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Ozymandias

I met a traveller from an antique land
Who said: Two vast and trunkless legs of stone
Stand in the desert ... Near them on the sand,
Half sunk, a shattered visage lies, whose frown,
And wrinkled lip, and sneer of cold command,
Tell that its sculptor well those passions read
Which yet survive, stamped on these lifeless things,
The hand that mocked them, and the heart that fed:
And on the pedestal these words appear:
"My name is Ozymandias, king of kings:
Look on my works, ye Mighty, and despair!"
Nothing beside remains. Round the decay
Of that colossal wreck, boundless and bare
The lone and level sands stretch far away.

Percy Bysshe Shelley

In Egypt’s sandy silence, all alone,
Stands a gigantic Leg, which far off throws
The only shadow that the Desert knows:—
"I am great OZYMANDIAS," saith the stone,
"The King of Kings; this mighty City shows
The wonders of my hand."— The City’s gone,—
Naught but the Leg remaining to disclose
The site of this forgotten Babylon.

We wonder,—and some Hunter may express
Wonder like ours, when thro’ the wilderness
Where London stood, holding the Wolf in chace,
He meets some fragment huge, and stops to guess
What powerful but unrecorded race
Once dwelt in that annihilated place.

Horace Smith
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Introduction

Introduction

The letter Satyendra Nath Bose wrote to Albert Einstein in 1924, in which he asked
him for a translation of his paper, initiated a completely new and fascinating research
path, with great discoveries in both experimental and theoretical physics. Bose’s work
was concerned with the derivation of Planck’s law from quantum theory [1]. Based on this
seminal work, Albert Einstein found that below a certain temperature, a large fraction
of the atoms of a non-interacting bose gas is in the lowest single-particle state, which is
a purely statistical effect [2, 3]. Nowadays, this phenomenon is called Bose-Einstein con-
densation and it is often referred to as the fifth state of matter. It took over 70 years to
experimentally realize such a phase and finally in 1995, three groups achieved this mile-
stone and created a Bose-Einstein condensate [4–6]. This huge gap between the theoretical
prediction and the experimental realization is due to the fact that in order to create a
Bose-Einstein condensate, the temperature of the system must be very close to absolute
zero. Additionally, the density must be sufficiently low. Only through the development
of new experimental techniques, like evaporative and laser cooling and the possibility to
trap atoms in magneto-optical traps, it was possible to create such an extreme matter
state [7]. The interest in systems of ultracold atoms or Bose-Einstein condensates is not
only of academic nature: For example, Bose-Einstein condensation is closely related to
the phenomena of superfluidity and superconductivity [3], which are believed to have
a huge impact in the future in fields like power supply, quantum computing and many
other fields. The experimental studies are, as usual in physics, complemented by theoret-
ical and computational methods. The investigation of bosonic systems with theoretical
tools allows to verify and understand experimental results or to predict new phenomena.
Especially the ground state properties of such systems are of great interest in computa-
tional or theoretical condensed matter physics. For this, the Schrödinger equation must
be solved numerically. Yet, the computational study of many-body systems is hampered
by the fact that the dimensions of the corresponding Hilbert space grow exponentially
with the number of particles. Without clever approximations, only very small or specific
systems can be studied.

A possible way to circumvent this ground state or many-body problem is Density Func-
tional Theory (DFT). According to a survey of the journal Nature in 2014 [8], twelve of
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Introduction

the 100 of the most cited papers are related to DFT. The theory is based on the semi-
nal papers of Hohenberg and Kohn [9] from 1964, and Kohn and Sham [10] from 1965.
They proved that the density is sufficient to calculate the ground state energy of a system
and formulated a corresponding minimization procedure. Compared to the minimization
scheme in terms of density operators or wave functions, this is an amazing reduction of di-
mensionality. Over the past decades, DFT has proven to be a versatile and powerful tool in
fermionic condensed matter physics and it can be seen as the workhorse of computational
quantum chemistry. For bosons, there are relatively few applications. Of course, there can
be several reasons for this imbalance, but it is immediately clear that the knowledge of
the density is in general not sufficient to make predictions of the degree of condensation in
bosonic systems - which is an enormous drawback. Bose-Einstein condensation is defined
in terms of the so called one-body reduced density matrix. It therefore seems natural to
formulate a theory comparable to DFT, in which the one-body reduced density matrix
is the main variable. Actually, this possibility is a long known fact, at the latest since
the formulation of Gilbert in 1975 [11]. This Reduced Density Matrix Functional Theory
(RDMFT) was applied and investigated successfully for fermionic systems, see for exam-
ple [12, 13]. It comes as a great surprise and it is indeed astonishing that the theory was
never applied specifically for bosons. In [14], where RDMFT for fermionic systems was
discussed, it was stated that

An extension of the theory to bosonic systems might prove useful.

It is the main goal of this thesis to confirm that hypothesis and to show the huge poten-
tial of this theory. Motivated by the amazing success of fermionic DFT and RDMFT, a
Reduced Density Matrix Functional Theory for bosons will be formulated and applied.

The thesis is structured as follows. The first chapter is concerned with the theoretical
foundation of the thesis. This involves the basic notion of density operators and reduced
density matrices as well as representability. Especially the key quantity of this work, the
one-body reduced density matrix, will be introduced. In the second chapter, it will be
shown that the energy of an interacting many-body system is a functional of the one-
body reduced density matrix and thus its knowledge suffices to calculate the ground state
energy of a system. The theory is called Reduced Density Matrix Functional Theory
(RDMFT) and will be discussed extensively. Additionally, it is compared to the famous
Density Functional Theory. All elaborated concepts of these two chapters will be discussed
based on a the Bose-Hubbard dimer in the last chapter. The study of this model in the
framework of bosonic RDMFT reveals a new physical concept, the so called Bose-Einstein
force, which explains the phenomenon of quantum depletion in interacting bosonic many-
body systems.
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1. Theoretical Foundation

1. Theoretical Foundation

In this chapter, the theoretical framework of this thesis is explained. After introducing
the basic notation, various concepts will be explained. This includes, among other things,
the notion of the ground state problem as well as reduced density matrices. Additionally,
this chapter already contains several results regarding bosonic one-body reduced density
matrices.

1.1. Prerequisites

Systems with a large number of (interacting) particles are called many-body systems. The
study of these systems is a main part of condensed matter theory. Of particular interest in
this work are the ground state properties of bosonic, non-relativistic and time-independent
systems at zero temperature. For most of the discussion finite dimensional Hilbert spaces
are assumed. Although this seems like a severe restriction, in any practical application
the Hilbert space has to be finite. In what follows, systems of N indistinguishable spinless
bosons are discussed if not stated otherwise. However, most of the discussion can readily
be adopted to fermionic systems. Whenever appropriate, comments to the fermionic case
will be given in order to emphasize certain similarities or differences.

1.1.1. Second Quantization

The formalism of second quantization is used throughout the thesis. Here, only the basics
are summarized in order to fix the notation. For a more detailed and rigorous introduc-
tion, see for example [15, 16].

Consider a system of N indistinguishable bosons. The Hilbert space of the system HN is
the symmetrized subspace of N copies of the single-particle Hilbert space H1:

HN ≡
N∨
H1 . (1.1)

3



1. Theoretical Foundation

Let {|ϕk〉} denote a basis of the single-particle Hilbert space. A basis vector of HN can
be constructed by specifying the number of particles in each single-particle state:

|n1, n2, . . .〉 with
∑
k

nk = N , (1.2)

i.e. n1 particles are in the single-particle state |ϕ1〉 etc. The kets in (1.2) are called perma-
nents and the numbers nk fulfil 0 ≤ nk ≤ N . In the special case that one single-particle
state is occupied N times, only the respective single-particle state may be labeled: For
instance, |N1, 0, . . .〉 means that N particles are in the state |ϕ1〉 and all other single-
particle states are unoccupied. If the particle number of a system is not fixed, the general
state space is a direct sum of Hilbert spaces with different particle numbers, the so called
Fock space:

F ≡
∞⊕
N=0
HN . (1.3)

The creation, annihilation and number operators are defined by their action on the basis
states:

b̂†k |n1, . . . , nk, . . .〉 ≡
√
nk + 1 |n1, . . . , nk + 1, . . .〉 (1.4)

b̂k |n1, . . . , nk, . . .〉 ≡
√
nk |n1, . . . , nk − 1, . . .〉 (1.5)

b̂†k b̂k |n1, . . . , nk, . . .〉 ≡ n̂k |n1, . . . , nk, . . .〉 = nk |n1, . . . , nk, . . .〉 (1.6)

and fulfil the well-known commutation relations

[
b̂k , b̂

†
k′

]
= δkk′ ,

[
b̂k , b̂k′

]
= 0 ,

[
b̂†k , b̂

†
k′

]
= 0 , (1.7)

which reflect the indistinguishability of the particles and the symmetry of a bosonic state.
An operator acting on p coordinates is called p-body operator and is given in first quan-
tization by

Ô(p) =
∑

1,...,p
ô (1, . . . , p) , (1.8)

where possible prefactors that take the double counting terms of the sum into account
are omitted. In second quantization this p-body operator is written as

Ô(p) ≡
∑

1,...,p
1′,...,p′

〈ϕ1, . . . , ϕp|ô|ϕ1′ , . . . , ϕp′〉 b̂†1 · · · b̂†p b̂p′ · · · b̂1′ , (1.9)

4



1. Theoretical Foundation

where the kets are non-symmetrized products of the single-particle states:

|ϕ1, . . . , ϕp〉 ≡ |ϕ1〉 ⊗ · · · ⊗ |ϕp〉 . (1.10)

For a continuous basis the sums may be replaced by integrals. Note that in the literature
both operators Ô(p) and the associated ô (1, . . . , p) are called p-body operators and an
operator consisting of several operators up to the p-th order, for example a Hamiltonian, is
also called p-body operator. Except for some explicitly defined special cases, the distinction
will be implicitly made by the choice of upper and lower case letters. In the scope of this
thesis are systems with at most two-body interactions and thus a generic Hamiltonian
reads

Ĥ ≡ T̂ + V̂ + Ŵ ≡
∑
ij

〈ϕi|ĥ|ϕj〉 b̂†i b̂j +
∑
ijkl

〈ϕi ϕj|ŵ|ϕk ϕl〉 b̂†i b̂
†
j b̂l b̂k , (1.11)

where the one-particle operator ĥ ≡ t̂ + v̂ contains the kinetic energy t̂ and external po-
tential v̂ operators. The interaction ŵ is assumed to be repulsive.

In the fermionic case a similar construction is possible: The Hilbert space of N fermions
is the antisymmetrized subspace of the N copies of the single-particle Hilbert space. The
corresponding basis states are called Slater determinants and the number of particles in
each state is restricted to 0 ≤ nk ≤ 1. This is a direct manifestation of the Pauli principle.
A generic Hamiltonian is formally equal, but the corresponding creation and annihilation
operators fulfil different commutation relations.

1.1.2. Density Operators

Density operators were first introduced by von Neumann [17] and naturally arise when
describing systems at finite temperatures or subsystems. They play a key role in quantum
information theory and the foundations of quantum mechanics [18]. For finite dimensional
Hilbert spaces it can be proven that there exists a bijective correspondence between states
and density operators [19, 20]. This motivates the definition of a state directly in terms
of density operators.

Definition 1.1 (State) A state is defined by a linear, positive semidefinite operator with
unit trace. The set of states associated with a Hilbert space of N identical bosons HN is
denoted by

EN ≡ {Γ̂ ∈ B(HN) | Γ̂ ≥ 0 , Tr Γ̂ = 1} , (1.12)
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1. Theoretical Foundation

where B(HN) is the space of bounded linear operators acting on HN .

