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Abstract: Fermionic natural occupation numbers do not only obey Pauli’s ex-
clusion principle but are even stronger restricted by so-called generalized Pauli
constraints. Whenever given natural occupation numbers lie on the boundary
of the allowed region the corresponding 𝑁-fermion quantum state has a signif-
icantly simpler structure. We recall the recently proposed natural extension of
the Hartree–Fock ansatz based on this structural simplification. This variational
ansatz is tested for the lithium atom. Intriguingly, the underlying mathematical
structure yields universal geometrical bounds on the correlation energy recon-
structed by this ansatz.

Keywords:QuantumMarginal Problem, Generalized Pauli Constraints, Quasipin-
ning, Configuration Interaction Calculations.
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Dedicated to Professor Michael Springborg on the occasion of his 60th birthday

1 Introduction
In January 1925, Wolfgang Pauli announced the famous principle which takes his
name [1], stating that no two identical fermions can occupy the same quantum
state at the same time. It is difficult to underestimate its importance in physics
and chemistry. For instance, the Pauli exclusion principle (PEP) explains the clas-
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sification of atoms in the periodic table, the electronic structure of atoms and
molecules and is essential for the stability of matter.

Originally, PEP was introduced as a phenomenological rule to explain some
known spectroscopic anomalies [2]. Yet, already in 1926, Dirac [3] and Heisen-
berg [4] provided a justification for it. They identified PEP as a consequence of
the antisymmetry of𝑁-fermion wavefunctions under particle exchange.

In quantum chemistry and quantum physics, due to the exponential scaling
of Hilbert spaces as the system size increases, one is keen to avoid the use of wave
functions. Indeed, since the physical systems considered there have only 1- and 2-
particle interactions it is quite promising to restrict oneself to the corresponding
𝑛-body reduced density matrices (𝑛-RDM), with 𝑛 = 1, 2. In general, the 𝑛-RDM
is defined as the contractions of an 𝑁-body density matrix 𝜌

𝑁
(see, e.g., Refer-

ence [5]),

𝜌
𝑛
≡ (

𝑁

𝑛
) tr

𝑁−𝑛
[𝜌
𝑁
] . (1)

Here, 𝜌
𝑁
might be pure, 𝜌

𝑁
≡ |𝛹⟩⟨𝛹| or just an ensemble state. Due to the ex-

change symmetry the 𝑛-RDM (1) is independent of the choice of the𝑁−𝑛particles
which are traced out.

In this context, amoremodern andmore general version of the PEP canbe for-
mulated: The natural occupation numbers (NON), the eigenvalues of the 1-RDM,
can be no larger than 1,

0 ≤ 𝜆
𝑖
≤ 1 . (2)

This upper bound for the spin-orbital occupancies allows no more than one elec-
tron in each quantum state. This elementary condition, concluded by Coleman in
1963 [6], is necessary and sufficient for a 1-RDM 𝜌

1
to be compatible with an en-

semble 𝑁-fermion state 𝜌
𝑁
, provided the trace condition holds, tr

1
[𝜌
1
] = 𝑁. In

other words, 𝜌
1
is the contraction of a fermionic 𝜌

𝑁
if and only if all eigenvalues

of 𝜌
1
obey Equation (2).
The physical relevance of PEPhas a twofold origin: Formany fermionic quan-

tum systems most of their NON do (approximately) saturate PEP (2), i.e. one ob-
serves either 𝜆

𝑖
≈ 1 or 𝜆

𝑖
≈ 0. This quasipinning of most 𝜆

𝑖
to the minimal or max-

imal values leads to a significant simplification of the theoretical description of
the physical system: Fermions in lower lying energy shells are frozen and higher
shells can be neglected. Moreover, the behavior of the system can then be de-
scribed by strongly reduced active spaces [7–10]. A prime example for such a re-
duction of degrees of freedom is the celebrated Hartree–Fock approximation. It is
defined by the assumption that each NON is saturating the PEP, i.e.

