)

}

, (7.4)

where η is the (TD)ELF function, τσ is the kinetic energy density, and j2
σ is the

squared modulus of the current density. CHEG(r, t)) is the value of the C function
for a homogeneous electron gas whose density coincides with the density at point r.
This expression is valid only for one-determinantal wave functions, and therefore
lends itself to be used within the context of Hartree-Fock or (TD)DFT. An exact
definition, in terms of the one-reduced density matrix, can be found, for example, in
the seminal Ref. [357]. We should note that the last term of Eq. (7.4), depending on
the current, is however neglected in that original derivation, which assumed real-
valued wave functions. That term is necessary in the time-dependent case [358].

One may then relate the topology of the ELF to the electron localization prop-
erties of the molecules – which in turn are related to their bonding properties. The
ELF takes values between 0 and 1 – high values correspond with high localization
(bonds, lone pairs), whereas low values correspond with delocalized electrons. As
a scalar bounded function, it will have attractors and basins; these basins may be
core basins (their domain contains one nucleus), bonding (located between core at-
tractors) and non-bonding (the rest, that contain the lone-pairs of electrons). In
this way, the ELF basins show us the bonds and the lone pairs of the molecules.

We plot in Fig. 7.6 a classical illustration of the ELF ability to mark bonds: the
single, double and triple bond ethane, ethene, and ethyne, respectively. However,
our main goal here is to show the TDELF in a dynamical process. We have chosen
for that purpose the collision of the acetylene and Oxygen molecules, which for the
particular chosen initial conditions, leads to the creation of two carbon monoxide
molecules (i.e. combustion).

The simulation is performed with the non-adiabatic molecular dynamics based
on TDDFT described in the previous section; for this particular example we have
used the simple-minded local density approximation (LDA) to the exchange and
correlation functional. Some snapshots taken during the simulation are show in
Fig. 7.7. The initial orientation and placement of the molecules is the one depicted
in the first snapshot. Their relative initial velocity is 7 × 10−3 a.u. The plot shows,
besides the atomic positions (Carbon in green, Oxygen in red, Hydrogen in white),
one isosurface of the ELF (η = 0.8), which contours regions of high electron localiza-
tion. The isosurface is coloured: redder areas correspond to higher electron density,
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t = 0 fs t = 20 fs

t = 40 fs t = 60 fs

t = 80 fs t = 100 fs

t = 120 fs t = 140 fs

Figure 7.7: Snapshots taken during the simulation of the acetylene combustion, at
the indicated times.
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whereas whitish areas correspond to regions of almost negligible density. We have
done this in order to make apparent one of the less intuitive features of the ELF: it
may have large values in regions of low electronic density.

Initially, the acetylene molecule displays its characteristic toroidal ELF isosur-
face, typical of triple bonds. After 20 fs, the two molecules collide, and a strong link
is created between the Hydrogen atom of acetylene and one Oxygen. The Oxygen
molecule is rapidly broken due to the collision; at t = 40 fs we can see how one Oxy-
gen atom starts moving towards the other side of the acetylene molecule, and one
of the Hydrogen atoms is ejected. The triple bond between the two Carbon atoms is
already strongly distorted; note how this is already visible in the ELF isosurface.
In the next snapshots, we start to see the lone pairs characteristic of CO molecules
and the remaining Hydrogen atom is also ejected, carrying away one electron.





Appendix I: Exchange-correlation

functionals

This is a fairly comprehensive list of the exchange-correlation functionals that are
implemented in OCTOPUS.

Local-density approximations

• Exchange

– Dirac Exchange [363, 364]

• Correlation

– Wigner parametrization [365]

– Random Phase Approximation [366]

– Hedin & Lundqvist [367]

– Gunnarson & Lundqvist [368]

– Slater’s Xα

– Vosko, Wilk & Nussair [369]

– Perdew & Zunger [33]

– Ortiz & Ballone [28]

– Perdew & Wang [370]

– Attacalite et al. (for 2D systems) [371]

• Exchange-Correlation

– Teter 93 [112]

Generalized-gradient approximations

• Exchange

– Perdew, Burke & Ernzerhof (PBE) [233]

– Perdew, Burke & Ernzerhof exchange (revised) [372]

– Adamo & Barone modification to PBE [373]
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– Extended PBE by Xu & Goddard [374]

– Becke 86 Xα, β, γ [375]

– Becke 86 Xα, β, γ (reoptimized) [376]

– Becke 86 Xα, β, γ (with a modified gradient correction) [377]

– Becke 88 [255]

– Gill 96 [378]

– Perdew & Wang 86 [379]

– Perdew & Wang 91 [380]

– Handy & Cohen OPTX [381]

– DePristo & Kress 87 (both versions) [382]

– Lacks & Gordon 93 [383]

– Filatov & Thiel 97 (version A and B) [384]

– PBE for solids [385]

– Hammer, Hansen & Norskov (PBE-like) [386]

– Wu & Cohen [387]

– Armiento & Mattsson [388, 389]

– Madsen 07 [390]

– mPW91 of Adamo & Barone [391]

• Correlation

– Perdew, Burke & Ernzerhof [233]

– Extended PBE by Xu & Goddard [374]

– Lee, Yang & Parr [256, 257]

– Perdew 86 [392]

– PBE for solids [385]

– Perdew & Wang 91 [380]

– Armiento & Mattsson [388, 389]

• Exchange-correlation

– van Leeuwen & Baerends 94 [393]

– HCTH functionals fitted to 93, 120, 147, or 407 molecules [394, 395, 396]

– EDF1 [397]

– XLYP [398]
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Orbital & hybrid functionals [399]

• Exchange

– Exact exchange [31, 32, 41]

• Exchange-correlation

– Self-interaction correction of Perdew & Zunger [33]

– B3PW91 hybrid [258]

– B3LYP hybrid [400]

– B3P86 hybrid (Defined through Gaussian’s implementation)

– O3LYP hybrid [401]

– PBEH hybrid (also known as PBE0) [402]

– X3LYP hybrid [398]

– B1WC hybrid [403]
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