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Thanks to their ability to explore efficiently the minima 
of the potential energy surface, structural prediction 
methods have become a valuable tool in many branches 
of solid-state physics. The stories of success have 
multiplied over the past years. Structural prediction 
was used to unveil remarkable new chemistry at high 
pressure [1]. In materials science their use led to the 
prediction and subsequent experimental synthesis of 
a series of ABX compounds [2], the proposal of novel 
transparent conductive oxides [3], or the discovery of 
a superconductor with the highest known transition 
temperature [4, 5].

Over the years, the range of applicability of struc-
tural prediction methods has been significantly 
extended. By now it has been used for clusters [6, 7] 
and solids, materials under very high pressure [1, 8, 9], 
to study defect planes and surface reconstruction [10, 
11], to predict grain boundaries [12, 13], etc. However, 
the theoretical prediction of open phases of materials 
under strain has remained a challenge. Such systems 
are important in several areas of physics. Clathrates or 
zeolites are open phases with large empty cavities and 
are relevant, for example, for thermoelectricity [14, 15].  
Moreover, strain can be applied to engineer the physi-
cal properties of a material and is often used in the field 
of two-dimensional materials [16, 17].

Naively, one can think to perform structural pre-
diction runs at negative pressure, as the +PV  term 
(where P is the applied pressure and V the volume) 

in the enthalpy would favor unit cells with large vol-
umes. Unfortunately, this procedure leads inevitably to 
instabilities resulting in the ‘explosion’ of the unit cell. 
Another approach relies on adding purely repulsive 
Lennard-Jones spheres to the system, thereby impos-
ing empty cavities. This idea was successfully used 
in [18] to predict silicon clathrate phases. However, 
since this method relies on choosing a priori values 
for the size and interaction parameters of the spheres, 
it somewhat limits the range of structures that can be 
obtained.

In this work we propose an alternative approach 
to perform structural prediction that avoids these 
problems. It relies on performing simulations at con-
stant volume instead of constant pressure. This is eas-
ily achieved by renormalizing the volume of the test 
crystal structures and removing the volume changing 
components of the stress tensor. A complete phase dia-
gram (for positive and negative pressure) can then be 
obtained easily by scanning over different volumes of 
the unit cell.

We implemented this strategy in the framework 
of the minima hopping method [19, 20], although it 
can be easily adapted to any other structural predic-
tion algorithm. In this method, the energy landscape 
is explored using a sequence of local geometry optim-
ization steps, followed by molecular dynamics steps in 
order to allow the system to escape from local minima. 
In the molecular dynamics steps, the direction of the 
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Abstract
We develop a procedure for the investigation of the phase diagram of materials under strain. This 
is based on a global structural prediction method where the volume is constrained to predefined 
values. Our method is more general than other available techniques, and it avoids at the same time 
numerical instabilities. As a first example, we investigate the phase diagram of two-dimensional 
carbon as a function of the area per atom. As expected, we find that graphene is stable for a large range 
of biaxial strains. However, at large areas there appear novel carbon allotropes containing decagons 
and higher order polygons. These phases are thermodynamically stable for strains below the breaking 
point of graphene, indicating that they could be accessible experimentally.
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initial velocities are chosen through a softening proce-
dure. This returns the direction of a low potential bar-
rier which, according to the Bell–Evans–Polanyi prin-
ciple [21, 22], is likely to lead to a lower minimum. This 
new minimum will, after optimization, be accepted or 
not, depending on whether the energy difference to the 
previous minimum is below or above a certain thresh-
old (which is dynamically adapted to obtain an accept-
ance rate of approximately 50%).

To test the efficiency and usefulness of our 
approach, we applied it to the prediction of graphene 
allotropes under strain. Graphene is the monolayer 
polymorph of carbon with a honeycomb lattice. Since 
its prediction and subsequent preparation [23], an 
intense research effort, both theoretical and exper-
imental, has been dedicated to the study of this mat-
erial [24, 25]. This was motivated by its exceptional 
mechanical and electronic properties, and their pos-
sible applications in electronic devices [26].

Starting from graphene, different allotropes can be 
easily built, e.g. by inserting carbon atoms connected 
through acetylene bonds, or by applying successive 
Stone-Wales rotations [27], giving rise to a myriad of 
geometrical tilings. An example of the former is the 
family of graphyne [28] (of which some members 
have been synthesized [29]), while the latter strategy 
leads to, for example, haeckelites [30] and radialenes 
[31]. These structures have lower atomic density than 
graphene, making them particularly interesting in our 
study of strained structures.