�⃗� ≡ (𝜆
𝑖
) = �⃗�HF ≡ (1, . . ., 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑁

, 0, . . .) . (3)
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Indeed, it can easily be shown that such NON imply that the corresponding
𝑁-fermion quantum state can be written as a single Slater determinant, |𝛹⟩ =
|1, 2, . . . , 𝑁⟩ with some appropriate 1-particle states {|𝑖⟩}𝑁

𝑖=1
.

Given that the PEP, beyond its fundamental nature, implies such strong struc-
tural implications for thewave function, researchershadbeen seekinggeneraliza-
tions of it. This has led to the 1-body𝑁-presentability problem, the problemof de-
scribing all 1-RDMwhich are compatiblewith pure𝑁-fermion quantum states. In
the 1970s, it was observed that further linear constraints on the NON for very spe-
cific settings of𝑁 = 3, 4 fermions emerge as a consequence of the global antisym-
metry [11]. Only recently, it was conclusively shown that the fermionic exchange
symmetry implies in general so-called generalized Pauli constraints (GPC) [12–14],
taking the form

𝐷
𝑗
(�⃗�) ≡ 𝜅

(0)

𝑗
+

𝑑

∑

𝑖=1

𝜅
(𝑖)

𝑗
𝜆
𝑖
≥ 0 . (4)

Here 𝜅(𝑖)
𝑗
∈ ℤ, 𝑗 = 1, 2, . . . , 𝜈

𝑁,𝑑
< ∞, 𝑑 is the dimension of the underlying 1-

particle Hilbert space and the NON are decreasingly ordered. From a geometrical
viewpoint, for each fixed pair (𝑁, 𝑑), the family of GPC, together with the normal-
ization and the ordering constraints 𝜆

1
≥ . . . ≥ 𝜆

𝑑
≥ 0, form a polytope P

𝑁,𝑑
of

allowed vectors �⃗� ≡ (𝜆
𝑖
)
𝑑

𝑖=1
. This is also illustrated in Figure 1. There the map ⃗𝜇

maps every𝑁-fermion quantum state to its vector �⃗� of decreasingly ordered NON.
Here and in the following indices “(N,d)” are skipped. Clearly, only those �⃗� inside
the “Pauli simplex”𝛴, defined by 1 ≥ 𝜆

1
≥ . . . ≥ 𝜆

𝑑
≥ 0, can be reached. Yet, since

P ⊊ 𝛴, the GPC are more restrictive than PEP. In Reference [15] the redundancy of
the PEP constraints given all GPC was completely explored and quantified.

As an example, we consider the Borland–Dennis setting ∧3[H(6)

1
]. The GPC

for the decreasingly ordered NON (𝜆
𝑖
)
6

𝑖=1
read [11, 16]

𝜆
1
+ 𝜆

6
= 𝜆

2
+ 𝜆

5
= 𝜆

3
+ 𝜆

4
= 1 (5)

2 − (𝜆
1
+ 𝜆

2
+ 𝜆

4
) ≥ 0 . (6)

GPC (6) clearly exceeds PEPwhich states𝜆
1
+𝜆

2
≤ 2. That someGPC take the form

of equalities rather than proper inequalities is quite unique. Besides the Borland–
Dennis setting, this happens only for the settings (𝑁, 𝑑)with𝑁 ≤ 2 or 𝑑−𝑁 ≤ 2,
i.e. for the case of at most two fermions or at most two fermionic holes.

Particular relevance of GPC is given whenever the NON 𝜆
𝑖
of some system are

saturating aGPC, i.e. �⃗� lies on the boundary of the polytope. This so-called pinning
effect and its consequences are discussed in detail in the succeeding section.

Finally, it should also be stressed that the solution of the pure 𝑁-
representability problem for the 1-RDM was part of a more general effort in quan-
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tum information theory [17–21], addressing the so-calledquantummarginal prob-
lem (for a rudimentary overview see [22]). Moreover, there is no algorithm known
yet which allows one to determine the family of GPC for the setting (𝑁, 𝑑) effi-
ciently in 𝑑.

The paper is arranged as follows. In Section 2 we briefly explain the poten-
tial physical relevance of GPC. The remarkable structural implications for |𝛹⟩ in
case of pinning are described in Section 3. In Section 4 the multiconfigurational
self-consistent field ansatz worked out in Reference [23] based on this pinning
structure is recalled and tested for the lithium atom in Section 5. In Section 6 the
numerical quality of such ansatzes are shown to be strongly related to geometric
distances in the 1-particle picture (polytope).

