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Le savant n’étudie pas la nature parce que cela est utile ; il l’étudie parce qu’il
y prend plaisir et il y prend plaisir parce qu’elle est belle. Si la nature n’était
pas belle, elle ne vaudrait pas la peine d’être connue, la vie ne vaudrait pas la
peine d’être vécue. Je ne parle pas ici, bien entendu, de cette beauté qui frappe
les sens, de la beauté des qualités et des apparences ; non que j’en fasse fi, loin
de là, mais elle n’a rien à faire avec la science ; je veux parler de cette beauté
plus intime qui vient de l’ordre harmonieux des parties, et qu’une intelligence
pure peut saisir.

Henri Poincaré - Science et Méthode (1908)





Introduction

With molecular dynamics simulations, systems of many particles can be charac-
terized and studied. They reveal a deep insight into the microscopic behaviour
of a system, helping to understand micro- and macroscopic phenomena and
therefore have a wide field of applications, for example in biophysics, chemical
physics or material science. A crucial aspect of molecular dynamics is to find
an adequate interaction model (i.e. force field) for a given problem. This is a
balancing act between accuracy and computational effort.
Although (semi-)empirical force fields can be evaluated fast and are applicable
to large systems, they have a lack of transferability and accuracy. The us-
age of first principle methods, like density functional theory, results in higher
accuracy but simultaneously in higher computational costs, which limits the
applicability to small systems and short simulation times.
From the first molecular dynamics simulations by Alder and Wainwright
[1] (1957) and the pioneering simulations by Rahman [2] (1964), Stillinger
and Rahman [3] (1974) and Verlet [4] (1967) until now, the development
of force fields is a challenging part of molecular dynamics, which offers the op-
portunity to improve the efficiency and accuracy of such simulations, leading
to a deeper comprehension of the world.

In this thesis, the method of using force fields constructed by neural networks
will be described and explained. As an application a gold structure was melted.
The molecular dynamics simulations were performed with the Python ASE
module [5] by calculating the forces with the ANN calculator [6]. The training
of the neural network and the construction of the data set is described in [7,
8]. For the corresponding DFT calculations VASP [9, 10] was used.
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1. Theoretical Foundations

1. Theoretical Foundations

The following chapter will give a brief overview about the fundamental physical
concepts and definitions needed for this work.

1.1. Classical Thermodynamics and Statistical
Physics

Thermodynamics and statistical physics provide a good methodology to de-
scribe systems with many particles and therefore with a vast number of degrees
of freedom. The system’s state is then characterized by a few thermodynamic
variables such as the number of particles N , pressure p and temperature T .
Other quantities of the system, even those describing microscopic behaviour
like the diffusion coefficient, can be derived through the thermodynamic vari-
ables, the equations of state and the fundamental equations of thermodynam-
ics. [11]

A point in the high-dimensional phase space of the system is called a mi-
crostate. The macrostate (in equilibrium) is defined by thermodynamic pa-
rameters.

Definition An amount of systems with an identical macrostate but different
microstates is called an ensemble.

There are different types of ensembles, depending on the thermodynamic vari-
ables given, here mentioned respectively:

• NV E: The number of particles, the volume and the energy are constant
(microcanonical ensemble).

1



1. Theoretical Foundations

• NPT : The number of particles, the pressure and the temperature are
constant (isothermal-isobaric ensemble).

• NV T : The number of particles, the volume and the temperature are
constant (canonical ensemble).

Definition Let A be an observable of a system. The time average Ā and the
ensemble average 〈A〉 then are given by

Ā = lim
T→∞

1
T

T∫
0

dt A(t) ,

〈A〉 =
∫

Γ
dΓ A(Γ)ρ(Γ) .

Γ is the phase space and ρ the probability density, which is determined by the
thermodynamic variables characterizing the system (e. g. NPT ). The probabil-
ity of finding a specific point in the phase space at time t is dw = ρ dΓ.

Ergodic Hypothesis Is the observation time of a system long enough, the
trajectory reaches every point in the accessible phase space. Hence, averaging
over time should produce the same outcome as averaging over independent
systems of an ensemble [12, 13]:

Ā
!= 〈A〉 .

This assumption is very crucial for molecular dynamic simulations: Calculating
〈A〉 is difficult, since every possible state of the system must be calculated.
Due to the (assumed) ergodicity, one can observe a single system evolving in
time to obtain microscopic and macroscopic properties. This is exactly what
is done when performing molecular dynamics simulations. [13]

Another important aspect in statistical physics is the equipartition theorem,
which relates the mean energies to the temperature of a system.

Equipartition Theorem In thermal equilibrium, the energy is distributed
equally on every degree of freedom.〈

xi
∂H
∂xj

〉
= δijkBT , (1.1)
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1. Theoretical Foundations

where x is a phase space coordinate and H the Hamiltonian. If x appears
quadratically in H (with a constant c), it is easy to see that the equipartition
theorem takes the form: 〈

xi
∂H
∂xi

〉
= kBT = 〈2cix2

i 〉 . (1.2)

If xi = pi, with p as momentum, then
〈

N∑
i=1

|pi|
2

m

〉
= 2〈Ekin〉 = 3NkBT . (1.3)

In molecular dynamics simulations, the number of degrees of freedom could
be reduced due to periodic boundary conditions (and the conservation of the
total momentum) and other constraints. [14, 15]

1.2. Phase Transitions and Melting

The free enthalpy and its derivatives are defined as:

G(T, p) = U − TS + pV (1.4)

S(T, p) = −
(
∂G

∂T

)
p

(1.5)

V (T, p) =
(
∂G

∂p

)
T

(1.6)

Cp(T, p) = T

(
∂S

∂T

)
p

= −T
(
∂2G

∂T 2

)
p

(1.7)

β(p, T ) = − 1
V

(
∂V

∂p

)
T

= − 1
V

(
∂2G

∂p2

)
T

. (1.8)

G is the free enthalpy (also called Gibbs free energy), U is the internal energy,
V the volume, S the entropy, β the isothermal compressibility and Cp the heat
capacity at constant pressure.

Definition A discontinuous phase transition is characterized by the continuity
of the free enthalpy G and the finite discontinuity of the first partial derivatives
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1. Theoretical Foundations

S and V . The entropy shows a finite leap which leads to the so called latent heat
Q = Tc∆S. Second derivatives of G are finite for T 6= Tc. This corresponds to
the Ehrenfest classification of first ordered phase transitions. [16]

An example for a discontinuous phase transition is melting. It is a transition
from solid into liquid state which comes along with the loss of long range order
of the crystal. From the view of thermodynamics, at the melting point, the
free enthalpies of the liquid and the solid state become equal; above, the liquid
state has a lower free enthalpy and is thus more stable. To describe melting
on the atomic scale, several theories were proposed. The theory of Born [17]
states that at the melting point the shear modulus vanishes and thus the solid
is unstable and the crystal lattice collapses [18, 19] (such a behaviour of the
shear modulus was never observed in experiments [20]). Other popular theories
are the theory of Lennard-Jones and Devonshire [21] and the dislocation
theory, explained in [18]. Probably the best known theory is the Lindemann
criterion [22]:

For the most solids the stable structure is a regular crystal lattice. The atoms
in the crystal perform thermal motions around their equilibrium positions. [23]
It is assumed that the atoms can be viewed as oscillators with the same fre-
quency (Einstein approximation) [20, 24].
Due to Gilvarry (who reformulated the criterion) [25], melting takes place
when the amplitudes of vibration around the equilibrium positions exceed a
certain proportion of the nearest neighbour distance:

√
〈u2〉

!
> clR . (1.9)

cl shall be introduced as the Lindemann parameter or constant, u as the
displacement. R is the nearest neighbour distance; for a FCC lattice (like
gold), R = a

√
2

2 , where a is the lattice constant.
Shortcomings of this criterion are that it does not consider the liquid state,
assumes that each atom oscillates with the same frequency and neglects defects
and surface effects. Nevertheless, it will be used to determine the melting point
in section 5.3.1 because of its simplicity.
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1. Theoretical Foundations

1.3. Density Functional Theory

Density functional theory (DFT) was used to obtain the reference data needed
for the training of the neural network, which is discussed in chapter 3. Therefore
this section intends to illustrate the fundamental principles and ideas of DFT
on a very basic level.