In this work we focus on biaxially strained gra-
phene. This system has interested researchers since the 
seminal experiment of [32] that used an AFM canti-
lever to induce strains up to around 25%, determin-
ing an exceptional Young’s modulus of 1 TPa. Several 
other studies under strain followed, using graphene 
adhered to shallow depressions [33], deposited on 
piezo electric substrates [34, 35], or analyzing graphene 
bubbles [36]. More recently a biaxial strain apparatus 
was developed in [37], and used to apply a maximum 
biaxial strain of 0.42% to graphene. Finally, the strain 
transfer between supported graphene and a substrate 
was studied in [38]. We note that in [39] it was found 
that the phonon mode at the high-symmetry point K 
becomes imaginary at strain values (ε = −l l l0 0( )/ , 
where l and l0 correspond to the strained and equilib-
rium lattice parameters of graphene) of about 15%. At 
this value of strain, graphene undergoes a phase trans-
ition without an energy barrier. This imposes an upper 
limit for the stability of graphene, while our results (see 
figure 1) yield a lower limit of around 9%. It was also 
shown that the energy of the K-point phonon mode 
is substantially reduced by using more precise hybrid 
functionals [40], which could further reduce the upper 
limit of the stability interval.

In order to simulate strained two-dimensional 
materials, there are two important details that have 
to be taken into account. First, to force the simula-
tion to construct two-dimensional layers, we con-

strain the c axis to be perpendicular to the ab-plane 
and we add a confining potential that determines the 
maximum thickness of the layer. This potential has 
the form of a parabolic confinement [41] in the out-
of-plane direction, and it is turned on only when an 
atom goes beyond a certain cutoff distance to a refer-
ence plane. Another valid choice would be to impose 
a cutoff to the allowed thickness of the layer [42]. Sec-
ond, because open phases often have a large number 
of atoms in the unit cell, the use of density functional 
theory becomes too costly for an extensive search. 
A practical workaround is the use of tight-binding 
methods to obtain forces and stresses. Tight-binding 
is a quant um mechanical approach and is therefore 
capable of describing different hybridizations and 
chemical environ ments. Furthermore, it is much faster 
than density functional methods, allowing for the 
efficient simulation of large unit cells. Specifically, we 
use density-functional tight-binding [43], where the 
Slater–Koster parameters are obtained ab initio from 
a constrained atomic calcul ation. These tight-binding 
framework has already been used successfully for car-
bon in the context of structural prediction, e.g. in [10].

For each value of area (per atom) we performed 
minima hopping calculations with unit cells contain-
ing 2, 4, 6, 8, 10, 12, 14, 16, 18 and 20 atoms. Moreover, 
for every set of parameters, we performed at least two 
independent runs in which the starting configuration 
was randomly chosen. Each run was stopped when at 
least 200 local minima were found, leading to more 
than 30 000 minima.

The lowest-energy structures output from the 
simulations were then refined using density functional 
theory as implemented in vienna Ab initio simulation 
package (VASP) [44]. We used the Perdew–Burke–
Erzernhof [45] (PBE) approximation to the exchange-
correlation functional, within the projected aug-
mented wave method [46], and a plane-wave cutoff 
energy of 520 eV. Our k-point meshes were constructed 
using a constant density of k-points, corresponding to 
a × ×13 13 1 sampling for the graphene unit cell. The 
periodic copies were separated by a vacuum layer of 15 
Å in the direction perpendicular to the sheets. Struc-
tural relaxation was performed at constant area and 
forces were converged to −10 3 eV ̊

−
A

1
.

Our results are summarized in figure 1, where we 
plot the total energy of selected phases as a function of 
the area per atom. The structures of the lowest-energy 
allotropes are depicted in figure 2. In the large area 
regime, all the obtained structures are planar, while for 
small areas our simulations returned buckled struc-
tures. The black horizontal line represents the energy 
per atom of a graphene 12-atom wide zigzag nano-rib-
bon and tells us, approximately, when it is energetically 
favorable to break apart a graphene sheet (i.e. when 
the energy lost in forming the nano-ribbon edges is 
smaller than the increase of energy due to strain).