2 Potential physical relevance of generalized
Pauli constraints and pinning/quasipinning-
effect

Direct relevance of GPC was suggested in [24, 25]: At least for some systems the
ground state minimization process of the energy expectation value ⟨𝛹

𝑁
|�̂�|𝛹

𝑁
⟩,

from the viewpoint of the 1-particle picture,may get stuck on the polytope bound-
ary 𝜕P since any furtherminimizationwould violate someGPC. This pinning effect
is relevant because it can restrict the dynamics of the corresponding system since
its NON �⃗� can never leave the polytope. This is a generalization of the fact that,
e.g., electrons in atoms cannot decay to lower lying energy shells since those are
already occupied.

On the other hand, pinning as an effect in the 1-particle picture allows one
to reconstruct the structure of the corresponding 𝑁-fermion quantum state. In
addition this structure is significantly simplified [22, 24, 26, 27].

In a first analytic study [28], however, strong evidence was provided that �⃗�
for ground states of interacting fermions lies extremely close to, but not exactly
on the polytope boundary. For this conceptually different quasipinning the same
important implications of pinning hold approximately. Whether quasipinning is
generic or appears only for specific systems is part of an ongoing debate [15, 24,
26, 27, 29–36, 45, 46].

Although pinning is expected to be quite idealized and unrealistic it was ob-
served in References [26, 31, 34] that it can occur as a consequence of 1-particle
symmetries. Also converse, the occurrence of pinning reveals a symmetry of the
corresponding𝑁-fermion quantum state |𝛹⟩ [34].
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Figure 1: Schematic illustration of the polytope P of vectors �⃗� = (𝜆
𝑖
) of decreasingly ordered

natural occupation numbers defined by the family of generalized Pauli constraints. Only those �⃗�
lying in P can arise from pure𝑁-fermion quantum states |𝛹⟩ ∈ H. Hartree–Fock point (3) is
shown as red dot.

As a caveat concerning further investigations of possible (quasi)pinning it
should be noted that (quasi)pinning by GPC follows already from (quasi)pinning
by PEP constraints: SinceP ⊂ 𝛴 (recall Figure 1) (approximate) saturation of some
PEP constraints always implies (approximate) saturation of some GPC¹. Hence,
the question is whether some GPC are stronger saturated than one could expect
from possible (approximate) saturation of PEP constraints. For this purpose, to
quantify such relevance of GPC beyond the well-known relevance of PEP a corre-
sponding geometric quasipinningmeasure was constructed in Reference [15], the
so-called𝑄-parameter.

3 Structural implications for |𝛹⟩ from extremal
natural occupation numbers

In this section we recall the implications of pinning for the structure of the corre-
sponding𝑁-fermion quantum state (for more details see Reference [27]). For this
we exploit a self-consistent expansion for𝑁-fermion quantum states [27]. For ev-
ery |𝛹⟩ ∈ ∧𝑁[H(𝑑)

1
] we determine the corresponding 1-RDM 𝜌

1
which can be di-

agonalized,

𝜌
1
≡ 𝑁 tr

𝑁−1
[|𝛹⟩ ⟨𝛹|] ≡

𝑑

∑

𝑖=1

𝜆
𝑖 |𝑖⟩ ⟨𝑖| . (7)

1 Recall, that the vector �⃗� of NON has always to lie inside the polytope P.
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For given |𝛹⟩ its natural spin orbitals, the eigenvectors |𝑖⟩ of 𝜌
1
, define an

orthonormal basis B
1
for the 1-particle Hilbert space H

(𝑑)

1
. Consequently, |𝛹⟩

also induces a basis B
𝑁
for the 𝑁-fermion Hilbert space ∧𝑁[H(𝑑)

1
] given by all

𝑁-fermion Slater determinants,
𝑖1, . . . , 𝑖𝑁⟩ ≡ A

𝑁

𝑖1⟩ ⊗ . . . ⊗
𝑖𝑁⟩ , (8)

1 ≤ 𝑖
1
< . . . < 𝑖

𝑁
≤ 𝑑, |𝑖

𝑘
⟩ ∈ B

1
and A

𝑁
is the antisymmetrizing operator for𝑁

particles. |𝛹⟩ can then be expanded with respect toB
𝑁
,

|𝛹⟩ = ∑

𝑖

𝑐𝑖 |𝑖⟩ , (9)

where 𝑖 ≡ (𝑖
1
, . . . , 𝑖

𝑁
).