The Schrödinger equation can only be solved in a sufficient way for small
systems. In DFT the system is described by the electron density; the dimen-
sionality is reduced from 3N to 3 and it is possible to describe larger systems
sufficiently.
The wave function is considered to depend on the electronic coordinates only.
The electrons move under the influence of an external potential [26] (for ex-
ample with the Born-Oppenheimer approximation in the potential of the
nuclei [27]). The wave function may be calculated (non-relativistic and time
independent) from the Schrödinger equation:

ĤΨ = EΨ , (1.10)

with the Hamiltonian1

Ĥ = −1
2

N∑
i=1
∇2
i +

N∑
i=1

v(ri) + 1
2
∑
i

∑
j 6=i

1
|ri − rj|

(1.11)

= T̂ + V̂ext + V̂ee . (1.12)

The electron density is defined as:

n(r) = N
∫

d3r2 . . .
∫

d3rN Ψ(r, . . . , rN)Ψ∗(r, . . . , rN) . (1.13)

It can be shown that the external potential v(r) is a unique functional of
n(r) (up to an additive constant). Thus, there is a one-to-one correspondence
between the potential, the wave function and the electron density. [26, 28]
The ground state wave function must reproduce the ground state density and
minimize the energy [29]:

E0,v = min
Ψ→n0

〈Ψ|Ĥ|Ψ〉 . (1.14)

1Note: ~ = m = e = 1
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1. Theoretical Foundations

The total energy functional for a given v is:

Ev[n] = F [n] +
∫

d3r n(r)v(r) . (1.15)

The so called internal-energy functional is defined by

F = F [n] = 〈Ψ|T̂ + V̂ee|Ψ〉 . (1.16)

It is a universal functional and valid for any number of particles and any
external potential. The heart of DFT is the Hohenberg-Kohn theorem [26,
29].

Hohenberg-Kohn Theorem The wave function of the (nondegenerated) ground
state is a unique functional of the ground state density and a ground state ex-
pectation value of any observable is thus a functional of the ground state density
too:

Ψ0(r1, . . . , rN) = Ψ[n0] (1.17)

A[n0] = 〈Ψ[n0]|Â|Ψ[n0]〉 . (1.18)

Furthermore, the ground state energy obeys the variational principle

E[n0] ≤ E[n] . (1.19)

The determination of F [n] is a major difficulty in many-electron problems [26].
Now the Kohn-Sham equations [30] shall be introduced as a method to cal-
culate the ground state density and energy.

One may rewrite F such that the Coulomb term is split off:

F [n] = 1
2

∫
d3rd3r′

n(r)n(r′)
|r − r′|

+G[n] , (1.20)

where G is a universal functional.

Ansatz: G[n] = Ts[n]+Exc[n], with Ts as the kinetic energy of a noninteracting
system and Exc as the exchange-correlation energy. Decomposing it as well
leads to Exc = Ex + Ec.
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1. Theoretical Foundations

Ex is due to the Pauli principle, Ec due to correlations [29].
The energy functional for a given v can thus be written as 2:

Ev[n] =
∫

d3r v(r)n(r) + 1
2

∫
d3rd3r′

n(r)n(r′)
|r − r′|

+G[n] (1.21)

= V [n] + UH[n] + Ts[n] + Exc[n] . (1.22)

The energy shall be minimized with respect to the density 3:

δE[n]
δn(r)

!= 0 = δTs[n]
δn(r) + δV [n]

δn(r) + δUH[n]
δn(r) + δExc[n]

δn(r) (1.23)

= δTs[n]
δn(r) + v(r) + vH(r) + vxc(r) . (1.24)

Thinking of a noninteracting system, it is easy to see that:

δEs[n]
δn(r)

!= 0 = δTs[n]
δn(r) + δV [n]

δn(r) = δTs[n]
δn(r) + vs(r) . (1.25)

If vs = v + vH + vxc , both equations have the same solution ns = n .

If an approximation for vxc is found, one could calculate the density of the
interacting system in potential v by solving the N single body Schrödinger
equations for the noninteracting system 4 in vs:

(
−1

2∇
2 + vs(r)

)
φi = εiφi . (1.26)

The solutions of (1.26) are used to calculate Ts and will reproduce the density
of the original system:

Ts[n] = 1
2

N∑
i=1

∫
d3rφi(r)∗∇2φi(r) (1.27)

n = ns =
N∑
i=1
|φi(r)|2 . (1.28)

This method yields the so called self-consistency cycle: Starting from an initial
guess of n, vs is calculated and the solutions of (1.26) will lead to a new density

2UH is the Hartree energy
3The following derivation can be found in [29].
4Note that this is an auxiliary system. Only the density has a strict physical meaning.

7



1. Theoretical Foundations

according (1.28). The algorithm is repeated until a convergence criterion is
fulfilled. [30]
Once the ground state density is determined, other properties of the system
can be derived, as mentioned before.

The exchange correlation functional is not known and must be approximated.
The local density approximation (LDA) assumes a slow change of the density,
such that:

Exc[n] =
∫

d3r n(r)εxc(n(r)) , (1.29)

where εxc is the exchange-correlation energy per particle of a homogeneous
electron gas with the same density.

In contrast to LDAs, a generalized gradient approximation (GGA) expresses
the exchange-correlation functional by:

Exc[n] =
∫

d3r f(n(r),∇n(r)) . (1.30)

An example for a GGA is the Perdew-Burke-Ernzerhof (PBE) functional
[31].

8



2. Molecular Dynamics Simulations

2. Molecular Dynamics Simulations

With molecular dynamic simulations it is possible to study the microscopic
behaviour of systems with many particles and determine macroscopic thermo-
dynamic properties. This chapter introduces basic ideas of molecular dynamics
simulations.

2.1. Basics

In molecular dynamics the equations of motion for N particles (e. g. atoms)
have to be solved. In other words, one must solve

f i = mir̈i (2.1)

for every atom, where f i is the force acting on atom i with the mass mi. These
equations will be integrated numerically. The method or integrator should be
time reversible (like the equations of motion) and conserve the energy.

Force Fields

An important aspect of molecular dynamics simulation is to find an appropriate
theory or model which describes the interaction between atoms or molecules
correctly but still be as simple as possible in order reduce computational ef-
fort.