States are also referred to as density operators or density matrices.1 From the definition,
some additional properties follow immediately.

Corollary 1.1 (Properties of Density Operators) For Γ̂ ∈ EN it holds that

(i) Γ̂ = Γ̂† .

(ii) Γ̂ ≥ Γ̂ Γ̂ .

(iii) Γ̂ = Γ̂2 if and only if it is a rank one projection.

Therefore any Γ̂ ∈ EN has a spectral decomposition:

Γ̂ =
∑
k

pk |Φk〉〈Φk| , (1.13)

with 1 =
∑
k

pk and pk ≥ 0 , 〈Φk|Φj〉 = δkj , (1.14)

where {pk} and {|Φk〉} are the sets of eigenvalues and eigenvectors of Γ̂, respectively. The
rank one projections are called pure states.

Definition 1.2 (Set of Pure States) The set of pure states is defined by

PN ≡ {Γ̂ ∈ EN | Γ̂2 = Γ̂} . (1.15)

From (1.13) it follows that the pure states have the form of

PN 3 Γ̂ = |Φ〉〈Φ| . (1.16)

Hence, pure states cannot be written as a (non-trivial) convex combination of other density
operators. Elements of a convex set Ω with this property are called extreme elements
and the set of extreme elements is denoted by ex(Ω).

Corollary 1.2 (Properties of the Set of States) The set of states EN has the following
properties:

(i) It is convex and compact.

(ii) The pure states are the extreme elements: ex(EN) = PN .
1Thereby the ambiguity of terminology in the literature is adopted: Both terms will be used equivalently
and no difference is made by referring to the operator or its (matrix) representation.
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1. Theoretical Foundation

Non-extreme elements of EN are called ensembles or mixed states. The convexity of
EN implies that if Γ̂1, Γ̂2 ∈ EN , then

λ Γ̂1 + (1− λ) Γ̂2 ∈ EN for λ ∈ [0, 1] (1.17)

and especially

EN 3 Γ̂ =
∑
k

λk Γ̂k , (1.18)

with 1 =
∑
k

λk and λk ≥ 0 , Γ̂k ∈ PN . (1.19)

The above convex combination of pure states is not the same as the spectral decomposition
in equation (1.13). In fact, a mixed state can be written in infinitely many ways. For proofs
of the corollaries see for example [19–21].

1.1.3. The Ground State Problem

A state contains all information that can possibly be known of a quantum mechanical
system. In other words, the knowledge of the state suffices to calculate the expectation
value of every observable. Observables are represented by hermitian operators.

Definition 1.3 (Expectation Values of Observables) The expectation value of an observ-
able Ô in the state Γ̂ ∈ EN is defined as

〈Ô〉 ≡ Tr Γ̂ Ô . (1.20)

For instance, the energy E (of a state) is the expectation value of the Hamiltonian with
the corresponding density operator:

E = Tr Γ̂ Ĥ . (1.21)

Of special interest in this thesis is the ground state energy of a bosonic many-body
system.

Definition 1.4 (Ground State Energy) The ground state energy of a many-body system
is defined as the minimum of the expectation value of the Hamilton operator Ĥ:

Egs ≡ min
Γ̂∈EN

Tr Γ̂ Ĥ . (1.22)

7



1. Theoretical Foundation

The minimizer is called ground state and is assumed to exist. If there are several mini-
mizers, then the ground states are called degenerate.

By minimizing equation (1.22), the ground state is obtained and hence the ground state
expectation value of every observable can be calculated. But the determination of the
exact ground state of a many-body system is in most cases a hopeless
- if not impossible - task. The vast dimensionality of the Hilbert space prohibits a direct
minimization of the energy: The growth of the dimensions with respect to the particle
number and the dimension of the single-particle Hilbert space creates a so called exponen-
tial wall, which even on modern computers cannot be overcome. The attempt of finding
the ground state (energy) of a many-body system exactly is the so called ground state
problem. The minimization procedure is sketched in figure 1.1 and has a vivid geomet-

EN

−Ĥ1
Γ̂1

−Ĥ2

Γ̂2

Γ̂3

Figure 1.1.: Illustration of the energy minimization. The Hamiltonians Ĥ1 and Ĥ2 define
two normal vectors of two hyperplanes with certain energies. The minimum
of the energy functional of Ĥ1 is attained on a pure state Γ̂1. For Ĥ2, the
minimizer is any convex combination of the two pure states Γ̂2 and Γ̂3. Note
that the depiction of EN is oversimplified.

rical meaning: The set of density matrices EN is a compact and convex set in the vector
space of hermitian square matrices [22, 23] with the scalar product defined by

(A,B) ≡ TrA†B . (1.23)

Therefore, the Hamiltonian in the energy functional E = Tr Γ̂ Ĥ is a normal vector of a
hyperplane consisting of all Γ̂ which yield the energy E. The ground state energy is then
obtained by shifting the hyperplane along the direction −Ĥ as much as possible without
leaving EN and hence the ground state is on the boundary [24]. If the ground state is
non-degenerate, then it is an extreme element, i.e. a pure state. For degenerate ground
states, any convex combination of the degenerate pure states is a ground state. [25–27]
Similar illustrations will be used later to explain various other minimization schemes.
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1. Theoretical Foundation

As explained, the study of ground state properties is hampered by the ground state prob-
lem. To circumvent this problem is hence a major task in condensed matter theory. In
order to calculate the ground state (energy) of a many-body system, one is forced to use
approximations. Probably the best known approximations are the Hartree and Hartree-
Fock (and related) theories. While the corresponding energy minimizations are tractable,
these approaches do not capture all many-body effects such as correlation [15], which are
crucial in understanding phenomena like Bose-Einstein condensation or Mott insulators.
The celebrated Density Matrix Renormalization Group is probably the most successful
approach to the ground state problem for one dimensional systems [28]. For bosons, the
most prominent attempts are the Bogoliubov treatment [29] and the Gross-Pitaevskii
equation [30, 31]. Yet, in general the most approaches are only valid to specific systems or
for different regimes, for example in the low density regime or weakly-interacting systems
and thus limited in their applicability. It is hence desirable to construct a theory which
is computationally feasible and at the same time captures many-body effects. Further-
more, it should be as general as possible and applicable to systems in different physical
regimes. A theory which fulfils these requirements is the so called Reduced Density Matrix
Functional Theory, introduced in chapter 2. In the next section the concept of reduced
density matrices is introduced and it will be shown that the knowledge of certain reduced
density matrices suffice to compute the energy of a system. Additionally, this approach
offers a way to circumvent the ground state problem, as the dimensions of these matrices
are independent of the number of particles.

1.2. Reduced Density Matrices

The theory of reduced density matrices is a well known and an established topic in quan-
tum chemistry. In this section, reduced density matrices and their relations to the ground
state problem are examined. The notion of reduced density matrices is a main ingredi-
ent of this thesis and the discussed concepts build the foundation of Reduced Density
Matrix Functional Theory. Since the one-body reduced density matrix naturally arises in
the description of bosonic many-body systems, this section also motivates the study of its
properties.

Definition 1.5 (The p-body Reduced Density Matrix) Let Γ̂ ∈ EN . The p-body reduced
density matrix is defined by

Γ(p)(ϕ1, . . . , ϕp;ϕ1′ , . . . , ϕp′) ≡ Tr Γ̂ b̂†1′ · · · b̂†p′ b̂p · · · b̂1 , (1.24)

9



1. Theoretical Foundation

for 1 ≤ p ≤ N − 1. Equation (1.24) implicitly defines an operator Γ̂(p) ∈ B(H⊗p1 ) with

Γ(p)(ϕ1, . . . , ϕp;ϕ1′ , . . . , ϕp′) = 〈ϕ1, . . . , ϕp|Γ̂(p)|ϕ1′ , . . . , ϕp′〉 . (1.25)

The reduction from the density operator to the reduced density matrix operator is a linear
map, defined through the relation (1.24), which will be denoted by Γ̂ 7→ Γ̂(p). For the sake
of brevity, the p-body reduced density matrix (and its operator) is called p-RDM from
now on and it is implicitly assumed that 1 ≤ p ≤ N − 1.

Corollary 1.3 (Properties of p-RDMs) A p-RDM of equation (1.24) has the following
properties:

(i) Γ̂(p) ≥ 0 .

(ii) Γ̂(p)† = Γ̂(p) .

(iii) Tr Γ̂(p) = N !
(N−p)! .

(iv) Γ(p−1)(ϕ1, . . . , ϕp−1;ϕ1′ , . . . , ϕ(p−1)′) = 1
N−p+1

∑
p

Γ(p)(ϕ1, . . . , ϕp;ϕ1′ , . . . , ϕp) .

(v) Γ(p)(ϕ1, . . . , ϕi, . . . , ϕj, . . . , ϕp;ϕ1′ , . . . , ϕp′) = Γ(p)(ϕ1, . . . , ϕj, . . . , ϕi, . . . , ϕp;ϕ1′ , . . . , ϕp′) .

For fermions, the p-RDM acquires a minus sign upon permuting two indices. The impor-
tance of p-RDMs lies in the fact that the knowledge of the p-RDM allows to calculate
expectation values of p-body operators (recall equation (1.9)).

Corollary 1.4 (Expectation values of p-body Operators) Let Γ̂(p) be a p-RDM of equation
(1.24). The expectation value of a p-body operator Ô(p) is given by

〈Ô(p)〉 = Tr Γ̂(p) ô . (1.26)

1.2.1. N-representability

With the help of corollary 1.4, the energy can be expressed in terms of the 1-RDM and
2-RDM:

E = Tr γ ĥ+ Tr Γ̂(2) ŵ , (1.27)

where γ ≡ Γ̂(1). Since the 2-RDM determines the 1-RDM by corollary 1.3 (iv) with p = 2,
the energy is a functional of the 2-RDM only. This was noted by Husimi in 1940 [32]. At
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a first glance, it seems that the ground state problem can be circumvented by minimizing
the energy (1.27) with respect to the 2-RDM. Compared to (1.22), this minimization
scheme comes with a huge dimensionality reduction, since the 2-RDM is independent
of the number of particles. Unfortunately, it is not that easy: A minimization over trial
2-RDMs leads to wrong results [33], more specifically to too low energies. The problem
is that the properties of corollary 1.3 are necessary conditions to derive from a density
operator, but not sufficient. The question whether a given entity Γ̂(p) derives from at least
one density operator by equation (1.24) is known as the N-representability problem
[34], see also figure 1.2. If so, then the p-RDM Γ̂(p) is called N -representable.

Definition 1.6 (Sets of N-representable p-RDMs) For a given p, the set

Ep ≡ {Γ̂(p) ∈ B(H⊗p1 ) | ∃ Γ̂ ∈ EN : Γ̂ 7→ Γ̂(p)} (1.28)

contains all p-RDMs that come from a density operator. These p-RDMs are called ensem-
ble N-representable. Similarly, the set

Pp ≡ {Γ̂(p) ∈ B(H⊗p1 ) | ∃ Γ̂ ∈ PN : Γ̂ 7→ Γ̂(p)} (1.29)

contains all p-RDMs that come from a pure state density operator. These p-RDMs are
called pure state N-representable.