Remark 1. The coefficients 𝑐𝑖 in Equation (9) are not free, but need to fulfill strong
self-consistency conditions to ensure that
– the 1-RDM is diagonal with respect to the natural spin orbitals |𝑖⟩
– the NON are correctly ordered, 𝜆

𝑖
≥ 𝜆

𝑖+1
for all 𝑖

To motivate the strong structural implications for |𝛹⟩ whenever its NON are sat-
urating a GPC, consider NON all saturating the PEP, i.e. �⃗� coincides with the
Hartree–Fock point (3). The corresponding𝑁-fermion quantum state |𝛹⟩ is then
given by a single Slater determinant |𝛹⟩ = |1, . . . , 𝑁⟩. This strong structural im-
plication of pinning to the Hartree–Fock point generalizes to pinning of NON to
arbitrary points on the polytope boundary (recall also Figure 1). To explain this,
assume that a GPC (4) is pinned,

𝐷
𝑗
(�⃗�) = 0 . (10)

A mathematical theorem then shows that any compatible 𝑁-fermion state |𝛹⟩
(i.e. with NON �⃗�) belongs to the 0-eigenspace (a proof is presented in [33]) of the
associated operator

�̂�
𝑗
= 𝜅

(0)

𝑗
+ 𝜅

(1)

𝑗
�̂�
1
+ . . . + 𝜅

(𝑑)

𝑗
�̂�
𝑑
. (11)

Here, �̂�
𝑖
denotes the particle number operator for the natural spin orbital |𝑖⟩ of

|𝛹⟩ and the implicit dependence of �̂�
𝑖
and �̂�

𝑗
on given |𝛹⟩ is suppressed. This

condition,

𝐷
𝑗
(�⃗�) = 0 ⇒ �̂�

𝑗 |𝛹⟩ = 0 (12)

gives rise to a selection rule for the Slater determinants in the self-consisted ex-
pansion (9) [24],

�̂�
𝑗 |𝑖⟩ ≠ 0 ⇒ 𝑐𝑖 = 0 . (13)
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By denoting the set of all configurations fulfilling such a selection rule for
a GPC𝐷 by I

𝐷
, pinning by𝐷 simplifies expansion (9) to

|𝛹⟩ = ∑

𝑖∈I𝐷

𝑐𝑖 |𝑖⟩ . (14)

To illustrate these structural simplificationswe recall an elementary example
from Reference [27].

Example 1. For the Borland–Dennis setting ∧3[H(6)

1
] the first three GPC (5) take the

form of equalities (independent of �⃗�) which implies universal structural simplifica-
tions for any |𝛹⟩ ∈ ∧3[H(6)

1
]. They read

(1̂ − ̂𝑛
1
− �̂�

6
) |𝛹⟩ = 0,

(1̂ − ̂𝑛
2
− �̂�

5
) |𝛹⟩ = 0,

(1̂ − ̂𝑛
3
− �̂�

4
) |𝛹⟩ = 0 , (15)

where 1̂ denotes the identity operator. Hence, only the configurations {𝑖
1
, 𝑖
2
, 𝑖
3
} (with

𝑖
1
∈ {1, 6}, 𝑖

2
∈ {2, 5} and 𝑖

3
∈ {3, 4}) can contribute to |𝛹⟩ in the expansion (9).

This results in the following eight possible configurations: |1, 2, 3⟩, |1, 2, 4⟩, |1, 3, 5⟩,
|1, 4, 5⟩, |2, 3, 6⟩, |2, 4, 6⟩, |3, 5, 6⟩, |4, 5, 6⟩.