Definition ‘A force field, in the context of a computer simulation, refers to
the functional forms used to describe the intra- and inter-molecular potential
energy of a collection of atoms, and the corresponding parameters that will
determine the energy of a given configuration.’ [11, p. 29]

9



2. Molecular Dynamics Simulations

These parameters can be determined by ab inito calculations, experiments or
semi-empirical quantum mechanical calculations. [11, 32]

There are several approaches to obtain the potential energy and forces 5: The
potential energy V could be calculated from a (semi-) empirical model, for ex-
ample the Lennard-Jones potential. These functions are parametrized in or-
der to reproduce experimental results, have an analytic form and can therefore
be evaluated fast. The forces are obtained using the relationship f i = −∇ri

V .
However, these models lack of transferability and do not predict chemical bond-
ing processes sufficiently. [33]
When performing ab initio molecular dynamics, the forces are calculated ’on-
the-fly’ with electronic structure methods like DFT. Although a higher accu-
racy is obtained, the computational costs are huge. Hence, only small systems
and short time periods can be simulated. [33–35]

The construction of force fields with neural networks is explained in chapter
4.

Procedure of a Molecular Dynamics Simulation

A molecular dynamics simulation contains a few basic steps:

1. Set up and conditions: Initial positions, velocities, temperature, pressure,
number of atoms, periodic boundary conditions, a timestep as well as an
ensemble in which the simulation should take place must be initialized.

2. Thermalisation: The system must reach thermal equilibrium before data
collection can start. Therefore an amount of thermalisation steps must
be performed. The atoms move until fluctuations in energy become rel-
atively small and the system is stable (potential energy reaches a mini-
mum).

3. Simulation: The simulation starts and it is possible to collect useful data,
e.g. energy, pressure, temperature etc.

4. Analysis of the simulation: The obtained data must be analysed to un-
derstand physical phenomena.

5The expressions ’force fields’ and ’potential energy surfaces’ will be used equivalently.
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2. Molecular Dynamics Simulations

In step 2 and 3 the aforementioned equations of motions have to be solved
(numerically integrated). Section 2.2 explains an according algorithm.

2.2. Verlet Integration

The most commonly used method to integrate the equations of motion is the
velocity Verlet algorithm. The derivation of the formulas and an implemen-
tation scheme will be shown.6

Starting from a Taylor expansion [36]:

v(t+ δt) = v(t) + δtv̇(t) + δt2

2 v̈(t) +O(δt3) (2.2)

v̇(t+ δt) = v̇(t) + δtv̈(t) +O(δt2) . (2.3)

Manipulating (2.3) leads to

δt2

2 v̈(t) = δt[v̇(t+ δt)− v̇(t)]
2 +O(δt3) . (2.4)

Combining (2.2) and (2.4) results in

v(t+ δt) = v(t) + δt[a(t+ δt) + a(t)]
2 , (2.5)

which is needed for the velocity Verlet algorithm. The errors are of order δt3.
It can be shown that the (local) error in positions are of order δt4, like in the
position Verlet algorithm [11, 36]. The algorithm is stable, easy to imple-
ment, time reversible and conserves the energy 7 for an appropriate time step
[11]. For further discussion on time reversibility, symplecticity and a different
derivation, see appendix A.

The choice of the timestep is crucial for the success of the simulation: Too
large, the energy will not be conserved and the particle behaviour will be non-
physical. Too small, the simulation time must be very long in order to simulate
times in which the physical processes may occur. [37]

The implementation of the algorithm could be (in pseudo code):
6The notation: ṙ = v and r̈ = v̇ = a = f

m is used.
7apart from numerical errors
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2. Molecular Dynamics Simulations

1. Update positions 8 rk+1 = rk + δtvk + δt2fk

2m

2. Calculate the forces: fk+1 = −∇rk+1V

3. Calculate the velocities: vk+1 = vk + δt[fk+1 + fk]
2m

2.3. Simulation of NPT Ensembles

Most experiments are not carried out under the constraint of constant en-
ergy but under constant pressure and temperature. In order to simulate an
isothermal-isobaric ensemble, the system must be coupled to a thermostat
(heat bath) and barostat (pressure bath). Several ways of implementing these
in molecular dynamics simulations exist. Here, the Berendsen method is
explained, because it was used in the simulations (see chapter 5).

2.3.1. Berendsen Thermostat

The instantaneous temperature of a system of interacting atoms can be calcu-
lated with the equipartition theorem by:

Nf

2 kBT =
N∑
i=1

|pi|
2

2m (2.6)

Nf is the number of degrees of freedom and pi the momentum of atom i. The
system with temperature T shall be connected to an external heat bath with
the temperature TH. The velocities of the atoms will be scaled every timestep
by a factor λ in order to achieve the desired temperature of the heat bath
[38]. The ansatz for the Berendsen thermostat is to set the rate of change in
temperature proportional to the temperature difference [39]:

dT
dt = 1

τ
(TH − T ) , (2.7)

8from a simple Taylor expansion

12



2. Molecular Dynamics Simulations

with the coupling constant τ . Using (2.6) yields

∆T =
∑
i

m (λvi)2

NfkB
−
∑
i

mv2
i

NfkB
(2.8)

=
(
λ2 − 1

)
T . (2.9)

Combining (2.7) and (2.9) gives

λ =
√

1 + δt

τ

(TH − T )
T

(2.10)

as a scaling factor for the velocities.
Velocity scaling does not reproduce a well-defined ensemble, because it sup-
presses fluctuations in the instantaneous temperature. The choice of the cou-
pling parameter is very important: For large values (nearly) no velocity scaling
takes place and a microcanonical ensemble is simulated. Choosing τ too small
results in stronger fluctuation suppression. [38, 39]

2.3.2. Berendsen Barostat

The instantaneous pressure of a system can be calculated with the virial the-
orem [36]:

p = 1
V

(
NkBT + 1

3
∑
i

〈ri · f i〉
)
. (2.11)

f i is the force acting on particle i due to interactions with every over particle.
Scaling the interatomic distances every timestep leads to a change in pressure.
The ansatz for the Berendsen barostat is quite similar to the one for the
thermostat [40]: 9

dp
dt = 1

τp
(p̂− p) , (2.12)

9The ensuing derivation is valid for an isotropic system.
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2. Molecular Dynamics Simulations

with p̂ as the desired pressure, p the pressure of the system and τp the coupling
constant of the barostat. Consider the following manipulation in the equation
of motion:

ẋ = v + αx (2.13)

V̇ = 3αV . (2.14)

The pressure change can be expressed as:

dp
dt = − 1

βV

dV
dt

(2.14)= −3α
β
, (2.15)

with the isothermal compressibility β. (2.12) and (2.15) lead to

α = −β(p̂− p)
3τp

(2.16)

λp
(2.13)= 1− δtβ

3τp
(p̂− p) . (2.17)

Every timestep the coordinates are scaled from x to λpx and the box length l
to λpl. Note that the scaling factor depends on β

τp
and thus an imprecision of

β will not change the dynamics, as long as τp is chosen appropriately. [40]

Similar to the thermostat, the Berendsen barostat suppresses fluctuation
in energy and is therefore non-physical for small τp. Nevertheless, combining
a thermostat with a barostat can lead to a good NPT sampling for a large
system and as far as the parameters are chosen well. [39, 41]
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3. Neural Networks

3. Neural Networks

The following chapter shall explain the fundamentals of (artificial) neural net-
works and forms the basis for the understanding of using neural networks in
molecular dynamics, as described in chapter 4.