Theorem 1.1 (Ensemble N -Representability Conditions for p-RDMs) Consider the class
of all p-body Hamiltonians Ĥ(p), with the associated operators ĥ(p) and ground state ener-
gies E(p)

gs , and a given trial p-RDM Γ̂(p)
t ∈ B(H⊗p1 ). Then

Γ̂(p)
t ∈ Ep ⇐⇒ ∀Ĥ(p) : Tr Γ̂(p)

t ĥ(p) ≥ E(p)
gs . (1.30)

The theorem provides necessary and sufficient conditions for a trial p-RDM to be ensem-
ble N -representable: Accordingly, for a non-N -representable Γ̂(p)

t , it therefore exists at
least one Hamiltonian for which the energy is lower than the true ground state energy. A
first version of this theorem was proven by Garrod and Percus in 1964 [40] and a more
rigorous version was established by Kummer in 1967 [41]. For a proof, see [39–41]. Since
the ground state energy is invariant with respect to a unitary transformation of the single-
particle basis in H1, the N -representability of a p-RDM is also invariant with respect to
these transformations [34, 39]. The theorem itself however is of little practical use, as the
ground state energies of all p-body Hamiltonians have to be known beforehand. Practical,
i.e. computationally feasible, conditions that are both necessary and sufficient are not
known for p > 1 and hence the set of N -representable p-RDMs is unknown. For further
discussion on reduced density matrices and the N -representability problem (especially

11
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EN

Tp

Ep

Γ̂(p)
t

Lp

Γ̂

Γ̂(p)

E2

T2

−ĥ(2)

Γ̂(2)
gs

Egs = Tr Γ̂(2)
gs ĥ

(2) > Tr Γ̂(2)
t ĥ(2)

Γ̂(2)
t

Figure 1.2.: Simplified picture of the N -representability problem. Top: The not further
specified set Tp contains all trial p-RDMs which may appear in a minimiza-
tion attempt. The unknown subset of N -representable p-RDMs is denoted by
Ep ( Tp. The N -representability problem asks if a given Γ̂(p)

t ∈ Tp is compat-
ible with a density operator, i.e. if there exists a density operator that yields
the trial p-RDM under the map Lp : EN → Ep, defined by equation (1.24). In
general, for p > 1, there are no known applicable necessary and sufficient con-
ditions for a given trial p-RDM to be N -representable. This has an immediate
consequence, as shown in the left below, where the energy (1.27) is minimized
in terms of 2-RDMs. Since the set of N -representable 2-RDMs E2 is unknown,
the minimization procedure takes place on a larger set of trial 2-RDMs T2.
Because of that, the N -representable 2-RDM Γ̂(2)

gs ∈ E2 that would yield the
correct ground state energy Egs is not attained as a minimzer. Rather, the
procedure yields a non-N -representable 2-RDM Γ̂(2)

t /∈ E2, resulting in a too
low energy. From a more general perspective, the N -representability problem
is a special case of the so called quantum marginal problem [35, 36] and it
was shown for the 2-RDM to be QMA-complete (and thus NP-hard) [37, 38].
Roughly speaking, it is at least as hard as the hardest problem in QMA (NP)
and it is not expected that there is an algorithm that solves it efficiently,
i.e. in polynomial time - even on a quantum computer. For small or specific
systems that must not be the case. [39]

treating the case of the 2-RDM), see for example [34, 39, 40, 42–47].

To summarize, the ground state problem cannot be circumvented by the use of the 2-RDM
in a direct manner due to the unsolved N -representability problem. A possible approach
is to find approximate N -representability conditions or to approximate the 2-RDM in
terms of the 1-RDM, as shown in the references mentioned above. A different possibility
is to formulate an exact ground state theory solely in terms of the 1-RDM. In chapter 2
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it will be proven that indeed the energy - although an expectation value of a two-body
operator - is a functional of the 1-RDM only.

1.2.2. The 1-RDM

In the following several properties of 1-RDMs will be derived. Furthermore, necessary and
sufficient N -representability conditions are proved and it will be shown that the sets of
N -representable 1-RDMs coincide: E1 = P1.

Definition 1.7 (Set of Pure State v-representable 1-RDMs) A 1-RDM is said to be pure
state v-representable if it comes from a pure density operator which is a ground state of
an interacting system in an external potential v. The set of pure state v-representable
1-RDMs is denoted by V1. Note that

V1 ( P1 ⊆ E1 . (1.31)

The pure state v-representability problem, i.e. if a given 1-RDM can be derived from a
pure state which is a ground state of a Hamiltonian for an external potential v, is unsolved,
but it is known that not every N -representable 1-RDM is pure state v-representable
[48]. While the sets of N -representable 1-RDMs are fixed by the Hilbert space HN , the
set of pure state v-representable 1-RDMs is fixed by a specific Hamiltonian Ĥ, more
accurately by a specific two-body interaction Ŵ 6= 0. Clearly, different interactions may
give rise to different sets of pure state v-representable 1-RDMs. Hence, the concept of
v-representability is understood for a fixed two-body interaction. A set of ensemble v-
representable 1-RDMs can be defined as well, but is not of interest here. For convenience,
the elements of V1 are called v-representable (this also applies to later definitions in chapter
2). In figure 1.3 the sets of N - and v-representable 1-RDMs are depicted. To complete
the relevant setting of terminology, the eigenvalues {nk} (which are ordered decreasingly)
and the eigenfunctions {|ϕk〉} of the 1-RDM will be called occupation numbers and
natural orbitals, respectively. To distinguish the natural orbital basis from any other
basis, the enumeration of the states and eigenvalues starts at k = 0.

13
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E1 = P1

V1

Figure 1.3.: An example of the convex set of ensemble and pure state N -representable
1-RDMs. By definition, for every element of E1 = P1 there exists at least one
(pure) density operator which yields this 1-RDM. However, it is generally not
known if a pure density operator is also the ground state of some Hamiltonian.
The subset of v-representable 1-RDMs V1 is thus unknown. It may take only
a small portion of the whole domain and could be arbitrarily complicated in
shape.

Theorem 1.2 (Properties of the Set of ensemble N -representable 1-RDMs) The set E1

has the following properties:

(i) It is convex.

(ii) Its extreme elements are 1-RDMs which come from single permanent pure states
with only one orbital occupied:

γ ∈ ex(E1)⇐⇒ γ2 = N γ (1.32)

⇐⇒ γ = N |ϕ0〉〈ϕ0|

⇐⇒ PN 3 Γ̂ = |0, . . . , 0, N0〉〈N0, 0, . . . , 0| 7→ γ .

Although relatively easy to prove and understand, the significance of this theorem must
not be underestimated. The theorem has far-reaching consequences and hence it will
appear throughout the next chapters, as it serves to prove and discuss key results and
relates physical phenomena to the set of extreme elements.

Proof.

(i) Because the set of density operators EN is convex and the map from density operators
to 1-RDMs is linear, the set E1 is convex.

14
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(ii) If a 1-RDM γ ∈ E1 fulfils γ2 = N γ, then the eigenvalues have to obey n2
k = N nk

and therefore only one orbital is occupied N times: n0 = N . Consequently:

γ2 = N γ =⇒ γ = N |ϕ0〉〈ϕ0| =⇒ PN 3 Γ̂ = |0, . . . , 0, N0〉〈N0, . . . , 0| 7→ γ ,
(1.33)

where in the last implication it was used that the natural orbitals constitute a basis
in H1. The reverse direction is trivial. To conclude the proof it will be shown that

γ ∈ ex(E1)⇐⇒ γ = N |ϕ0〉〈ϕ0| . (1.34)

First, assume that γ is an extreme element. The spectral representation of γ can be
written as a convex combination

γ = N
∑
k

pk |ϕk〉〈ϕk| ,
∑
k

pk = 1, ∀pk ≥ 0 . (1.35)

Necessarily, only one weight p0 can be non-zero and according to the trace condition
p0 = 1, leading to

γ = N |ϕ0〉〈ϕ0| . (1.36)

Second, let γ = N |ϕ0〉〈ϕ0|. To prove that γ is an extreme element, consider a state
|ϕ⊥〉 such that 〈ϕ0|ϕ⊥〉 = 0. Assume that γ can be written as a convex combination
of γ1, γ2 ∈ E1:

γ = λ γ1 + (1− λ) γ2 , λ ∈ (0, 1) . (1.37)

Calculating the expectation value with |ϕ⊥〉 gives

0 = λ 〈ϕ⊥|γ1|ϕ⊥〉+ (1− λ) 〈ϕ⊥|γ2|ϕ⊥〉 , (1.38)

but since λ ∈ (0, 1) and γ1, γ2 ≥ 0, this implies

0 = 〈ϕ⊥|γ1|ϕ⊥〉 = 〈ϕ⊥|γ2|ϕ⊥〉 . (1.39)

Because |ϕ⊥〉 was chosen arbitrarily, this holds for every state perpendicular to |ϕ0〉
and thus γ1, γ2 ∝ γ. From the trace normalization γ = γ1 = γ2 follows, which shows
that γ is extreme.
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The following theorem solves the N -representability problem for the 1-RDM and serves as
a foundation of the Levy-Lieb formulation of Reduced Density Matrix Functional Theory
in section 2.3. Because the proof is constructive, the theorem also allows to construct and
assign at least one pure and ensemble state to a given γ and consequently the distinction
between the sets E1 and P1 disappears.

Theorem 1.3 (N -representability Conditions of 1-RDMs) Let γ ∈ B(H1) be a self-adjoint
operator with a set of eigenvalues {nk}. Then

γ ∈ P1 ⇐⇒ γ ∈ E1 ⇐⇒ nk ≥ 0 and
∑
k

nk = N , (1.40)

i.e. γ is both pure state and ensemble N-representable if and only if its eigenvalues are
non-negative and sum to N . This implies P1 = E1.

Proof. Let γ ∈ P1 ⊆ E1. Then γ is positive semidefinite with Tr γ = N due to corollary
1.3 and thus

nk ≥ 0 ,
∑
k

nk = N . (1.41)

Conversely, if the eigenvalues fulfil the above relation, then it is always possible to con-
struct a pure/ an ensemble state that yields γ:

PN 3 Γ̂ ≡
∑
k k′

√
nk nk′

N
|0, . . . , Nk, . . . , 0〉〈0, . . . , Nk′ , . . . , 0| 7→ γ (1.42)

EN 3 Γ̂ ≡
∑
k

nk
N
|0, . . . , Nk, . . . , 0〉〈0, . . . , Nk, . . . , 0| 7→ γ (1.43)

and thus γ ∈ P1 / γ ∈ E1. Since γ is both pure state and ensemble N -representable, it
follows that P1 = E1.

In Refs. [49, 50] a similar proof is given. The discussion of reduced density matrices also
applies to fermionic systems with only minor changes. Especially the definition of N - and
v-representable sets for the fermionic 1-RDM are possible. The extreme elements of the set
of fermionic ensemble N -representable 1-RDMs are given by 1-RDMs which derive from
a pure state density operator of a single slater determinant. These 1-RDMs fulfil γ2 = γ.
[34, 50] The ensemble N -representability conditions are the same as for bosons with the
restriction that the occupation numbers are bounded by nk ≤ 1, as proved by Coleman
in 1963 [34]. The proof of pure state N -representability for fermionic 1-RDMs is more
involved: In order for a trial 1-RDM to be N -representable, its eigenvalues have to fulfil
linear inequalities, the so called generalized Pauli constraints. They were discovered in
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2006 by Klyachko [51, 52] and imply stronger conditions on the occupation numbers than
the ’usual’ Pauli principle. This is an immense difference between bosonic and fermionic 1-
RDMs: It is the symmetry of the bosonic Hilbert space that allows to explicitly construct
a pure state yielding a given 1-RDM in the proof of theorem 1.3, leading to a trivial
pure state N -representability condition. For a fermionic Hilbert space, the antisymmetry
of states prohibits such a construction, leading to a more complex structure of the set
P1. There is active research in how these constraints appear in many-body systems, cf.
[53–55]. It is again stressed that the N -representability problem of p-RDMs for bosons as
well as fermions is solved in a close form only for p = 1, which motivates a ground state
theory with the 1-RDM as a basic variable. In the following section it is explained why
this is specifically desirable for bosonic many-body systems.