If in addition GPC (6) is saturated |𝛹⟩ also needs to meet

(2 ⋅ 1̂ − �̂�
1
− �̂�

2
− �̂�

4
) |𝛹⟩ = 0 . (16)

The set of possible Slater determinants reduces to just three and the most generic
quantum state with NON pinned by GPC (6) takes the form

|𝛹⟩ = 𝛼 |1, 2, 3⟩ + 𝛽 |1, 4, 5⟩ + 𝛾 |2, 4, 6⟩ . (17)

Here, |𝛽| ≥ |𝛾| and |𝛼|2 ≥ |𝛽|2 + |𝛾|2 to meet the second self-consistency condition
in Remark 1.

4 Variational ansatz and very first results
As suggested inReference [28] andworked out inReference [23] the structural sim-
plifications (14) canbe used as a variational ansatz. There, the energy expectation
value

𝐸[{𝑐𝑖}𝑖∈I𝐷
, {|𝑖⟩}] ≡ ⟨𝛹| �̂� |𝛹⟩ , (18)

isminimizedwith respect to all states |𝛹⟩ of the form (14), i.e. with NON pinned to
some specific polytope facet𝐹

𝐷
. Since this involves simultaneous optimization of
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710 | C.L. Benavides-Riveros and C. Schilling

the expansion coefficients {𝑐𝑖}𝑖∈I𝐷 and the orbitals |𝑖⟩ this defines a specific mul-
ticonfigurational self-consistent field (MCSCF) optimization.

At least in principle, this ansatz requires to reinforce the self-consistency con-
ditions on the coefficients {𝑐𝑖}𝑖∈I𝐷 according to Remark 1. Yet, skipping them sim-
plifies the variational optimization and can only lead to better variational results.
Theminimization of the energy (18) for the specificMCSCF ansatz (14) is subject to
the normalization of the quantum state, ‖𝛹‖

2
= 1 and the orthonormality of the

orbitals |𝑖⟩ employed in (14). This, at least in principle, leads to several Lagrange
multipliers. However, in practice it has been proven advantageous to dodge the
use of such Lagrange multipliers. We follow in [23] and for the results shown in
the next section those standard procedures from quantum chemistry [37] which
we recall briefly.

First, an orthonormal reference basis {|𝑖⟩}𝑑
𝑖=1

for the 1-particle Hilbert space is
fixed². This could be given by the Hartree–Fock molecular orbitals, if a Hartree–
Fock optimizationwas preceding, or just the 1-particle eigenstates of the external
potential. Then, by expressing the orbitals |𝑖⟩ for ansatz (14) according to

|𝑖⟩ = 𝑒
̂𝜂 
𝑖⟩ , ∀𝑖 , (19)

with an antihermitian operator ̂𝜂, the orbital optimization is realized in form of
an optimization of ̂𝜂 and the unitarity of 𝑒 ̂𝜂makes the use of Lagrange multipliers
obsolete.

Implementing this in (18), using second quantizationwith respect to the fixed
basis states {|𝑖⟩}𝑑

𝑖=1
and

̂𝜂 ≡

𝑑

∑

𝑖,𝑗=1

𝜂
𝑖𝑗
𝑎
†

𝑖
𝑎
𝑗
, 𝜂 ≡ (𝜂

𝑖𝑗
), (20)

leads to the following form for the energy functional (18)

𝐸[{𝑐𝑖}𝑖∈I𝐷
, 𝜂] = ⟨𝛹


𝑒
− ̂𝜂
�̂�𝑒

̂𝜂 
𝛹⟩ , (21)

where

𝛹⟩ = ∑

𝑖∈I𝐷

𝑐𝑖


𝑖⟩ (22)

and 𝑖 ≡ (𝑖
1
, . . . , 𝑖

𝑁
). The variational optimization with respect to 𝜂 leads to cou-

pled generalized Hartree–Fock equations and the optimization of the coefficients

2 In quantum chemistry, these are typically atomic orbitals and the Gram–Schmidt procedure
may be used to orthonormalize them.
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to so-called secular equations [36]. These self-consistent field equations can iter-
atively be solved, e.g., by using the well-known Newton–Raphson optimization
method, one of the standard methods in quantum chemistry for solving MCSCF
equations [38].