3.1. General Concepts

Feed forward neural networks 10, with at least one hidden layer, a sufficient
amount of neurons and with mild assumptions (e.g. non-linearity) on the acti-
vation functions can approximate any unknown function to arbitrary accuracy.
This is the so called universal approximation theorem. [42–45]

Neural networks are trained with the method of supervised learning, meaning
that they learn by example [42]: In order to train a neural network, one must
know a certain output set corresponding to an input set. The network is fed
with the input and produces an output. The structure of the network is then
changed in a way that minimizes the error between the produced output and
the correct, known output. After the training period, the network shall pro-
duce a correct output for an unknown input set. This method is explained in
3.1.2.

3.1.1. Multi-Layer Perceptron

The structure and function of a neural network will be explained based on an
example of a multi-layer perceptron with one hidden layer:
Each neuron of the hidden layer, denoted as (1), is connected with an input
10Which is the only type of neural networks discussed here.
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xi=1

xi=2

xi=3

yk=1

yk=2

yk=3

Hidden layerInput layer Output layer
ωij ωjk

Figure 3.1.: A multi-layer perceptron with one hidden layer. The bias nodes
are represented by a dashed contour

node by ωij. For the neurons j in the hidden layer the weighted inputs xi add
up to the activation:

h
(1)
j =

∑
i

xiωij . (3.1)

Afterwards the activation function g(1)
j = g(1)(h(1)

j ) is calculated, which is the
input (activation) for the output layer (denoted as (2)) nodes k:

h
(2)
k =

∑
j

g
(1)
j ωjk . (3.2)

The activation function of these neurons (which corresponds to the output of
the network) is calculated: yk = g

(2)
k = g(2)(h(2)

k ).
The bias nodes (dashed contour) have a fixed value, e.g. 1. They ensure the
possibility to shift the activation functions and provide an extra degree of
freedom.
Some commonly used activation functions shall be mentioned:

g(x) = x (3.3)

g(x) = tanh(x) (3.4)

g(x) = 1
1 + e−x

(3.5)

g(x) = ln (1 + ex) . (3.6)
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Equation (3.5) is the sigmoid function, (3.6) the soft plus function. The non-
linearity of (3.4), (3.5), (3.6) enables the neural network to describe complex
problems. With only linear activation functions like (3.3), the output would
be a linear transformation of the input, which equals a single layer neural
network. Such a neural network would not be an universal approximator. A
linear activation function can be used, for example in the output layer, if in
the hidden layers nonlinear activation functions were used.

3.1.2. Training

The following section is based on [42, ch. 4.3].
Before a neural network produces an useful output, it must be trained. The
backpropagation algorithm will be discussed. The basic idea is explained, but
the full derivation can be found in appendix B.
Consider the error function

E = E(t,y) = 1
2

N∑
k=1

(yk − tk)2 , (3.7)

with the target vector t (the known and correct output) and the output of the
network y. The error function is a function of the weights which are the only
parameters that can be changed.

While training, the strength of the weights between the neurons are changed.
In other words, the weights must be improved in order to minimize the error
function. This is a high-dimensional optimization problem. One method of
minimizing is the method of gradient descent; in every iteration the weights
are updated according to:

ω(new) = ω − η∂E
∂ω

, (3.8)

with η introduced as the learning rate.
One must calculate

∂E

∂ωjk
= ∂E

∂h
(2)
k

∂h
(2)
k

∂ωjk
, (3.9)
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which leads to the updating rule of the weights between the hidden and output
layer:

ω
(new)
jk = ωjk − η(yk − tk)

∂g
(2)
k

∂h
(2)
k

g
(1)
j . (3.10)

Similarly, the weights between the input and the hidden layer nodes are up-
dated:

ω
(new)
ij = ωij − ηxi

∂g
(1)
j

∂h
(1)
j

∑
k

ωjk(yk − tk)
∂g

(2)
k

∂h
(2)
k

. (3.11)

The neural network produces an output for a given input. The weights will be
updated according to the aforementioned equations. This is repeated as long
as needed. The backpropagation algorithm can take place for any number of
hidden layers. [46]

A problem that may occur is overfitting. The neural network learns by exam-
ple but after the training period, it must be generalized, meaning that it shall
provide the functional relationship (between input and output) and not simply
reproduce the output it was trained for. Therefore the data set gets split into
two parts: a validation and a training set. The easiest method to avoid overfit-
ting is called early stopping: The network is trained with the training set. The
error function will decrease while training. Simultaneously, the validation set
is put into the network; the error should decrease too. But at a certain point,
it will increase for the validation set. Then the network is fitting too much to
the training data itself and training should stop.
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Figure 3.2.: Overfitting: The error for the validation set increases at a certain
point. [42]

The training procedure can be improved by using other methods like stochastic
gradient descent in addition to the backpropagation algorithm. Additionally,
the efficiency of the training depends on the activation functions used [44]. A
neural network has a huge amount of degrees of freedom and hence the more
training data exist, the better the training can be done but the time required
increases.

All in all, there are many dependencies one has to be aware of. Several initial
conditions and network structures may be tested, like different initial weights,
learning rates, number of nodes and layers etc.
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4. Neural Networks in Molecular Dynamics Simulations

4. Neural Networks in Molecular
Dynamics Simulations

The problem of finding an appropriate force field was stated in chapter 2. A
force field should be transferable, accurate and fast to evaluate. This chapter
elucidates the construction of potential energy surfaces (or force fields) with
neural networks. The papers of Behler [34, 35, 47], Behler & Parrinello
[48] and Artrith & Urban [6] serve as main sources and are recommended
for further reading.

4.1. Neural Network Potentials

The following section is based on the work of Behler [34].

Definition An neural network potential (NNP) is an interatomic potential
fulfilling the following criteria:

• It uses neural networks to create a high-dimensional potential energy
surface which is a function of the atomic coordinates.

• It is constructed by a set of energies which are obtained from reference
electronic structure calculations.

• No physical approximations are done except those used in the reference
method.

NNP have a well defined functional form that provides the calculation of forces
for molecular dynamics simulations. Furthermore, the system is completely
defined by the coordinates of the atoms.
In order to use neural networks for molecular dynamics, the following problems
must be solved:
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4. Neural Networks in Molecular Dynamics Simulations

• After training, the numerical values of the weights are fixed and the
number of input nodes cannot be changed. The neural network would
only be applicable to systems of a fixed size, hence no atoms could be
added or removed.

• The network output depends on the input. If the coordinates (e.g. Carte-
sian coordinates) would serve as the input, the energy would not be in-
variant with respect to translation, rotation or permutation (of equivalent
atoms), since the input is an ordered vector.

4.1.1. Construction of a Neural Network Potential

Consider the scheme of a NPP: Not a single neural network is used but a set
of atomic neural networks 11.

R1

R2

R3

G1

G2

G3

ann

ann

ann

E1

E2

E3

E

Figure 4.1.: Neural network potential (NNP) based on [34]. Each line repre-
sents an atom. The atomic neural networks (ann) are feed forward
networks with the energy contribution Ei as output. The output
of the NNP is the potential energy E.