1.3. Description of Bosonic Many-Body Systems via the
1-RDM

As previously pointed out, the antisymmetry of a fermionic state translates to the re-
striction of the occupation numbers on the level of the 1-RDM. For bosons there are
no such restrictions. Nonetheless or precisely because of that reason, the 1-RDM plays
a fundamental role in the description of bosonic many-body systems: The occurrence of
Bose-Einstein condensation (BEC) is related to a macroscopic eigenvalue of the 1-RDM.

1.3.1. Bose-Einstein Condensation and Quantum Depletion

In the following, the phenomena of Bose-Einstein condensation and quantum depletion
are related to previously worked out concepts and only to the most essential aspects which
are needed for this work are discussed. For a discussion in a much more general setting it
is referred to standard textbooks, for instance [3, 56, 57].

For a cloud of bosonic atoms, Bose-Einstein condensation can be detected experimentally
by measuring the momentum density m(k) via time of flight absorption imaging [58, 59].
The momentum density is given by the Fourier transformed 1-RDM in position-space
representation: m(k) =

∫
dx dx′ γ(x, x′) ei k (x−x′). Here, γ(x, x′) ≡ 〈x|γ|x′〉 is the 1-RDM

in the position-space representation, where x ∈ R3 labels a position and k ∈ R3 labels
a momentum. Additionally, for a non-interacting system, Bose-Einstein condensation is
characterized by a macroscopic occupation of the lowest single-particle energy state below
a certain transition temperature. This very basic discussion indicates that Bose-Einstein
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condensation is related to the 1-RDM. Indeed, Bose-Einstein condensation is defined
through the largest eigenvalue of the 1-RDM. This definition can take place on different
mathematical levels, cf. [3, 60–63], and there are some definitions that are valid only
for special circumstances, for example the criterion by Yang [64]. For the purpose of this
thesis, the criterion of Penrose and Onsager from 1956 [65] suffices in the following form.

Definition 1.8 (Bose-Einstein Condensation) Let Γ̂ ∈ EN be the ground state of a system
of N identical bosons and let γ ∈ E1 denote the corresponding ground state 1-RDM. The
system is said to exhibit Bose-Einstein condensation if and only if the largest eigenvalue
n0 of γ is of the order of N :

n0 ∼ O(N) (1.44)

for large N .

The natural orbital |ϕ0〉 in which the particles condensate is usually called condensate
wave function. If there are several eigenvalues of the order of N , then the system is
said to exhibit fragmented condensation. The main focus of this thesis is on ’simple’
(non-fragmented) Bose-Einstein condensates, but the theory is in no way limited to this
case. The wave function of the condensate can be related to the order parameter of Bose-
Einstein condensation. Moreover, the superfluid velocity v can be connected to its phase.
[66] Actually, the above definition is vague in the sense that expressions like ’of the order
of...’ or ’ for large N ’ are not well defined. In some cases, the definition of Bose-Einstein
condensation can be made rigorous in an appropriate limit (e.g. thermodynamic limit,
limit of infinite particle number), cf. [3, 62]. To prove that a system condensates is gen-
uinely very hard and it was achieved only for a very few model systems [61, 63].

According to definition 1.8 and theorem 1.2, for a system with a ground state 1-RDM
γ ∈ ex(E1) all particles are in one single-particle state (n0 = N) and the system is said
to exhibits complete Bose-Einstein condensation. However, in experiments it is observed
that only a fraction of particles is condensed, see for example [67–69]. This phenomenon
is known as quantum depletion. It is crucial in the description of superfluids: In su-
perfluid 4He at zero temperature, less than 10 % of 4He atoms are condensed (i.e. in the
Bose-Einstein condensate) [70]. Quantum depletion is an effect arising from the interac-
tion between the particles: Lemma 1.2 shows that complete Bose-Einstein condensation
corresponds to a ground state of the form Γ̂ = |0, . . . , 0, N0〉〈N0, 0, . . . , 0|. For a generic
Hamiltonian, such a state is not an eigenstate and hence not a ground state, but in general
this is an assumption. It will be shown in chapter 3 that there are some ’pathological’
cases in model Hamiltonians where complete Bose-Einstein condensation can appear in
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an interacting system. Nevertheless, from now on it will be assumed that such states are
not ground states of an interacting system.

Theorem 1.4 (Quantum Depletion) The set of extreme elements and the set of pure
state v-representable 1-RDMs are disjoint:

ex(E1) ∩ V1 = ∅ . (1.45)

The theorem gives a comprehensive geometric explanation of quantum depletion on the
level of the 1-RDM: Any γ ∈ V1, in other words any 1-RDM which derives from a ground
state of an interacting system, cannot be an extreme element of E1. Complete Bose-
Einstein condensation can hence not occur in an interacting system. Remarkably, the

E1 = P1
∂E1

V1

Figure 1.4.: A set of N -representable 1-RDMs E1 = P1 which has the form of a disk. The
border of a disk is the set of extreme elements: ∂E1 = ex(E1). Theorem 1.4
implies that the set of v-representable 1-RDMs V1 has to be in the interior.
Therefore the ground state of an interacting system in some external poten-
tial v cannot lead to a 1-RDM on the border and complete Bose-Einstein
condensation is impossible.

extreme elements are solely fixed by the Hilbert space. As a consequence, the theorem is
valid for any interacting system, although the set V1 is determined by the choice of Ŵ . A
proof of principle is illustrated in figure 1.4. The proof of theorem 1.4 is an application of
theorem 1.2 and goes by contradiction.

Proof. Assume that both sets are non-empty and not disjoint. Then ∃ γ0 ∈ ex(E1) and
∃ γ ∈ V1 : γ0 = γ. By the virtue of theorem 1.2, γ0 fulfils

γ2
0 = N γ0 . (1.46)
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Thus, γ has to obey the same relation, which in turn is valid if and only if

PN 3 Γ̂ = |0, . . . , 0, N0〉〈N0, 0, . . . , 0| 7→ γ , (1.47)

i.e. the ground state yielding γ describes a completely condensed interacting system. This
however is wrong for any generic Hamiltonian with interaction and therefore

γ0 6= γ . (1.48)

These results will reappear in section 2.2.1 and in chapter 3, where a new concept called
Bose-Einstein Force will be introduced.

1.3.2. The Gross-Pitaevskii Equation

The Gross-Pitaevskii equation is one of the most popular equations in the study of bosonic
many-body systems. The original work of Gross [30] and Pitaevskii [31] goes back to the
1960s. The Gross-Pitaveskii equation is conceptual easy to understand and it is an illus-
trative example of how the bosonic ground state problem can be tackled. The derivation
shall be sketched and connections to the 1-RDM will be given. The discussion also intro-
duces concepts and terminology present in the literature (see references at the beginning
of this section). Additionally, the approach highlights the need for a theory which is ca-
pable to describe strongly interacting and correlated systems.

For the purpose of this section, the discussion of the Gross-Pitaevskii equation takes
place on the level of a (normalized) wave function |Ψ〉 ∈ HN that yield a pure density
operator PN 3 Γ̂Ψ ≡ |Ψ〉〈Ψ|. To obtain an approximate expression of the ground state
and the ground state energy, the wave function is assumed to be a N -fold product of a
single-particle state, given in first quantization by

|Ψ〉 = |ϕ〉⊗N (1.49)

Actually, this is a simple Hartree ansatz. By definition, such an ansatz for the wave
function completely ignores correlation effects. It is convenient to express all quantities in
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the position-space representation, which leads to following energy expression (taking into
account the double counting in the interaction term with a prefactor 1/2):

E = N

2

∫
dx |∇ϕ(x)|2 +N

∫
dx v(x) |ϕ(x)|2

+ N (N − 1)
2

∫
dx dx′w(x, x′) |ϕ(x)|2 |ϕ(x′)|2 , (1.50)

where ~ = m = 1 and ϕ(x) ≡ 〈x|ϕ〉. The energy must be extremal for the optimal
single-particle state and by considering the conservation of the number of particles via a
Lagrange multiplier µ, this leads to

−N2 ∇
2 ϕ(x) +N v(x)ϕ(x) +N (N − 1)

∫
dx′w(x, x′) |ϕ(x′)|2 ϕ(x) = N µϕ(x) .

(1.51)

In the framework of this ansatz, one defines ψ(x) ≡
√
N ϕ(x) as the so called order

parameter, such that 〈ψ|ψ〉 = N [3]. Substituting this definition in the above equation
and using N ≈ N − 1 yields

−1
2∇

2 ψ(x) + v(x)ψ(x) +
∫

dx′w(x, x′) |ψ(x′)|2 ψ(x) = µψ(x) . (1.52)

For weakly interacting systems, the interaction may be approximated by an effective
contact interaction, w(x, x′) ≈ w0 δ(x− x′). By applying this approximation in the above
equation, the celebrated time-independent Gross-Pitaevskii equation is obtained:

−1
2∇

2 ψ(x) + v(x)ψ(x) + w0|ψ(x)|2 ψ(x) = µψ(x) , (1.53)

where µ takes the role of the chemical potential. This equation is often called a non-linear
Schrödinger equation of the order parameter or, also, the condensate wave function. This
terminology makes sense, since all 1-RDMs deriving from the class of wave functions (1.49)
are of the form

γ(x, x′) = N ϕ∗(x′)ϕ(x) = ψ∗(x′)ψ(x) . (1.54)

The Hartree approximation inevitably yields states in which all particles are condensed
and hence the 1-RDMs are extreme elements of E1. Thus, this ansatz can only be exact for
non-interacting particles. Equation (1.53) looks indeed similar to the Schrödinger equation
of a single particle, but the effective interaction between the particles results in a non-
linear equation for the order parameter. It must be mentioned that the order parameter
is often defined as the expectation value of the bosonic field operator 2: ψ(x) ≡ 〈Ψ̂(x)〉.

2A field operator is formally an annihilation or creation operator in the position-space representation:
b̂x ≡ Ψ̂(x) and b̂†

x ≡ Ψ̂†(x).
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This can be seen as a classical field and the procedure is closely related to the concept
of broken-symmetry, cf. [57, 71]. For a state with definite particle number however, this
order parameter is identically zero. Hence, for a non-vanishing order parameter, the cor-
responding wave function of the system must be an element of the Fock space (1.3). This
comes along with certain conceptual problems, as for example in experiments of trapped
ultracold atoms, the number of particles is usually conserved. For more discussion on this
subject, it is referred to the work of Leggett [3, 66] and the references therein.