In Reference [23], we implement such a MCSCF algorithm and test it for
a quantumdot systemcontaining𝑁=3, 4, 5 spin-polarized electrons. For the case
𝑁 = 3, remarkable 99.943% of the correlation energy is attained and for𝑁 = 4, 5

about 99.941% and 99.934%, respectively. Since those few-fermion systems are
known for their excellent quasipinning [15, 26, 28, 39] these results confirm our
expectation that the MCSCF ansatz based on pinning works very well whenever
the exact ground state exhibits at least quasipinning.

5 Application to the lithium atom
In this section we apply the MCSCF ansatz based on the simplified pinning struc-
ture (14) to the lithiumatom.As it is explained inReference [23] there is a hierarchy
of settings (3, 𝑑) that one can use for this. Here, we will use the smallest nontriv-
ial setting (𝑁, 𝑑) = (3, 6) and there is also no ambiguity for the choice of the facet
since its polytope has only one nontrivial facet.

Furthermore, it should be stressed that in a spin-compensated configuration
state basis set³ the spin-orbitals appear in pairs whichmay share the same spatial
orbital. Then, as it was shown in Reference [31] for the Borland–Dennis setting
this implies pinning for GPC (6) in case of not too strong correlations.

Regardless of the spin symmetry, any wave function given as superposition
of Slater determinants (17) tends to artificiallymix different electronic spin-states.
Consequently, it is not an eigenfunction of the total spin-squared operator. How-
ever, as long as the Hamiltonian commutes with the spin operator, solutions of
the Schrödinger equation must be eigenfunctions of both spin operators S2 and
S
𝑧
. Since in general Slater determinants are not eigenfunctions of the total spin

operator, spin-adapted linear combinations of these determinants are usually im-
posed to circumvent the problem of spin contamination [40]. To ensure a correct
spin description of the state (17) there are two possible ways of assigning spatial

3 A spin-compensated configuration state basis set is a basis set where the number of spin or-
bitals with spin up equals the number of spin orbitals with spin down.
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712 | C.L. Benavides-Riveros and C. Schilling

orbitals 𝜙
𝑖
, ⟨𝜙

𝑖
|𝜙
𝑗
⟩ = 𝛿

𝑖𝑗
,

|1⟩ ≡ 𝜙1(𝑟)↑, |2⟩ ≡ 𝜙2(𝑟)↑, |4⟩ ≡ 𝜙3(𝑟)↑,

|3⟩ ≡ 𝜙1(𝑟)↓, |6⟩ ≡ 𝜙2(𝑟)↓, |5⟩ ≡ 𝜙3(𝑟)↓,

or

|2⟩ ≡ 𝜙1(𝑟)↑, |1⟩ ≡ 𝜙2(𝑟)↑, |4⟩ ≡ 𝜙3(𝑟)↑,

|3⟩ ≡ 𝜙1(𝑟)↓, |5⟩ ≡ 𝜙2(𝑟)↓, |6⟩ ≡ 𝜙3(𝑟)↓ .

The chosen configuration is the one which gives the lowest energy.
Recently rank-six, -seven and -eight approximations were accomplished for

the lithium isoelectronic series, by using a set of helium-like 1-particlewave func-
tions and one hydrogen-like wave function [29]. Shull and Löwdin employed for
the former the following set of orthonormal spatial orbitals:

𝛿
𝑛
(𝑎, 𝑟) := 𝐷

𝑛
√
𝑎3

𝜋
𝐿
2

𝑛−1
(2𝑎 𝑟)𝑒

−𝑎 𝑟
, (23)

where 𝐷−2

𝑛
= (

𝑛−1

2
) and 𝐿𝜁

𝑛
stands for the associated Laguerre polynomials [41],

obtaining more than 50% of the correlation energy for the helium atom with only
three spatial orbitals in the expansion [42]. For the hydrogen-like function, the
radial orbital

𝜒
1
(𝑏, 𝑟) =

1

4

√
𝑏5

6𝜋
𝑟 𝑒

−𝑏𝑟/2 (24)

was used.
A standard variational procedure for the single determinantal state

𝛿1↑, 𝛿1↓, 𝜒1↑⟩

leads to theminimumfor the energy at (𝑎
0
, 𝑏
0
) = (2.6864, 1.2751). The total energy

associated to this Slater determinantbecomes−7.4179 a.u. [29]. This is reasonably
close to the Hartree–Fock energy −7.4324 a.u. (computed by using a cc-pVDZ ba-
sis set) or even better than the energy −7.3815 a.u. (with a 3-21G* basis set) [43].
A highly accurate value for the nonrelativistic ground-state energy of the lithium
atom is −7.478 a.u. [44].