The coordinates Ri of the atoms are transformed to the symmetry function
vectors Gi with typically 50 − 100 symmetry function values [35]. The sym-
metry functions describe the local environment of each atom within a cutoff
radius Rc and depend on the positions of all atoms. These Gi are the inputs
for the atomic neural networks (ann). Every ann yield the energy contribution
Ei. In the last step, the potential energy is calculated by

E = E ({Ri}) =
∑
i

Ei . (4.1)

This is a functional relationship between the positions of the atoms and the
potential energy (potential energy surface or force field). Because the potential
11Feed forward networks as discussed before.

21



4. Neural Networks in Molecular Dynamics Simulations

energy of the system is calculated from a sum (which is independent of the
summation order), the order of the atoms in the input does not matter.

4.1.2. Symmetry Functions

The section is based on [34, 35]. The symmetry functions shall be continuous
in value and slope (such that forces can be calculated) and invariant with re-
spect to transformations (e.g. translation, rotation, permutation of two equally
atoms). As atoms can leave the local environment defined by Rc, the number
of symmetry functions for one input node must be the same, i.e. not depending
on the amount of atoms in the environment described, because otherwise the
input of the ann would not be defined.

The so called cutoff functions are defined by:

fc,1 =

0.5
[
cos

(
πRij

Rc

)
+ 1

]
, for Rij ≤ Rc

0, for Rij > Rc

(4.2)

fc,2 =

tanh3
(
1− Rij

Rc

)
, for Rij ≤ Rc

0, for Rij > Rc

, (4.3)

where Rij is the distance of atoms i and j. fc insures that only interactions
within the cutoff radius are taken into account. Thus, the choice of the cutoff
radius Rc is crucial, since all relevant interactions must be included. Generally,
there are two types of symmetry functions: atom centered and pairwise. Only
atom centered symmetry functions will be discussed. They can be subdivided
into two classes: radial and angular functions.
Examples for atom centered symmetry functions are:

G
(1)
i =

N∑
j=1

fc(Rij) (4.4)

G
(2)
i =

N∑
j=1

e−η(Rij−Rs)2
fc(Rij) (4.5)

G
(3)
i = 21−ζ∑

j 6=i

∑
k 6=i

(1 + λ cos θijk)ζe−η(R
2
ij+R2

ik+R2
jk)fc(Rij)fc(Rik)fc(Rjk) .

(4.6)
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G
(ν)
i , with ν ∈ {1, 2, 3}, is a symmetry function for atom i. The sums guarantee

that the G(ν)
i give one value, irrespective of the number of atoms in the envi-

ronment. The multiplication with fc ensures that only interactions within the
cutoff radius are included. Rs, η, ζ and λ are parameters. In order to capture
the full dimensionality of the system and to take many-body interactions into
account, different G(ν)

i form a set of symmetry function values, the so called
symmetry function vector Gi, where each element has different values for the
aforementioned parameters.
Equations (4.4) and (4.5) are radial symmetry functions that describe the ra-
dial distribution of atoms within the cutoff radius. The variation of η and Rs

define the radial resolution. The angular distribution is described by equation
(4.6) which is an angular symmetry function. The cosine reflects the periodicity
of the potential with respect to the angle. While the variation of ζ defines the
angular resolution, λ shifts the maximum of the cosine. To cover the angular
resolution at different distances, η is varied.

The values for the parameters must be determined in a way that the sym-
metry function values differ sufficiently for different chemical environments.
Consequently, different structures give different energies, while energetically
equivalent structures lead to the same energy. [48]

4.1.3. Atomic Neural Networks

The symmetry function vector Gi (containing all symmetry function values)
is the input of the ann i which will output the energy Ei. These ann are
trained with the target quantity E, not the Ei, since these are no observables
and thus cannot be calculated from electronic structure methods. Additionally,
one element corresponds to one type of ann, that means the structure and the
weights are the same for every ann of that type.
One could couple a certain, arbitrary number of these ann, such that the NNP
is applicable for any system size. Additionally, the computational costs scale
linearly with the system size, because one ann is needed for one atom. [34]
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4.2. Forces and Stresses

The trained network is a potential energy surface. In every timestep of a molec-
ular dynamics simulation, the potential energy of the system with respect to
the positions is calculated. Then, it must be possible to derive the forces acting
on each particle in order to use the Verlet algorithm.
The force acting on atom k with the coordinate Rk,α shall be introduced as
fkα, where α = (x, y, z) [35]:

fkα = − ∂E

∂Rkα

(4.7)

= −
N∑
i=1

∂Ei
∂Rkα

(4.8)

= −
N∑
i=1

Mi∑
j=1

∂Ei

∂G
(ν)
ij

∂G
(ν)
ij

∂Rkα

. (4.9)

Equation (4.7) is the definition of the force, in (4.8) the energy was replaced
according to (4.1). In the last step, the chain rule was applied, since the energies
Ei depend on the symmetry functions which depend on the coordinates of the
atoms. Mi is the amount of symmetry functions describing the environment of
atom i.

The equation for the stress tensor elements can be calculated similarly, result-
ing in:

σαβ = − 1
Ω
∂E

∂εαβ
(4.10)

= − 1
Ω
∑
i

∑
j

∑
k

∂Ei

∂G
(ν)
ij

∂G
(ν)
ij

∂Rkα

∂Rkα

∂εαβ
, (4.11)

where Ω is the volume of the system and εαβ is an element of the infinitesimal
strain tensor. [8]
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4.3. Remarks on Neural Network Force Fields

In summary, neural networks can be used in molecular dynamics, even if large
systems are studied, with comparable accuracy as the reference methods (used
for constructing the training set). The construction demands high computa-
tional effort, as many structures and many atomic environments must be repre-
sented in the training set. For simulations with many atoms or long simulation
times, the fast evaluation of the neural network force field outweighs the com-
putational costs.

Yet, neural networks have a number of disadvantages: They are only accurate
for structures that are not too different from the training set and thus their
transferability is limited. This fact reflects the inability of neural networks to
extrapolate. For example, if the training set consists of bulk structures only,
the neural network force field is not applicable to small clusters.
Furthermore, for a multicomponent system, different symmetry function vec-
tors must be evaluated for each combination of atomic species. In a binary
system with the elements A and B, the interaction types A − A, A − B and
B − B must be taken into account individually. This leads to an increase of
the dimensionality and therefore to an increase of computational effort.
Additionally, the presented neural network force field does not include long
range interactions, as the interactions of each atom are truncated by the cutoff
radius. That problem can be avoided by using an additional neural network
for the electrostatic interactions. In this approach, the atomic neural networks
yield the atomic charges which are summed to the electrostatic energy Eelec.
The total energy then is given by Etot = E + Eelec. [6, 47, 49]
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5. Example: Melting a Gold Structure

A gold structure was melted as an application of neural network force fields.
The procedure and results will be explained and discussed.

5.1. Reference Data and Training of the Neural
Network

The training of the neural network required many reference structures. The
DFT calculations were done with VASP and the PBE functional was used to
approximate the exchange-correlation functional.
The data set contained structures obtained by DFT calculations. These struc-
tures were found with the minima hopping method [50], distortions of the
minima and small molecular dynamics simulations. 70% of these structures
served as training set, 30% as validation set.