It can further be seen that the Hartree energy expression (1.50) is a (trivial) functional
of the 1-RDM only (using again N ≈ N − 1):

E[γ] = −1
2

∫
dx∇2

xγ(x, x′)
∣∣∣
x=x′

+
∫

dx v(x) γ(x, x) + 1
2

∫
dx dx′w(x, x′) γ(x′, x′) γ(x, x) ,

(1.55)

where ∇2
x means that the derivatives only act on the coordinate x. That the energy is

a simple functional of the 1-RDM is purely a consequence of the fact that the diagonal
2-RDM explicitly factorizes in terms of the 1-RDM due to equation (1.49):

Γ(2)(x, x′;x, x′) = N (N − 1)
N2 γ(x, x) γ(x′, x′) ≈ γ(x, x) γ(x′, x′) , (1.56)

for large N . One could also start from the approximation of the 2-RDM as a product of
two idempotent (up to a constant factor) 1-RDMs and then calculate the energy, which
gives the same expression as above. The energy (1.55) can then be minimized with re-
spect to the 1-RDM. The price to pay is that there are no correlation effects included. As
already mentioned, the Gross-Pitaveskii equation is only applicable for very weakly inter-
acting systems, where it seems reasonable to assume that the most particles are actually
condensed. However, in many systems, correlation effects are important and the approxi-
mation fails. In the next chapter, a theory which is able to capture correlation effects in
an in principle exact way will be introduced. In this theory, the natural variable is the
1-RDM and the energy is a functional of the 1-RDM, comparably to (1.55). Of course, it is
expected that the functional dependence (if known at all) will be much more complicated.
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2. Reduced Density Matrix Functional Theory

In the last chapter, the ground state problem was reformulated in terms of reduced den-
sity matrices. Another theory which can circumvent the ground state problem efficiently
is Density Functional Theory (DFT). Since the formulation of the Hohenberg-Kohn the-
orems for fermions in 1964 [9] and its Kohn-Sham version in 1965 [10], DFT has found
endless applications reaching from material science and solid state physics to chemistry
and biology [8]. Hohenberg and Kohn proved that the knowledge of the density is enough
to determine the ground state of an interacting system of N electrons. The density is
a much more computationally manageable quantity than the many-body state, but the
price to pay is that the exact energy expression is unknown. DFT is also applicable to
bosonic systems, but has not found as much application as the fermionic version. This
chapter is intended to formulate ground state theory for bosonic many-body systems in
terms of the 1-RDM, the so called Reduced Density Matrix Functional Theory (RDMFT)
for bosons. First, DFT is reviewed and its disadvantages for bosonic systems will be dis-
cussed. Because DFT and RDMFT are formally very similar, the discussion of DFT will
help to build an understanding of RDMFT. Then, the foundation of RDMFT is formed
using the results of the previous chapter. By doing so, it will become clear that RDMFT
is the more suitable approach to the bosonic ground state problem.

For the purpose of this chapter, all quantities are written in the continuous position-space
representation. For example, the Hamiltonian of equation (1.11) reads

Ĥ =
∫

dx dx′ Ψ̂†(x)h(x, x′) Ψ̂(x′) (2.1)

+
∫

dx dx′ Ψ̂†(x) Ψ̂†(x′)w(x, x′) Ψ̂(x′)Ψ̂(x) ,

where

h(x, x′) ≡ t(x, x′) + v(x, x′) (2.2)

is the sum of the kinetic energy t and the external potential v. The two-body interaction
is denoted by w and x ∈ R3 is the position label of a particle. Moreover, most of the
discussion is restricted to pure states. Remarks on time-dependent and finite temperature
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extensions are discussed briefly in section 2.4. The two-body interaction and the kinetic
energy in the Hamiltonian are universal, i.e. they have the same form for any system of
N identical particles of the same species, whereas the external potential depends on the
system of interest. For this reason, in the following all Hamiltonians Ĥ are assumed to
have the same form of the kinetic energy t and two-body interaction w. Different systems
thus correspond to distinct external potentials.

Definition 2.1 (Concerning External Potentials) Consider an external potential v =
v(x, x′). An external potential is called local if

v(x, x′) = v(x) δ(x− x′) (2.3)

and else non-local. Two external potentials v and v′ are called distinct if they differ by
more than an additive constant c:

v and v′are distinct =̂ (v − v′) 6= c . (2.4)

2.1. Hohenberg-Kohn Theorem

The Hohenberg-Kohn theorem is the foundation of Density Functional Theory (DFT).
It proves the existence of a one-to-one correspondence between the ground state and the
ground state density of a many-body system. Additionally, it provides a variation principle
of the energy in terms of the density. This is the starting point to circumvent the ground
state problem. Despite the success of DFT, for bosons this approach comes with certain
disadvantages and difficulties which will be discussed.

Definition 2.2 (The Density) Let γ ∈ E1. The density n(x) is defined as the diagonal of
the 1-RDM in x-representation:

n(x) ≡ γ(x, x) (2.5)

and fulfils the following conditions:
∫

dxn(x) = N (2.6)

n(x) ≥ 0 . (2.7)

In the same manner as for the 1-RDM, the (pure state)N - and v-representability problems
can be stated for the density.
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Definition 2.3 (Set of Pure State N -representable Densities) The set

Pn ≡ {n | ∃ Γ̂ ∈ PN : Γ̂ 7→ n} (2.8)

contains all densities coming from a pure state density operator. These densities are called
pure state N-representable.

Gilbert [11] and Lieb [72] proved the necessary and sufficient conditions for a density to
be pure state N -representable, namely:

Pn =
{
n |

∫
dx
∣∣∣∇n(x)1/2

∣∣∣2 <∞ ,
∫

dxn(x) = N , n(x) ≥ 0
}

. (2.9)

Definition 2.4 (Set of Pure State v-representable Densities) A density is said to be pure
state v-representable if it comes from a pure density operator which is a ground state of
an interacting system in an external potential v. The set of pure state v-representable
densities is denoted by Vn. Note that

Vn ( Pn . (2.10)

For finite dimensional bosonic Hilbert spaces, Englisch and Englisch proved that every
strictly positive N -representable density is (pure state) v-representable [73]:

{n ∈ Pn |n > 0} ( Vn . (2.11)

Theorem 2.1 (Hohenberg-Kohn) Let Γ̂ ∈ PN denote the non-degenerate ground state of
a system of N identical bosons described by a Hamiltonian Ĥ with local external potential
v. Further, let n ∈ Vn denote the associated ground state density. Then the following
relations hold:

v
1−1←→ Γ̂ 1−1←→ n . (2.12)

Therefore, any ground state observable is a functional of the ground state density:

〈Ô〉gs ≡ Tr Γ̂[n] Ô = 〈Ô〉gs [n] . (2.13)

Furthermore, the ground state energy Egs fulfils a variational principle:

Egs = E[n] < E[n′] , ∀n′ ∈ Vn : n′ 6= n . (2.14)
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The proof can be found in [9] for fermions. Since the proof does not inolve any statistics
of the state, it can readily be adopted to bosonic systems. It is not repeated here, because
the proof of the Gilbert theorem (introduced below) will follow the same arguments. A
striking consequence is that for v-representable densities the energy can be written as

E[n] ≡
∫

dx v(x)n(x) + FHK[n] , (2.15)

where

FHK[n] ≡ Tr Γ̂[n] (t̂+ Ŵ ) (2.16)

is called the universal Hohenberg-Kohn functional. The functional is universal in
the sense that it does not depend on the external potential and is valid for any number of
particles. It thus has the same functional form for any system of the identical particles.
Moreover, an energy variation can be stated:

Egs = min
n∈Vn

∫
dx v(x)n(x) + FHK[n] . (2.17)

A practical use of the Hohenberg-Kohn theorem is obstructed by the unknown set of v-
representable densities and the unknown functional FHK. The Hohenberg-Kohn theorem
states the existence of such a functional, but the proof is not constructive and hence the
universal functional must be approximated. The quality of a DFT calculation strongly
depends on the approximation of the functional used. Different physical situations may
be described more appropriately by different approximations. Interestingly enough, the
Hohenberg-Kohn theorem further implies that the ground state density determines not
only the ground state, but also the excited states, because the external potential fixes the
Hamiltonian, which in turn determines all eigenstates [27].

It cannot be stressed enough that DFT is a groundbreaking theory: If the universal func-
tional were known, then the ground state energy of any bosonic (or fermionic) system with
fixed interaction could be calculated exactly.3 Quantities that can be derived from the en-
ergy are accessible too. This makes DFT an incredible powerful tool in condensed matter
physics, quantum chemistry and related fields. While DFT for fermions is successfully
applied and enjoys many useful approximations for the universal functional, for bosons
there are comparatively few applications of the Hohenberg-Kohn theorem. One reason
is that it is not possible to extract any information about the degree of condensation,
because Bose-Einstein condensation is defined in terms of the 1-RDM (recall definition
1.8). In principle, the Hohenberg-Kohn theorem ensures that the ground state density

3The problem of v-representability can be circumvented as discussed in chapter 2.3.
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determines the ground state 1-RDM from which then information of the condensation
can be extracted. Yet, the map n 7→ Γ̂ 7→ γ is in most cases unknown.4 All in all, the
practical application of the Hohenberg-Kohn theorem breaks down for bosonic systems
whenever information about the condensation of the particles becomes important. Two
notable examples for bosonic DFT shall be given: In 1999, Nunes [74] applied DFT to
the alkali atom gas and FHK was approximated by a local density approximation. It was
noted that this approximation is constructed to describe systems of atomic gases and not
specifically superfluid systems, e.g. superfluid 4He. Griffin developed a DFT for condensed
and superfluid systems in 1995 [75], where a symmetry breaking potential leads to a non-
zero expectation value of the order parameter 〈Ψ̂(x)〉 of Bose-Einstein condensation. The
Hohenberg-Kohn theorem can then be reformulated in terms of the external and symme-
trybreaking potential as well as the density and the order parameter of the system. In
this approach, the total density is the sum of the non-condensed and condensed density,
which is given by nc(x) ≡ | 〈Ψ̂(x)〉|

2
. The energy and thus the universal functional are

functionals of both the density and the order parameter. To develop a useful approxima-
tion of the universal functional seems therefore even harder. For an overview of different
functional approximations and applications of DFT for bosons, see for example [76].

2.2. Gilbert Theorem

The discussion above together with the considerations of section 1.3 motivate a theory in
which the 1-RDM is the basic variable. Such a theory is called Reduced Density Matrix
Functional Theory (RDMFT). By and large, RDMFT is as much as or even more powerful
compared to DFT. On the one hand, the 1-RDM is a more complex quantity than the
density, but on the other hand it contains more information, which is exactly needed in
order to describe Bose-Einstein condensation. The starting point of RDMFT is again the
Hohenberg-Kohn theorem.

Lemma 2.1 (Hohenberg-Kohn Theorem for the 1-RDM) Let all assumptions of the
Hohenberg-Kohn theorem be valid and further let γ ∈ V1 be the ground state 1-RDM.
Then the Hohenberg-Kohn theorem applies with the density replaced by the 1-RDM.

All consequences (cf. the discussion after theorem 2.1) of the Hohenberg-Kohn theorem
are therefore, mutatis mutandis, valid for the 1-RDM.

4A trivial case is a non-interacting bosonic system.
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Proof. By using the definitions of the 1-RDM (1.24) and the density (2.5) and then
applying the Hohenberg-Kohn theorem it follows that:

Γ̂ 7→ γ 7→ n 7→ Γ̂ (2.18)

and consequently:

v
1−1←→ Γ̂ 1−1←→ γ . (2.19)

In 1975, Gilbert [11] formulated a RDMFT for non-local external potentials, which may
appear in model Hamiltonians.

V

GQ

vA

vB

Γ̂A

Γ̂B

γB
γA

vC

Figure 2.1.: Schematic picture of the maps of lemma 2.1 and theorem 2.2. The set Q is a
set of external potentials for which a Hamiltonian with two-body interaction
Ŵ has a non-degenerate ground state. The set of these ground states is de-
noted by G ⊂ PN and the set of 1-RDMs arising from these non-degenerate
ground states is labeled by V ⊂ V1. For local external potentials vA and the
corresponding non-degenerate ground states Γ̂A, the Hohenberg-Kohn theo-
rem states that the map Q → G is invertible, as indicated by the red arrows.
For non-local external potentials vB and vC, the map is not injective. In
spite of that, both the Gilbert and the Hohenberg-Kohn theorem ensure that
the map G → V is bijective and hence a one-to-one correspondence between
non-degenerate ground states and the corresponding v-representable 1-RDMs
exist.