In the following, we minimize the energy by using the specific MCSCF ansatz
given by (17). In particular this means to optimize the natural spin orbitals
{|𝑖⟩}

1≤𝑖≤6
. The corresponding spatial orbitals {|𝜙

𝑖
⟩}
1≤𝑖≤3

are expanded on a given
finite basis. In this case, we choose

𝜙
𝑖
(𝑟) =

𝑀

∑

𝑛=1

𝐶
𝑛𝑖
𝛿
𝑛
(𝑎
0
, 𝑟) +

2

∑

𝑛=1

𝐷
𝑛𝑖
𝜒
𝑛
(𝑏
0
, 𝑟) , (25)
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in a similar fashion as in on-the-shelf SCF methods. In order to obtain more cor-
relation energy we have added a second hydrogen-like radial wave function,

𝜒
2
(𝑏, 𝑟) =

8

81

√
𝑏7

30𝜋
𝑟
2
𝑒
−𝑏𝑟/3

.

Before implementing the full MCSCF optimization process, we accomplished
aHartree–Fock pre-optimization of the natural spin orbitals. Pre-optimizationsof
this sort are not required in general but are advised to increase the rate of conver-
gence. Once this initial step is completed, the initial pinned-state ansatz (14) can
be constructed, and the full MCSCF process can be implemented. For𝑀 = 8, we
have obtained the energy −7.472 a.u. This represents 87.09% of the correct corre-
lation of the lithium atom, which can be even improved by choosing larger𝑀.

6 Relation of quasipinning and reconstructed
correlation energy

It is expected that the variational ground state ansatz (14) based on pinning to the
polytope facet𝐹

𝐷
leads to good results whenever the exact ground state has NON

�⃗� close to 𝐹
𝐷
. In this section we confirm this in form of rigorous mathematical

estimates.
First we introduce ameasure for the correlation of a quantum state |𝛹⟩, given

by the 𝑙1-distance of �⃗� to the Hartree–Fock point (3),

𝑆(�⃗�) ≡ dist
𝑙1
(�⃗�, �⃗�HF) =

𝑁

∑

𝑖=1

(1 − 𝜆
𝑖
) +

𝑑

∑

𝑖=𝑁+1

𝜆
𝑖
. (26)

In the same way, a natural measure for quasipinning by a GPC𝐷 was intro-
duced inReference [28], namely the 𝑙1-distance of �⃗� to the correspondingpolytope
facet 𝐹

𝐷
defined by pinning of𝐷,

𝐹
𝐷
≡ {�⃗� ∈ P | 𝐷(�⃗�) = 0} . (27)

As explained in [15] this distance coincides up to a factor 2 with 𝐷(�⃗�)⁴. For an
illustration see Figure 2.

Let us now consider a Hamiltonian �̂� acting on the𝑁-fermion Hilbert space
H = ∧

𝑁
[H

(𝑑)

1
]. We assume that its ground state |𝛹

0
⟩ is unique and has the energy

4 The coefficients 𝜅(𝑖), 𝑖 = 0, 1, . . ., 𝑑 are always chosen as minimal integers. This fixes the ambi-
guity𝐷(⋅) ≥ 0 ⇔ �̃�(⋅) ≡ 𝛼𝐷(⋅) ≥ 0, 𝛼 ∈ ℝ+.
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Figure 2: Schematic illustration of the polytope
P of possible vectors �⃗� = (𝜆

𝑖
) of natural

occupation numbers defined by the family of
generalized Pauli constraints. For a given
𝑁-fermion state we show the corresponding
vector �⃗� and illustrate its minimal distance𝐷(�⃗�)
to the polytope facet 𝐹

𝐷
, as well as the distance

𝑆(�⃗�) to the Hartree–Fock point �⃗�HF (3).