As expected, the two-dimensional allotrope of 
carbon with the lowest energy is graphene. Graphene 
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remains the lowest energy structure under strain up 
to an area of 3.12 Å

2
/atom, which corresponds to an 

increase of 8.7% of the lattice constant. For larger 
areas, a haeckelite-like structure composed of squares, 
pentagons, hexagons and decagons (labelled C-IV) 
becomes the ground-state. We can also find a region 
of the energy versus area diagram with a high density 
of haeckelite-like structures, in the range 200–250 

meV/atom above graphene and with an area around 
2.75 ̊A

2
/atom (see the supplemental material for more 

details (stacks.iop.org/TDM/4/045009/mmedia)). In 
this crowded region we find a popular haeckelite, the 
so-called H5,6,7 [30], located 256 meV/atom above 
graphene, in agreement with other theoretical works. 
Well below this structure we find C-II (see figure 2(b)), 
only 145 meV/atom above graphene and considerably 
more stable than the other haeckelite-like structures. 
We remark that we also find another recently proposed 
haeckelite structure with 20 atoms per unit cell, called 
phagraphene [47], which is about 200 meV/atom 
above graphene.

In spite of being closer to the minimum of gra-
phene, this group of allotropes becomes higher in 
energy than C-III and C-IV for large areas. These two 
phases contain large decagons, together with squares, 
pentagons, and hexagons (see figures 2(c) and (d)). 
At around 3.25 Å

2
/atom there is another phase trans-

ition to a ribbon-like structure connected by chains of 
carbon atoms (C-V and C-VI, see figures 2(e) and (f)). 
The energy of these structures is still lower than the one 
of the nano-ribbon until an area per atom of around  
3.45 ̊A

2
/atom. It is not hard to imagine how to construct 

allotropes with larger area/atom based on these motifs 
simply by extending the carbon chains.

With the exception of graphene, all structures in 
figure 2 depart from the hexagonal honeycomb sym-
metry, so it is not surprising that they no longer exhibit 
the famous Dirac cone at the Fermi level. In fact, as 
we can see in figure 3, all these phases are metallic, in 
agreement with the predicted behavior for other hae-
ckelites.

Finally, we note that some structures already pro-
posed in the literature were also consistently found 
through the minima hopping search, namely the R5,7 

Figure 1. Energy per atom as a function of the area per atom for the carbon monolayer polymorphs. We also show in the secondary 
x-axis the corresponding engineering strain for graphene (ε as defined in the text). The zero is set to the minimum of the graphene 
curve. The curves are cut when a structure becomes unstable and transforms to a lower energy phase. The structures of the labeled 
curves can be seen in figure 2. The horizontal line marked ‘ribbon’ represents the energy per atom of a 12-atom wide zigzag carbon 
nano-ribbon, and serves as a guide to the eye for the breaking point of stretched graphene.

Figure 2. Crystal structures of the carbon monolayer 
polymorphs as labeled in figure 1. The primitive unit cells are 
also shown. (a) C-I (graphene). (b) C-II. (c) C-III. (d) C-IV. 
(e) C-V. (f) C-VI.
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haeckelite (or pentaheptite) [30, 48, 49], the pentahex-
octite [50], the net-W [51] and the truncated square 
[52] (structures Str. 7, Str. 11, Str. 12 and Str. 18 of  
the Supplemental Material, respectively). Other allo-
tropes such as the penta-graphene [53] (0.9 eV/atom 
above graphene), graphenylene [54] (0.64 eV/atom  
above graphene), graphyne [28, 52] (0.867 eV/ 
atom above graphene), etc do not appear in our simu-
lations as they are too high in energy.

In conclusion, we proposed an alternative method 
that enables the prediction of open phases or struc-
tures under strain. This is achieved by performing 
simulations at constant volume, and not at constant 
pressure, as traditionally done. We emphasize that 
our approach is completely general and can be used 
to predict open phases of any two- or three-dimen-
sional materials. We then used this method to explore 
the phase diagram of expanded two-dimensional 
carbon. Our simulations find a wealth of low energy 
allotropes in the low-density regime. This includes, 
not only most of the previously proposed graphene 
allotropes, but also many other structures with novel 
two-dimensional arrangements of the carbon atoms. 
Furthermore, we find that haeckelites contain-
ing decagons or structures  featuring atomic carbon 

chains become the ground state for large strains. The 
energy of these phases is nevertheless lower than that 
of graphene and a carbon nano-ribbon, which gives 
us hope that they can be exper imentally accessible. 
An interesting question regards the energy barriers 
for the transformation between different (meta-)
stable structures, and the ideal strain profile to trans-
form graphene to other allotropes. Such problem 
can probably be tackled numerically using the nudge 
elastic band algorithm [55] or related methods, and 
would constitute a good starting point to design 
new experiments. Work along these lines has already 
started.
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