Theorem 2.2 (Gilbert) Let Γ̂ ∈ PN denote the non-degenerate ground state of a system
of N identical bosons described by a Hamiltonian Ĥ with non-local external potential v.
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Further, let γ ∈ V1 be the associated ground state 1-RDM. Then the following relations
hold:

v 7→ Γ̂ 1−1←→ γ . (2.20)

Therefore, any ground state observable is a functional of the ground state 1-RDM:

〈Ô〉gs ≡ Tr Γ̂[γ] Ô = 〈Ô〉gs [γ] . (2.21)

Furthermore, the ground state energy Egs fulfils a variational principle:

Egs = E[γ] < E[γ′] , ∀γ′ ∈ V1 : γ′ 6= γ . (2.22)

The theorem can be seen as a generalization of the Hohenberg-Kohn theorems to non-local
external potentials. Again, the theorem holds for fermionic systems (with the appropriate
changes) too. It is the non-locality of the external potential which prevents the map
between the ground state density operator and the external potential to be unique. In
particular, it can be shown explicitly that two non-local external potentials can give rise to
the same non-degenerate ground state, cf. [77, 78]. Thus, in contrast to the case of local
external potentials, for a non-local external potential the ground state 1-RDM neither
determines the Hamiltonian nor the excited states. In figure 2.1 the maps of the Gilbert
and Hohenberg-Kohn theorems are shown schematically. The proof is similar to the proof
of the Hohenberg-Kohn theorem.

Proof. Consider the Hamiltonian of equation (2.1). The map v 7→ Γ̂ follows from the
Schrödinger equation. Because of the non-locality, the reverse direction cannot be proven.
The map from the ground state to the ground state 1-RDM Γ̂ 7→ γ is given by the
definition of the 1-RDM, equation (1.24). In order to show that this map is invertible,
consider two distinct non-degenerate ground states Γ̂ and Γ̂′ of two Hamiltonians Ĥ and
Ĥ ′ which differ in their external potentials v and v′, respectively. Now assume that both
ground states lead to the same ground state 1-RDM γ:

Γ̂, Γ̂′ 7→ γ . (2.23)

Applying the variational theorem then yields

Egs < Tr Γ̂′ Ĥ = Tr Γ̂′ (Ĥ ′ + v − v′) = E ′gs + Tr γ (v − v′) (2.24)

E ′gs < Tr Γ̂ Ĥ ′ = Tr Γ̂ (Ĥ + v′ − v) = Egs + Tr γ (v′ − v) (2.25)

29



2. Reduced Density Matrix Functional Theory

and by adding these equations it follows that

Egs + E ′gs < E ′gs + Egs . (2.26)

Hence, different non-degenerate ground state density operators yield different ground state
1-RDMs and therefore

Γ̂ 1−1←→ γ . (2.27)

This implies a unique functional relation Γ̂ = Γ̂[γ] and because of that the ground state
expectation value of an observable is a functional of the 1-RDM:

〈Ô〉gs = 〈Ô〉gs [γ] . (2.28)

In particular, the ground state energy is a functional of the 1-RDM. The variation principle
with respect to v-representable 1-RDMs follows from the variational principle of states.
Again, consider two non-degenerate ground states and the corresponding ground state 1-
RDMs: Γ̂ 7→ γ and Γ̂′ 7→ γ′. Let Egs denote the ground state energy of a system described
by Ĥ with ground state Γ̂. Then

Egs = Tr Γ̂[γ] Ĥ < Tr Γ̂′[γ′] Ĥ = E[γ′] . (2.29)

Similarly to the Hohenberg-Kohn theorem, the Gilbert theorem allows to write the energy
as a functional of the 1-RDM:

E[γ] ≡ Tr γ ĥ+ FG[γ] , (2.30)

where

FG[γ] ≡ Tr Γ̂[γ] Ŵ (2.31)

is the universal Gilbert functional. It is universal in the same manner as the Hohenberg-
Kohn functional. The energy functional and the corresponding minimization

Egs = min
γ∈V1

Tr γ ĥ+ FG[γ] (2.32)

are only defined on the set V1. A direct application of the Gilbert theorem or the Hohenberg-
Kohn theorem for the 1-RDM is not possible, because of the unknown v-representability
problem and the unknown functional FG, which again must be approximated. A general
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advantage of RDMFT compared to DFT is that the exact kinetic energy is known and
hence does not appear in the universal functional. A discussion on the approximations for
the universal functional is given in section 2.4.

Generally, RDMFT is a powerful and suitable method to describe bosonic many-body
systems. The theory is able to describe bosonic systems from a few to a vast number
of particles in different physical situations, e.g. from ultra cold atoms in optical traps
to superfluid 4He. In principle, the theory captures correlation effects in an exact man-
ner. Although the fraction of condensed particles may vary widely with respect to the
system, properties regarding Bose-Einstein condensation can be obtained without any
prior assumption, because the eigenvalues and eigenfunctions of the 1-RDM are accessi-
ble. An approach similar to Griffin seems therefore unnecessary. The knowledge of the
ground state 1-RDM further allows to calculate every ground state expectation value of
one-body operators. Of course, the success of the theory hinges on the approximation of
the universal Gilbert functional FG. Nevertheless, the same problem occurs within DFT,
where no information about the condensation can be extracted in practice. Despite this
approximation of the universal functional, the theory is exact. Moreover, since the natu-
ral variable in the framework of bosonic RDMFT is a key quantity in the description of
bosonic many-body systems and the concepts of v- and N -representability were related to
the phenomena of Bose-Einstein condensation and quantum depletion already, one may
hope to find deep physical connections and insights when applying this theory. Indeed,
as it will be shown in chapter 3, the study of a simple model system confirms this ex-
pectation. Before doing so, the following three sections will discuss aspects regarding the
applicability and efficiency of RDMFT. Moreover, the v-representability problem which
is present in the minimization of the energy will be circumvented.

2.2.1. Kohn-Sham Systems

The Kohn-Sham formulation of DFT in 1965 [10] contributed a lot to the success of
the theory. Instead of minimizing the energy with respect to the density directly, single-
particle equations of a non-interacting system in an effective external potential are solved.
The external potential is defined such that the non-interacting system has the same ground
state density as the interacting system [26, 27]. This makes the application of DFT even
more suitable and computational feasible. In this section, it will be investigated if a similar
approach is possible in the language of bosonic RDMFT.
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The Hohenberg-Kohn and Gilbert theorems apply to non-interacting systems too. The
resulting energy functionals are defined on the sets of non-interacting pure state v-
representable densities V0

n and 1-RDMs V0
1 , respectively. These sets contain, similarly

to the definitions 2.4 and 1.7, all densities and 1-RDMs arising from pure ground states of
non-interacting systems. The basic idea of Kohn and Sham was to construct a system of N
particles in an effective potential which has the same ground state density as an interacting
system. By solving the single-particle equations of the non-interacting system, the ground
state density is obtained and thus the ground state energy of the interacting system can
be calculated. Whether a ground density of an interacting system can be represented by
a non-interacting ground state density was neither proved nor disproved in general [26],
but there are some counter examples for specific systems, e.g. superconductors [79].

Conjecture (Kohn-Sham) Every v-representable density is also
non-interacting v-representable.

Vn ⊆ V0
n . (2.33)

Thus, there exists a non-interacting system in some external potential with the same
ground state density as the interacting system. This system is called Kohn-Sham sys-
tem. For the construction of the Kohn-Sham system, i.e. the choice of the external poten-
tial such that both densities are equal, see for example [10, 80]. In [74], where DFT was
applied to alkali gases, a local density approximation of the universal functional led to an
extended Gross-Pitaevskii equation (cf. (1.53)) in the Kohn-Sham scheme. For the super-
fluid formulation of DFT by Griffin [75], the Kohn-Sham system is not a non-interacting,
but a weakly-interacting system, constructed similarly to a Bogoliubov approximated
gas. This ensures that the non-condensed density is non-zero in general, while for a non-
interacting system it would be identically zero.

Regarding all the similarities of DFT and RDMFT, the question arises if it is possible
to formulate a similar conjecture for 1-RDMs. This however is not the case. To prove
this assertion, it must be shown that if the ground state of a non-interacting system is
non-degenerate, then the corresponding ground state 1-RDM can never match a ground
state 1-RDM of any interacting system.5

Lemma 2.2 (Disproof of the Kohn-Sham Conjecture for 1-RDMs) Consider the ground
state 1-RDM γ ∈ V0

1 of a non-interacting and non-degenerate system of N indistinguish-
able bosons. It holds that γ /∈ V1.

5Note that up to now the presented formalism of DFT and RDMFT and the Hohenberg-Kohn and
Gilbert theorems are only valid for non-degenerate pure ground states.
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Since every ground state 1-RDM of a system with Ŵ 6= 0 is by definition an element of
a corresponding V1, the lemma shows that the ground state 1-RDM of a non-interacting
and non-degenerate system can never match an interacting v-representable 1-RDM, which
immediately prohibits a Kohn-Sham system in RDMFT. The proof is a trivial consequence
of theorem 1.4.

Proof. For a non-interacting and non-degenerate system, the ground state 1-RDM is an
extreme element γ ∈ ex(E1) ⊆ V0

1 and from theorem 1.4 it follows that γ /∈ V1.

The results also holds for fermionic systems and the proof can readily be adopted. The
non-existence of a Kohn-Sham system is clearly a disadvantage of RMDFT compared to
DFT. Yet, the existence of a Kohn-Sham system was shown in 2012 by Baldsiefen [78, 81]
for fermionic systems at finite temperature, see also section 2.4 for the discussion of the
bosonic case. At zero temperature, the energy has to be minimized directly with respect
to the 1-RDM by calculating

δE[γ]
δγ

,

while enforcing v-representability of the 1-RDM, which is, as extensively discussed, an
unsolved problem. In the next section it will be shown that the minimization constraint
can be lifted to N -representability, making the theory applicable at all.

2.3. Levy-Lieb Formulation

As discussed intensively, a practical application of the Hohenberg-Kohn and Gilbert theo-
rems is not possible due to the unknown domain of v-representable densities and 1-RDMs.
Moreover, the theorems are only valid for non-degenerate ground states (which is a rather
severe restriction). In this section, an approach to circumvent these problems will be intro-
duced. The approach is called Levy-Lieb constrained search and was introduced by Levy
in 1979 [82] and extended in 1983 by Lieb [72]. Valone formulated versions for ensembles
[83, 84]. Although only the case for RDMFT is treated, most of the results hold for DFT
too.

Definition 2.5 (Preimages of N -representable 1-RDMs) Let γ ∈ E1. The set

EN(γ) ≡ {Γ̂ ∈ EN | Γ̂ 7→ γ} (2.34)

contains all ensembles that yield γ. Similarly,

PN(γ) ≡ {Γ̂ ∈ PN | Γ̂ 7→ γ} (2.35)
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contains all pure states that map to γ. Note that

PN(γ) ⊆ EN(γ) . (2.36)

Corollary 2.1 (Properties of the Preimages) Let γ ∈ E1. Both sets EN(γ) and PN(γ) are
compact and non-empty and EN(γ) is convex.

This is a consequence of the linearity and continuity of the map from density operators
to 1-RDMs and the convexity and compactness of the set of density operators EN as well
as the N -representability of γ, cf. theorem 1.3. [84]

Definition 2.6 (Universal Functionals of N -representable 1-RDMs) Let γ ∈ E1. The so
called universal ensemble and pure state functionals are defined as follows:

F (e)[γ] ≡ min
Γ̂∈EN (γ)

Tr Γ̂ Ŵ (2.37)

F (p)[γ] ≡ min
Γ̂∈PN (γ)

Tr Γ̂ Ŵ . (2.38)

It was proven by Lieb that there exists a density operator which minimizes the expectation
value of the two-body interaction for a given γ, i.e. that in the definition a minimum
instead of an infimum appears[72]. In contrast to the Gilbert functional FG in (2.31),
these universal functionals are well-defined for N -representable 1-RDMs and they are
universal in the same sense as the Gilbert functional. Before discussing the properties and
relations of the pure state and ensemble functionals, it will be shown that they can indeed
be used to obtain the ground state energy. The following theorem was proven by Levy
[82] for pure states and for ensembles by Valone [84] and is here adopted to the bosonic
case.