Figure 3: Energy spectrum of the Hamiltonian �̂� is shown in black. The
ground state energy 𝐸

0
is assumed to be non-degenerate. All excitations

of �̂� lie in the interval [𝐸(−)

ex , 𝐸
(+)

ex ]. Also the Hartree–Fock ground state
energy 𝐸HF and the energy 𝐸𝐷

obtained by a MCSCF ansatz based on
pinning to a facet 𝐹

𝐷
are shown (in gray). Whenever the exact ground

state exhibits quasipinning to 𝐹
𝐷
we find

𝛥𝐸 ≡ 𝐸
𝐷
− 𝐸

0
≪ 𝐸HF − 𝐸0

= 𝐸corr.

𝐸
0
. Since theHilbert space is finite the ground state is therefore gapped and the set

of all eigenenergies is bounded, i.e. there exists a lowest excited energy 𝐸(−)ex > 𝐸
0

and a maximal finite excitation energy 𝐸(+)ex . The spectrum of the Hamiltonian is
illustrated in Figure 3.

The numerical quality of our MCSCF ansatz based on the pinning structure
(14) can then be estimated in the following way.

Theorem 1. Let �̂� be a Hamiltonian on ∧𝑁[H(𝑑)

1
] with a unique ground state with

NON �⃗� = (𝜆
𝑖
)
𝑑

𝑖=1
and energy spectrum as described in Figure 3. The error 𝛥𝐸 in the

energy of the MCSCF ansatz based on pinning to a given facet 𝐹
𝐷
of the polytope P

is bounded from above,

𝛥𝐸 ≤ 𝐶𝐷(�⃗�) , (28)

with 𝐶 = �̃� (𝐸
+

ex − 𝐸0) for some constant �̃�. Moreover,

𝛥𝐸

𝐸corr
≤ 𝐾

𝐷(�⃗�)

𝑆(�⃗�)

, (29)

where 𝐸corr ≡ 𝐸HF − 𝐸0 is the correlation energy and𝐾 =
𝐸
(+)

ex −𝐸0

𝐸
(−)

ex −𝐸0

�̃�

𝑁
.

The proof of the above Theoremand further details can be found in Reference [23].
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Estimate (28) confirms our expectation that the MCSCF ansatz based on pin-
ning works very well whenever the exact ground state exhibits quasipinning. In-
triguingly, this can be geometrically quantified by referring to the distance of the
exact ground state NON �⃗� to the facet 𝐹

𝐷
. Another important estimate on the nu-

merical quality is provided by estimate (29). It states that the fraction of the corre-
lation energy which is not covered by the MCSCF ansatz, is bounded from above
by the ratio𝐷(�⃗�)/𝑆(�⃗�). Hence, the overwhelming part of the correlation energy is
reconstructed whenever the quasipinning is nontrivial in the sense𝐷(�⃗�) ≪ 𝑆(�⃗�).

7 Summary and conclusion
In this paper we have discussed the recently proposed natural extension of the
Hartree–Fock ansatz based on the remarkable structural simplifications given sat-
uration of some generalized Pauli constraints. This ansatz defined through ex-
tremal 1-fermion information is actually a method for selecting non-superfluous
configurations in Configuration Interaction computations. This MCSCF varia-
tional ansatz has already been tested for a quantum dot system containing three,
four or five spin-polarized electrons, reachingmore than 99.9% of the correlation
energy [23]. In this paper we have used the Borland–Dennis ansatz for computing
the ground-state energy of the lithium atoms by means of a very economic wave
functions built from only three Slater determinants.

We have also discussed in some detail the relation between the 𝑁-fermion
wave function and its reduced 1-fermion description. In particular we have stud-
ied the underlying mathematical structure of quasipinning and provided a uni-
versal geometrical bound on the correlation energy reconstructed by the corre-
sponding pinning ansatzes. Forthcoming work is devoted to the derivation of uni-
versal geometric bounds on the numerical quality of commonly used methods in
quantum chemistry as, e.g., Hartree–Fock and CASSCF. By employing gradient
methods, we also gain further insights on the preimage of moment maps and the
implications of local information extremal within the moment polytope [23].
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