For the training, the error function

E =
∑
σ

ξ ( N∑
i=1

Ei − Eref

)2

+ γ

6

6∑
k=1

(Sk − Sk,ref)2 + β

3N

N∑
j=1

3∑
α=1

(fjα − fjα,ref)2


was used. Sk is the component k of the stress tensor in Voigt notation. ξ, β, γ
are parameters in order to weight the importance of the different terms. σ rep-
resents the different structures in the training set. By using this error function,
the neural network leads to accurate forces and stresses too.
For further reading see [8].
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5.2. Procedure

5.2.1. Melting Simulation

First, the gold lattice (FCC) was initialized. A supercell was created in or-
der to reach a certain amount of atoms (500 and 4000) and periodic bound-
ary conditions were used, while the total linear and angular momentum were
set to zero. After testing several, a timestep of δt = 10 fs was chosen. For a
given temperature (25 K), initial velocities were distributed according to the
Maxwell-Boltzmann distribution. As the melting simulation should take
place in a NPT ensemble, a Berendsen thermostat and barostat were used
with the corresponding ASE method. The associated coupling constants were
set to τ = 400 fs and τp = 500 fs. The isothermal compressibility of gold is
β = 0.005 77 1

GPa [51, p. 52]. 6000 thermalising steps were found to be enough
to reach equilibrium.

Every timestep, the temperature of the heat bath was increased linearly, while
the pressure (1 bar) was kept constant and hence the temperature of the system
increased with time. A Verlet step was performed after each increase of the
heat bath temperature, such that the energy could distribute over all degrees
of freedom. The forces were obtained with the neural network force field, using
the ANN calculator.

Several simulations were performed with different changes in temperature per
step (heating rates), namely: 1.0, 0.5, 0.25, 0.1, 0.05 and for 500 atoms 0.01
too.

5.2.2. Analysing the Trajectories

This section will expound methods that allow the determination of the melting
temperature (i.e. the melting point, since the pressure was kept constant 12).
It was done for 500 and 4000 atoms and for each different change of the heat

12Both expressions will be used synonymously.
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bath temperature per step.
Thermodynamic properties were calculated each timestep, for example:

RMSD =

√√√√ 1
N

N∑
i=1

(ri(t)− ri(0))2 (5.1)

Ekin =
N∑
i=1

miv
2
i

2 (5.2)

T (t) = 2Ekin(t)
NfkB

(5.3)

V = |a · (b× c)| , (5.4)

where in (5.1) ri(0) is the initial position (after the thermalising period) and
ri(t) the position at time t of atom i. The root mean squared displacement
(RMSD) can be used to calculate the displacement of the atoms in the Lin-
demann formula, as described in section 1.2.
In equation (5.3) the equipartition theorem is used to calculate the instan-
taneous temperature of the system. The volume is the absolute value of the
triple product of the lattice vectors.

The calculated values were averaged with the method of moving averages to
obtain macroscopic quantities (e.g. Tsys = 〈T (t)〉). For the simulations with
0.01 13, 0.05 and 0.1, a certain amount of values were averaged in a way that
the averaged value corresponds to an 1 K change in the heat bath temperature
(e.g. 20 values for 0.05). 10 values were averaged for larger steps.
As mentioned before, this ensured the calculation of thermodynamic or macro-
scopic properties and additionally reduced fluctuations.

The averaged curves were fitted with a fifth order spline. The associated pa-
rameters were chosen such that the curve (mostly the region of transition)
was fitted well, with the restriction of least fluctuations in the derivatives. It
should be mentioned that sometimes no change in the quality of the fit could
be seen, yet the calculated melting temperature changed slightly. Hence the
melting points obtained depend on the choice of parameters; typical changes
in the melting temperatures for a slight change in the fitting parameters were
≈ ±15 K.
13for 500 atoms
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Note that no ’hard’ discontinuities appeared due to the fit and fluctuations.
All functions obtained are differentiable. The temperature of the system could
not be used as the argument for the functions (quantities) of interest, because
a monotonously increasing sequence was needed for the fit. Instead, the quan-
tities of interest were chosen to be functions of the heat bath temperature or
time, which is equivalent since a bijection of the form:

TH = TH(t) = c0 + c t , (5.5)

where c 6= 0, exists. Generally, only the behaviour of the curves, not the exact
values were needed. With the methods described below, certain points were
determined which corresponded to a certain temperature that was regarded as
the melting temperature.

5.3. Results

The methods which were used to determine the melting temperature and the
results will be presented. The vertical bars indicate the time (or heat bath
temperature) corresponding to the melting temperature.

5.3.1. Lindemann Criterion

The Lindemann criterion was followed in order to determine the melting tem-
perature. However, instead of using the Lindemann constant cl, the behaviour
of the Lindemann curve (function) was analysed:

fl =

√
〈u2〉
R

= RMSD
√

2
a

. (5.6)

As a lattice constant for gold at 25 K, a ≈ 4.078Å was used [52].
The maximum of the second derivative (inflection point of the first derivative)
was calculated in order to obtain the point of the maximum curvature of the
Lindemann function. This point indicates the phase transition.
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(b) The second derivative of fl as a function of time

Figure 5.1.: Lindemann curve for 4000 atoms and a change of the heat bath
temperature of 0.01 K/step
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Figure 5.2.: The Lindemann curves for different heating rates as a function
of time
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In figure 5.1(a) the fit for the Lindemann curve can be seen. 5.1(b) shows the
second derivative of the fit. The maximum corresponds to the melting point.
The Lindemann function increases linearly in time but at a certain point,
the slope increases rapidly, as seen in figure 5.1. With smaller changes in the
heat bath temperature per step, this change in the behaviour is more and more
sharp (figure 5.2). Hence the determination of the melting point was easier and
more precise (for example for 0.01 K/step than for 1.0 K/step). The reason for
this is discussed at the end of the chapter.
It is obvious that for smaller changes in the heat bath temperature per step it
takes longer to reach the melting point (figure 5.2). Generally less fluctuations
(in comparison to the potential energy) are observed. Therefore no compro-
mises between the smoothness (quality of the fit) and fluctuations were needed
(at least not as much as for the potential energy or volume).

5.3.2. Potential Energy and Heat Capacity

Using the equipartition theorem, the heat capacity at constant pressure can
be defined as [53]:

Cp = ∂E

∂T
= ∂Epot

∂T
+ 3R

2 . (5.7)

R is the gas constant.
The derivative of the potential energy is the thus related to the heat capacity
(see section 1.2). As mentioned before, the exact value is not of interest. There-
fore ∂Epot

∂TH
or equivalently ∂Epot

∂t
was calculated. The maximum corresponds to

the melting temperature.

Figure 5.3 shows the fit for the potential energy as a function of time. Fluctu-
ations in the curve and in the derivative can be observed (figure 5.3(b)).
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Figure 5.3.: Potential energy for 4000 atoms and a change of the heat bath
temperature of 0.01 K/step
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Figure 5.4.: The potential energy per atom for different heating rates as a
function of the heat bath temperature
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In figure 5.4 the potential energy is shown as a function of the heat bath
temperature. The smaller the change in the heat bath temperature per step,
the smaller the heat bath temperature when melting occurs.
The most important fact one can see is that the curves for the larger steps do
not show a leap. Thus the determination of the melting point for these heating
rates is not precise at all, similar to the larger steps with the Lindemann
criterion. Additionally, strong fluctuations made the fitting process difficult.