Theorem 2.3 (Energy functionals of N -representable 1-RDMs) Consider a system of N
identical bosons described by a Hamiltonian consisting of the one-particle operator ĥ and
the interaction Ŵ . Let Egs, Γ̂gs ∈ EN/PN and γgs ∈ E1 denote the ground state energy,
a ground state and its corresponding ground state 1-RDM, respectively. The functionals
F (e)/(p) fulfil ∀γ ∈ E1:

tr γ ĥ+ F (e)/(p)[γ] ≥ Egs (2.39)

tr γgs ĥ+ F (e)/(p)[γgs] = Egs . (2.40)

The proof concerns the case of the ensemble functional and ensemble density operators.
The restriction to pure states follows immediately.
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Proof. Let E(e)[γ] ≡ Tr γ ĥ + F (e)[γ] and further let Γ̂∗ ∈ EN(γ) denote a minimizer of
the universal ensemble functional: F (e)[γ] = Tr Γ̂∗ Ŵ . Then, by definition of the universal
functional and the ground state energy (1.22) it follows that

E(e)[γ] = Tr Γ̂∗ Ĥ ≥ Egs . (2.41)

Now let Γ̂∗gs ∈ EN(γgs) denote a minimizer of F (e)[γgs]. On the one hand, the variational
principle dictates

Egs = Tr Γ̂gs Ĥ ≤ Tr Γ̂∗gs Ĥ = Tr γgs ĥ+ Tr Γ̂∗gs Ŵ (2.42)

and thus Tr Γ̂gs Ŵ ≤ Tr Γ̂∗gs Ŵ . On the other hand, Γ̂∗gs minimizes the expectation value
of the two-body interaction and hence Tr Γ̂∗gs Ŵ ≤ Tr Γ̂gs Ŵ , which in turn yields

Tr Γ̂∗gs Ŵ = Tr Γ̂gs Ŵ . (2.43)

Adding the one-body energy to both sides gives

E(e)[γgs] = Egs . (2.44)

The theorem allows to rewrite the ground state energy as follows:

Egs = min
γ∈E1/P1

E(e)/(p)[γ] , (2.45)

where E(e)/(p)[γ] ≡ Tr γ ĥ+F (e)/(p)[γ]. Recall that the Hohenberg-Kohn and Gilbert energy
functionals were only defined for non-degenerate pure ground states and v-representable 1-
RDMs. The Levy-Lieb formulation gives a practical solution to both problems. The above
energy functional is defined on the known set of N -representable 1-RDMs E1 = P1 and
possible degeneracies play no role, as they do not affect the proof. Additionally, the ground
state can be characterized without explicit knowledge of the one-body operator ĥ: The
ground state is the state which minimizes the expectation value of the two-body operator
and yields the ground state 1-RDM, see equation (2.43). [82] The energy minimization
in equation (2.45) is called constrained search formalism and may be visualized as
follows: Given a 1-RDM, the universal functional finds the minimum of the expectation
value of the two-body interaction with respect to all density operators which yield the
1-RDM. The energy follows by adding the one-particle energy and the ground state energy
is attained on the ground state 1-RDM. This procedure is depicted in figure 2.2.
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EN(γ)
−Ŵ

Γ̂∗

γ
E1

E(e)[γ] = Tr γ ĥ+ F (e)[γ]
F (e) = Tr Γ̂∗ Ŵ

Figure 2.2.: Illustration of the constrained search formalism for ensemble states. The
choice of a 1-RDM γ ∈ E1 gives rise to the convex set EN(γ). The value
of F (e)[γ] follows by shifting the hyperplane of constant interaction energy
with normal vector −Ŵ to a density operator Γ̂∗ on the boundary. Note that
while Γ̂∗ might be extreme in EN(γ), it does not have to be extreme in EN ,
i.e. it has not to be a pure state. Adding the one-body energy Tr γ ĥ to the
universal functional yields the total energy E(e)[γ].

Actually, one can define a Gilbert functional similarly to the ensemble and pure state
functionals, with the restriction that the 1-RDM is v-representable. By doing so, the
problems regarding the degeneracy of the ground state in the original Gilbert theorem
are resolved:

F [γ] ≡ min
Γ̂∈PN (γ)

Tr Γ̂ Ŵ for γ ∈ V1 . (2.46)

From now on this functional will be referred to as the Gilbert functional.

Lemma 2.3 (Properties of the Universal Functionals) The functionals F (e) and F (p) have
the following properties:

(i) F (e)[γ] ≤ F (p)[γ] ∀γ ∈ E1 .

(ii) F (e) is convex.

(iii) F (e) = conv (F (p)) .

(iv) F (e)[γ] = F (p)[γ] ∀γ ∈ ex(E1) .

(v) F [γ] = F (e)[γ] = F (p)[γ] ∀γ ∈ V1 .

The ensemble functional is given as the lower convex envelope of the pure state functional,
i.e. the largest convex function that fulfils

F (e)[γ] ≤ F (p)[γ] ,
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E1 = P1

F [γ]

F (e)[γ] F (p)[γ]

V1

Figure 2.3.: Sketch of the universal pure state and ensemble functionals on the domain
of N -representable 1-RDMs. The ensemble and pure state functional are de-
picted in grey and red, respectively. Albeit the set of pure state and ensem-
ble N -representable 1-RDMs E1 = P1 coincide, the universal functionals are
not equal. The ensemble functional F (e) is the lower convex envelope of the
pure state functional F (p). Both functionals coincide on the domain of v-
representable 1-RDMs V1, depicted in black. A similar picture can be seen in
the Bose-Hubbard dimer, introduced in chapter 3.

see figure 2.3. This allows to write the ensemble functional as:

F (e)[γ] = min
{∑

i

λiF (p)[γi] | γi ∈ P1 , γ =
∑
i

λi γi ,
∑
i

λi = 1 , λi ≥ 0
}

. (2.47)

Accordingly, the ensemble functional is completely determined by the pure state func-
tional. This relation between both functionals was first derived in 2018 [85]. As a matter
of fact, it was falsely proven in 1985 (for fermions and bosons) that both functionals coin-
cide on their common domain of pure state N -representable 1-RDMs [86]. For bosons, this
would imply that both functionals coincide on the whole domain (since E1 = P1) and the
distinction of the two functionals in definition 2.6 would be unnecessary. That the asser-
tion of Ref. [86] cannot be true will be shown by an example in chapter 3. The convexity
of the universal ensemble functional guarantees, among other mathematical features, that
any minimum found in the constrained search is a global minimum. The ensemble and
pure state functional coincide on the domain of extreme elements and v-representable
1-RDMs. The latter follows because all functionals must yield the correct ground state
energy for a given one-particle Hamiltonian.

Proof.
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(i) Let Γ̂∗ ∈ PN(γ) denote a minimizer of the pure state functional: F (p)[γ] = Tr Γ̂∗ Ŵ .
Since PN(γ) ⊆ EN(γ), it follows that Γ̂∗ ∈ EN(γ) and by definition

F (e)[γ] ≤ Tr Γ̂∗ Ŵ = F (p)[γ] . (2.48)

(ii) In order to prove that the ensemble functional is convex, consider a 1-RDM given
by E1 3 γ ≡ λ γ1 + (1− λ) γ2 , with γ1, γ2 ∈ E1 and λ ∈ (0, 1). Let Γ̂∗1 ∈ EN(γ1) and
Γ̂∗2 ∈ EN(γ2) be states for which the ensemble functional attains its minimum value:

F (e)[γi] = Tr Γ̂∗i Ŵ i = 1, 2 . (2.49)

Then EN(γ) 3 Γ̂ ≡ λ Γ̂∗1 + (1 − λ) Γ̂∗2 is a density operator which yields γ and by
definition:

F (e)[γ] ≤ Tr Γ̂ Ŵ = λ Tr Γ̂∗1 Ŵ + (1− λ) Tr Γ̂∗2 Ŵ (2.50)

= λF (e)[γ1] + (1− λ)F (e)[γ2] . (2.51)

(iii) The proof is given in [85].

(iv) From theorem 1.2 it is known that an extreme element γ ∈ ex(E1) determines a
state it derives from uniquely. Let Γ̂ ∈ PN denote this pure state. It follows that
PN(γ) = EN(γ) = {Γ̂} and hence F (e)[γ] = F (p)[γ] = Tr Γ̂ Ŵ .

(v) Let γ ∈ V1. Then by definition it holds that Egs = Tr γ ĥ + Tr Γ̂Ŵ for some one-
particle Hamiltonian ĥ and Γ̂ ∈ PN(γ). Due to theorem 2.3 and (i), it follows that

Tr Γ̂ Ŵ ≤ F (e)[γ] ≤ F (p)[γ] , (2.52)

but since the state which minimizes the expectation value of the two-body inter-
action is a pure ground state, it follows that Tr Γ̂ Ŵ = F (p)[γ], which eventually
yields

F (e)[γ] = F (p)[γ] . (2.53)

For v-representable 1-RDMs, the pure state and Gilbert functional coincide by def-
inition.

The established relations of the ensemble and pure state universal functionals will be
visualized and explored in more detail in chapter 3. To conclude this chapter, it is noted
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that the ground state energy as a functional of the single-particle Hamiltonian, defined
by

Egs[ĥ] ≡ min
γ∈E1/P1

Tr γ ĥ+ F (e)/(p)[γ] , (2.54)

is related to the convex conjugate 6 of the universal ensemble and pure state functional,
respectively. In this sense, the following lemma provides an alternative definition of the
universal ensemble functional.

Lemma 2.4 (Universal Ensemble Functional via Convex Conjugation) The universal
ensemble functional of definition 2.6 is equivalently given by

F (e)[γ] = max
ĥ

Egs[ĥ]− Tr ĥ γ . (2.55)

The maximization takes place on a set of one-particle Hamiltonians for which a system,
subjected to a given two-body interaction, has a ground state. This approach was first
proposed by Lieb [72] for DFT and then extended by Schilling for RDMFT [85] and the
proof can be found in these references. The interpretation of the universal functionals via
the convex conjugation comes with an intuitive geometric interpretation of the energy
minimization of equation (2.54): The hyperplane of constant single-particle energy Tr ĥ γ
with normal vector ĥ is shifted in a way such that its upper closed halfspace contains the
graph of the universal functional completely, which determines the ground state energy
as the intercept of that hyperplane with the universal functional axis and the ground
state 1-RDM as the 1-RDM at which the hyperplane intersects the graph of the universal
functional. This procedure is sketched in figure 2.4. Given this geometric interpretation, it
is clear why 1-RDMs for which the universal pure state functional has ’hills’ in figure 2.3
and 2.4 cannot be ground state 1-RDMs: For a 1-RDM γ in the region of such a hill, there
are simply no normal vectors ĥ of corresponding hyperplanes whose upper closed halfspace
would contain the whole graph of F (p). Additionally, by using the lower convex envelope
of F (p) instead of the pure state functional itself, i.e. the universal ensemble functional,
the whole procedure will not be changed and the same ground state energies are be
obtained. [85] These facts will be further expounded and exemplified when discussing the
v-representability of the Bose-Hubbard dimer.