5.3.3. Volume Discontinuity

As explained in section 1.2, the volume shows a leap at the point of phase tran-
sition. The point of the maximum slope, the maximum of the first derivative,
corresponds to the melting point. Fluctuations occur in the smaller heating
rates. The curves do not show a leap for the larger heating rates. The volume
and its derivative as a function of the time are shown in figure 5.5 for a heating
rate of 0.01 K/step.
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Figure 5.5.: Volume for 4000 atoms and a change of the heat bath temperature
of 0.01 K/step
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Figure 5.6.: The volume for different heating rates as a function of the heat
bath temperature
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0

5

10

15

20

25

g(
r)

(a) Solid state at 25 K

0 2 4 6 8 10 12

r (Å)
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Figure 5.7.: The radial distribution function g(r) of the gold structure as a
visualization of the phase transition that took place

Figure 5.7 shows the radial distribution function for different temperatures.
5.7(a) is for 25 K (solid), 5.7(b) at the end of the simulation (liquid). It illus-
trates the loss of long range order of the crystal.
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5.4. Discussion

Each method led to different melting points for the different changes in the heat
bath temperature per step. A decreasing melting temperature for a decrease of
the heating rate can be observed in figure 5.9. If the change in the temperature
of the heat bath is small (namely 0.01, 0.05, 0.1), the system can react easily
to the new temperature and distribute the energy equally on the degrees of
freedom. The system can be viewed as in thermal equilibrium with the heat
bath (since the changes are very small). Thus, well defined phase transition
regions (a rapid increase of the slope) and sharp derivatives can be seen. For the
larger changes the system has not enough time to distribute the energy equally.
The system cannot ’follow’ the heat bath temperature. Hence the shapes of
the curves differ for different heating rates, as seen in figure 5.2, 5.4 and 5.6.
In summary, the melting points must converge for decreasing heating rates,
since the differences between very small heating rates should vanish.

It is worth noting that for larger heating rates, each method led to quite
different melting temperatures (figure 5.9). The reason for that is the previ-
ously mentioned behaviour of the curves (mostly potential energy and volume),
which do not show a well defined phase transition region for large heating rates.
It is thus reasonable to only consider the melting temperatures obtained by
the heating rates 0.01 K/step, 0.05 K/step and 0.1 K/step.
In order to obtain one melting temperature, the pool mean was calculated with
the melting temperatures obtained by each method.14

Heating Rate 500 atoms 4000 atoms

0.01 K
step 1039 K —

0.05 K
step 1068 K 1091 K

0.1 K
step 1137 K 1135 K

Figure 5.8.: Melting temperatures for the smallest heating rates

14The melting temperatures were rounded.
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Figure 5.9.: The melting temperatures obtained by the different methods for
different heating rates

As shown in figure 5.8, the melting temperatures for a heating rate of 0.1 K/step
can be seen as equally. For 0.05 K/step, the melting temperatures differ, but
are of the same order.
It is difficult to quantify the errors of the melting temperatures, because the
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procedure contains many sources of possible errors. Therefore, several simula-
tions with different initial conditions (lattice constants, equilibration temper-
atures, number of atoms, coupling constants and combinations) were tested.
The change in the melting temperature was smaller than 50 K in every case.
Additionally, the melting temperature (which was calculated as an average
temperature at a certain time) has a variance which gives an uncertainty.
The experimental melting temperature of gold is ≈ 1337 K. Other calculations
using EAM led to a melting point of ≈ 1090 K [54]. The (smallest) determined
melting temperatures differ approximately 300 K from the experimental one.
As previously mentioned, a lot of different parameters can be changed and have
an influence on the outcome. Furthermore, it is clear that for simulations with
more atoms the result should be more precise. Yet an increase of the number
of atoms will not lead to clearly better results, since, as seen in figure 5.8, the
melting temperatures for the simulation of 4000 and 500 atoms are quite the
same.

Differences between the experimental melting temperature and the tempera-
tures obtained by the simulations can be partially explained by errors in the
neural networks. The (root mean square) error in the formation energy was
18 meV, in the forces 50 meVÅ−1 and in the stress 11 meV/Å3. The errors in-
fluence the outcome, still they can be seen as small. [8]
The reason why the determined melting temperatures differ that much from
the experimental value can be explained as the error of the functional:
Even if the experimental value is seen as the ’true’ melting point, the network
is trained for the energies, forces and stresses obtained by DFT calculations
with the PBE functional. Generally the network cannot reproduce better re-
sults than the method used to obtain the training data. A direct comparison
of the obtained melting temperature and the experimental one is therefore not
possible. Unfortunately, no melting point calculations for a gold bulk with the
PBE functional could be found.
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6. Conclusion and Outlook

Neural networks can be used in molecular dynamics simulations. The pre-
sented way of constructing neural network force fields with symmetry func-
tions ensures the applicability. Force fields created by neural networks achieve
comparable accuracy as the reference methods (e.g. DFT) while the evalua-
tion is much faster. They are suitable for large systems and long simulation
times. The example in chapter 5 illustrates the advantages and utility of us-
ing neural networks in molecular dynamics. A simulation with 4000 atoms
was performed orders of magnitudes faster than with a conventional electronic
structure method.

Despite some shortcomings, neural network force fields show great promise and
pave the way for a new era of molecular dynamics simulations, especially in
solid state physics, granting the possibility to investigate new and unsolved
problems.

This thesis serves as a basis for future work which will focus on obtaining data
sets from DFT calculations, training of neural networks and using these in
more complex simulations with current scientific relevance.
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A. Velocity Verlet Algorithm

A. Velocity Verlet Algorithm

A further discussion on the velocity Verlet method shall be given. This
chapter is based on [61, 62, 64] (which are recommended for further reading)
and does not claim to be complete.

The Liouville operator 15 is defined as follows:

iL =
f∑
i=1

(
q̇i
∂

∂qi
+ ṗi

∂

∂pi

)
=

f∑
i=1

(
∂H
∂pi

∂

∂qi
− ∂H
∂qi

∂

∂pi

)
= {·,H} . (A.1)

Let Γ = Γ(t) = (q, p) be the state of the system. The time evolution is given
by

Γ(t) = U(t)Γ(0) , (A.2)

with U = U(t) = eiLt as classical propagator. The Liouville operator gets
split:

iL = iL1 + iL2 (A.3)

eiLt = eiL1t+iL2t = eiL1teiL2t . (A.4)

Applying a Trotter expansion leads to

U(∆t) = eiL∆t = eiL2
∆t
2 eiL1∆teiL2

∆t
2 +O(∆t3) (A.5)

= U2U1U2 . (A.6)

It can be shown that
ec

∂
∂xf(x) = f(x+ c) . (A.7)

15linear and hermitian
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Be iL1 = q̇ ∂
∂q

and iL2 = ṗ ∂
∂p
, hence:

eiL2
∆t
2 q = q (A.8)

eiL2
∆t
2 p = p+ ∆t

2 ṗ (A.9)

eiL1∆tp = p (A.10)

eiL1∆tq = q + ∆tq̇ . (A.11)

Using (A.5) on q and p results in 16:

U(∆t)q(t) = q(t+ ∆t) = q(t) + ∆t
m
p+ ∆t2

2m ṗ (A.12)

and

U(∆t)p(t) = p(t+ ∆t) = p(t) + ∆t
2 (ṗ(t) + ṗ(t+ ∆t)) . (A.13)

This result is equivalent to the velocity Verlet method.

Lemma U is unitary.

Proof.

U † = (U2U1U2)† (A.14)

= U †2U
†
1U
†
2 (A.15)

= U−1
2 U−1

1 U−1
2 (A.16)

Note that (ABC)† = C†B†A† and in (A.16) L = L† was used.
Therefore: U †U = U−1U = 1.

It is easy to see that U(−∆t) = U †. Consequently, U is time reversible. Identi-
fying U as the Jacobian matrix of the transformation reflects the simplecticity.
The phase space volume is conserved due to Liouville’s theorem.

16Keep in mind the sequential action of the operators and q̇ = p
m , ṗ = f , q = r.
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Figure A.1.: Illustration of the shadow Hamiltonian. The red dashed line differs
slightly from the true trajectory

Thus the time reversibility and symplecticity of the velocity Verlet algorithm
was shown. The energy is not strictly conserved due to truncations errors in the
Trotter expansion, yet a so called ’shadow’ Hamiltonian [63] is conserved.
This prevents a long term energy drift. The shadow trajectory differs slightly
from the true one and the differences vanish for ∆t→ 0.
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B. Derivation of the Backpropagation Algorithm

B. Derivation of the Backpropagation
Algorithm

A similar derivation can be found in [42, 46]. The updating rules of the weights
are shown for a multi-layer perceptron with one hidden layer. Notation [42]:

• ι is a specific neuron of the i input nodes

• ζ is a specific neuron of the j hidden layer (1) neurons

• κ is a specific neuron of the k output layer (2) neurons

The error function used is

E = 1
2

N∑
k=1

(yk − tk)2 . (B.1)

Consider:

∂E

∂ωζκ
= ∂E

∂h
(2)
κ

∂h(2)
κ

∂ωζκ
(B.2)

= ∂E

∂h
(2)
κ

∂

(∑
j
ωjκg

(1)
j

)
∂ωζκ

, (B.3)

with h(2)
κ = ∑

j
ωjκg

(1)
j as the input for the output layer neuron κ and g

(1)
j as

the output of each hidden layer neuron j 17. It is easy to see that:

∂E

∂ωζκ
= ∂E

∂yκ

∂yκ

∂h
(2)
κ

∂

(∑
j
ωjκg

(1)
j

)
∂ωζκ

(B.4)

= (yκ − tκ)
∂g(2)

κ

∂hκ
g

(1)
ζ . (B.5)

17yk = g
(2)
k
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With the method of gradient descent this leads to the updating rule of a weight
from the hidden to the output layer:

ω
(new)
ζκ = ωζκ − η(yκ − tκ)

∂g(2)
κ

∂h
(2)
κ

g
(1)
ζ . (B.6)

Furthermore:

∂E

∂ωιζ
= ∂E

∂h
(1)
ζ

∂h
(1)
ζ

∂ωιζ
(B.7)

= ∂E

∂h
(1)
ζ

∂
(∑

i
xiωiζ

)
∂ωιζ

(B.8)

= ∂E

∂h
(1)
ζ

xι . (B.9)

With

∂E

∂h
(1)
ζ

=
∑
k

∂E

∂h
(2)
k

∂h
(2)
k

∂h
(1)
ζ

(B.10)

=
∑
k

∂E

∂h
(2)
k

∂

(∑
j
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(1)
j ωjk

)
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(1)
ζ

(B.11)

=
∑
k

∂E

∂h
(2)
k

∑
j

ωjk
∂g

(1)
j

∂h
(1)
ζ

(B.12)

=
∑
k

∂E

∂h
(2)
k

∂g
(1)
ζ

∂h
(1)
ζ

ωζk , (B.13)

where (B.10) takes all possible backward paths into account.
The updating rule for a weight from the input to the hidden layer is thus:

ω
(new)
ιζ = ωιζ − ηxι

∂g
(1)
ζ

∂h
(1)
ζ

∑
k

ωζk(yk − tk)
∂g

(2)
k

∂h
(2)
k

. (B.14)
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C. Python Code Melting Simulation

C. Python Code Melting Simulation

The following code is for a melting simulation of 500 gold atoms in a FCC
lattice, with a heating rate of 0.01 K

step , as discussed in 5.2.

1 #!/usr/bin/env python3
2 # -*- coding: utf-8 -*-
3 """
4 Created on Tue May 29 17:32:28 2018
5

6 @author: Jakob Wolff
7 """
8 from ase.lattice.cubic import FaceCenteredCubic as fcc
9 from ase import units

10 from ase.md.velocitydistribution import (MaxwellBoltzmannDistribution,
11 Stationary, ZeroRotation)
12 from ase.md import MDLogger
13 from ase.md.nptberendsen import NPTBerendsen as nptb
14

15 from ase.io.trajectory import Trajectory as tr
16 from aenet.ase_4_calculator import ANNCalculator #ANN calculator
17 potentials = {"Au":"Au.ann"}
18

19 #some parameters
20

21 compressibility=0.00577*10**-4
22 initialtemp=25.0 #initial temperature
23 dt=10 #timestep
24 taut=400 #coupling constant for thermostat
25 taup=500 #coupling constant for barostat
26 dtemp=0.01 #heating rate
27 i=0
28

29 #set up
30

31 atoms=fcc(directions=[[1,0,0],[0,1,0],[0,0,1]],symbol="Au",size=(5,5,5),pbc=True) #
creating the fcc lattice with 500 atoms (super cell) and periodic boundary
conditions

32 calc=ANNCalculator(potentials)
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33 atoms.set_calculator(calc)
34

35 MaxwellBoltzmannDistribution(atoms,initialtemp*units.kB) #distribute velocities
according to Maxwell-Boltzmann

36 Stationary(atoms) #conserve linear momentum (=0)
37 ZeroRotation(atoms) #set angular momentum to zero
38

39 traj=tr("melting.traj","w",atoms) #save the data
40

41

42 ber=nptb(atoms,dt*units.fs,initialtemp,taut*units.fs,1.0,taup*units.fs,
compressibility) #Berendsen thermostat and barostat

43 ber.attach(MDLogger(ber,atoms,"melting.log",header=True,stress=True,peratom=False,
mode="w"),interval=1) #MD Logger

44 ber.run(6000) #perform 6000
thermalising steps

45

46 #simulation
47

48 ber.attach(traj.write,intervall=1)
49

50 while((atoms.get_kinetic_energy()/((1.5*units.kB)*len(atoms))) <=2000): #perform
simulation until the system temperature is 2000 Kelvin

51

52

53 if(ber.temperature <= 2200): #increase the heat bath
temperature until it reaches 2200 Kelvin

54 ber.set_temperature(initialtemp+i*dtemp)
55 ber.run(steps=1) #running a verlet step
56

57 i+=1
58

59

60 traj.close()
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