6The convex conjugation is also called Legendre-Fenchel transformation. It can be seen as the general-
ization of the Legendre transformation for non-convex and non-differentiable functions.
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P1

F (p)[γ]

ĥ1

ĥ2Egs[ĥ2]

Egs[ĥ1]

γ1 γ2 γ3

ĥ3

Figure 2.4.: Visualization of the energy minimization of equation (2.54) for the case of
pure state N -representable 1-RDMs. A given single-particle Hamiltonian ĥ
is a normal vector of a hyperplane of constant single-particle energy Tr ĥ γ.
By shifting this hyperplane as much as possible such that its upper closed
halfspace still contains the graph of the pure state universal functional F (p)

completely, the ground state energy is obtained as the intercept of the hyper-
plane with the F (p)-axis. The ground state 1-RDM follows from the point of
intersection of the graph of F (p) with the hyperplane. A 1-RDM in the region
where the universal pure state functional has a ’hill’ cannot be realized as
a ground state 1-RDM for any choice of the single-particle Hamiltonian, as
shown in red.

2.4. General Remarks

The following short section is intended to discuss certain aspects of RDMFT not men-
tioned so far and to show that once understanding the concepts ofN - and v-representability
as well as the Hohenberg-Kohn and Gilbert theorems, an extension to more general classes
of systems is possible, following the same line of thoughts. However, applications and fur-
ther discussion on these generalizations go beyond this work and hence only the basic
ideas are presented for the sake of completeness.

2.4.1. Approximations of the universal Functionals for Fermionic
Systems

A crucial aspect of DFT and RDMFT is the approximation of the universal functional.
Finding suitable approximations is a highly non-trivial and notoriously difficult task. The
success of the application of the Hohenberg-Kohn and Gilbert theorem depends on the
approximation of the universal functional. Ideally, it should have all properties of the exact
functional (e.g. the ensemble functional must be convex) or one demands differentiability,
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well-definedness etc. It should further be as general as possible, i.e. applicable to a wide
range of physical regimes and systems. As already mentioned in sections 2.1 and 2.2, in
fermionic RDMFT and especially DFT there are plenty of approximations known which
were applied successfully [12, 87]. In fermionic RDMFT, the most common approach
is to express the 2-RDM in terms of the natural orbitals and occupation numbers. As
the dependency is only explicitly given in terms of a diagonal 1-RDM, this theory is
called Natural Orbital Functional Theory [43], rather than RDMFT. The most common
approximations of the 2-RDM have the form of

Γ̂(2) =
∑
ij

ni nj |ij〉〈ij| −
∑
ij

f(ni, nj) |ij〉〈ji| . (2.56)

The choice of the function f(ni, nj) give rise to different approximations of the 2-RDM,
each of them having different advantages or disadvantages. For example, choosing f =
√
ni nj leads to the Müller approximation [88], proposed in 1984. This 2-RDM fulfils the

required sum rules, i.e. the contraction to the 1-RDM and the correct normalization of
corollary 1.3, but the 2-RDM does not acquire a minus sign with respect to the interchange
two indices and this in turn means that the Pauli principle is violated. As a consequence,
such a 2-RDM can necessarily not arise from a fermionic N particle state. Generally, the
unsolved N -representability problem of the 2-RDM transfers to a concept called func-
tional N -representability, i.e. equivalence of E[Γ̂] and E[Γ̂(2)]. An approximation of the
2-RDM in the latter can therefore lead to energies below the true ground state energy.
[43] Note that by fixing f = ni nj, the Hartree-Fock approximation is recovered, which by
definition does not include correlation effects. Therefore, this class of approximations of
the 2-RDM can be seen as a way of introducing correlation effects into the Hartree-Fock
theory. A more extensive discussion and more examples are given in [12, 13, 43].

A similar approach was given in section 1.3, where the 2-RDM was approximated as the
product of two 1-RDMs (1.56), i.e. where a Hartree approximation was used. Generally,
for bosons and similarly for fermions, one may also write the pure state (and ensemble)
universal functional in terms of the 2-RDM:

F (p)[γ] ≡ min
Γ̂(2)∈P2(γ)

Tr Γ̂(2) ŵ , (2.57)

where the minimization takes place over the set of pure state N -representable 2-RDMs
yielding the given 1-RDM, denoted P2(γ) ≡ {Γ̂(2) ∈ P2 | Γ̂(2) 7→ γ}. An application of this
is given in appendix A. For bosons, there are no approximations of the universal func-
tionals so far, which limits the applicability of the theory to certain model systems. The
search of functional approximations for bosons could offer a new perspective in the study
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of bosonic many-body systems and is undeniable a necessary step towards an application
of bosonic RDMFT.

2.4.2. Extensions to finite Temperatures and time-dependent
Systems

The presented formalism and theory of RDMFT is very limited, as it only involves zero
temperature, time-independent and non-relativistic systems. Previously it was mentioned
that the presented formalism of bosonic and fermionic RDMFT can be extended to sys-
tems at finite temperature. Comparably to the zero temperature case, the theory is very
similar to its DFT counterpart, introduced by Mermin in 1965 [89]. The theoretical and
mathematical foundation of finite temperature is based on the work of Baldsiefen [78, 81]
and Giesbertz and Ruggenthaler [50].7 In finite temperature RDMFT, formulated in the
grand canonical ensemble, one is interested in the equilibrium properties of a system. The
equilibrium is characterized by the minimum value of the grand potential

Ω[Γ̂] ≡ Tr Γ̂ (Ĥ − µ N̂ + 1
β

ln Γ̂) , (2.58)

with the inverse temperature β. The minimizer is called equilibrium density operator. 1-
RDMs deriving from such operators are called equilibrium v-representable, which replaces
the concept of v-representability for systems at zero temperature. Baldsiefen proved that
for fermionic systems there exists a one-to-one correspondence between the non-local ex-
ternal potential (minus the chemical potential µ) and the equilibrium density operator.
Additionally, he proved by construction that there exists a Kohn-Sham system. Note that
in the zero temperature case, neither a one-to-one correspondence between the ground
state and the non-local external potential nor the existence of a Kohn-Sham system could
be proven (which was shown to not exist in general). These results can readily be adopted
to bosonic systems. However, as discussed in [50], a formulation of bosonic finite temper-
ature RDMFT demands a much more involved mathematical treatment, since the Fock
space (1.3) is infinite dimensional, even for a finite dimensional single-particle Hilbert
space. That a Levy-Lieb constrained search formulation is also possible in finite temper-
ature RDMFT was shown by Baldsiefen for fermions and by Giesbertz and Ruggenthaler
for bosons, cf. the aforementioned sources.

7This paper deals with essential mathematical questions of bosonic and fermionic RDMFT at finite
temperatures. To the best knowledge of the author, this is the only work concerning RDMFT for
bosonic systems.
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The generalization to time-dependent systems in bosonic and fermionic DFT is given by
the Runge-Gross theorem, formulated in 1984 [90]. This theorem establishes a one-to-one
correspondence between time-dependent density, together with the initial state, and the
local external potential. This also holds for the time-dependent 1-RDM, because, together
with the initial state, it determines the time-dependent density and therefore the Runge-
Gross theorem is valid for the 1-RDM, too. A version of the Runge-Gross theorem for
ensembles was formulated in 1985 [91]. The time-dependent 1-RDM and 2-RDM of a
(fermionic or bosonic) pure state Γ̂ = |ψ〉〈ψ| in the Heisenberg picture are defined as

γ(x, x′; t) ≡ 〈ψ|Ψ̂†H(x′, t) Ψ̂H(x, t)|ψ〉 (2.59)

Γ(2)(x, x′; y, y′; t) ≡ 〈ψ|Ψ̂†H(y, t) Ψ̂†H(y′, t) Ψ̂H(x′, t) Ψ̂H(x, t)|ψ〉 , (2.60)

where the index H indicates that the (fermionic or bosonic) field operators are given in
the Heisenberg representation. The time evolution of a system in terms of 1-RDM follows
by the equations of motion of field operators in the Heisenberg picture, leading to [92]:

i ~
∂γ(x, x′; t)

∂t
= (h(x, t)− h(x′, t)) γ(x, x′; t) +

∫
dy (w(x, y)− w(x′, y)) Γ(2)(x, y; y, x′; t) ,

(2.61)

which is the basis of time-dependent RDMFT. For higher order p-RDMs, a similar equa-
tion governs the time evolution and this chain of equations is known as the BBGKY hier-
archy. The chain has to be truncated, e.g. by approximating the time-dependent 2-RDM
in terms of the 1-RDM. The generalization of the Gilbert theorem to time-depedent sys-
tems with non-local external potential is subject of current research. [14] A more detailed
discussion on time-dependent RDMFT and the corresponding linear-response scheme as
well as the time evolution of the natural orbitals and occupation numbers can be found
in [12, 14, 92–94].
Apart from the discussed cases and the formulation of superconducting DFT [95] and
RDMFT [96] as well as DFT for superfluids [75], perhaps the most prominent extension
to DFT is the formulation in the framework of special relativity [97–100]. Yet, this theory
is only valid for electrons and no formulation for bosons is given so far. For RDMFT,
there is no such generalization for both fermions and bosons.
In conclusion, although much more complicated, the extensions to finite temperatures
and time-dependent systems for bosonic RDMFT is possible in a similar fashion to the
here presented formalism. Without doubt, it is desirable and of immense value to study
time-dependent systems and systems at elevated temperatures, but the application of
these theories and the development of appropriate functionals is notoriously difficult. It
is therefore reasonable to first study general features of bosonic RDMFT in the zero
temperature and time-independent case.
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3. Application to the Bose-Hubbard Model

In this chapter, the elaborated concepts and methods of bosonic Reduced Density Matrix
Functional Theory will be applied to a prominent model system: The Bose-Hubbard dimer.
This is the first application of this theory. For this model, the N - and v-representability
problems will be discussed and solved. The structure of the Bose-Hubbard dimer allows
to visualize for the very first time functionals for non-trivial systems in RDMFT. Fur-
thermore, the study reveals a deep connection between the behaviour of the universal
functionals and the phenomena of quantum depletion and Bose-Einstein condensation.
Most of the results presented in this chapter are based on a publication [101] to which
the author contributed through numerical and analytical calculations as well as extensive
discussion.

3.1. The Bose-Hubbard Dimer

Systems of ultracold atoms can be studied by trapping the atoms in an optical lattice.
A special property of these experimental setups is that basically all parameters can be
changed, which offers a versatile and rich playground for experimental and theoretical
investigations. A simple model which describes these system is the Bose-Hubbard model.
[102–104] The model describes N spinless bosons on L lattice sites. The atoms are al-
lowed to tunnel between adjacent sites, which is modeled through a hopping parameter
t. The atoms are assumed to interact repulsively with atoms on the same lattice sites.
Furthermore, each lattice site can be subject to an offset, which corresponds to a lattice
potential v. The Hamiltonian of such a system reads:

Ĥ = −t
L∑

〈i,j〉=1
b̂†i b̂j +

L∑
i=1

vi n̂i + U
L∑
i=1

n̂i (n̂i − 1) , (3.1)

where U > 0 is the interaction strength and i, j denote the lattice sites. The dimension of
the Hilbert H space of N bosons on L sites is given by

dimH =
(
N + L− 1

N

)
. (3.2)
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Most of the discussion is restricted to pure states. To keep the notation simple, all
calculations are performed with wave functions which correspond to some pure state:
|Ψ〉 ∈ H =⇒ PN 3 Γ̂Ψ = |Ψ〉〈Ψ|. In particular, the case of L = 2, i.e. the Bose-Hubbard
dimer, is studied. For this system, analytic results can be obtained and it thus perfectly
suits as a toy model for the application of bosonic RDMFT. The dimension of the Hilbert
space for N particles follows as dimH = N + 1. The lattice sites are denoted by |1〉, |2〉.
The 1-RDM is a 2×2 matrix with elements γ(i, j) ≡ γij. By restricting the wave function
to be real, the entries of the 1-RDM are real (γ12 = γ21) and the universal functionals can
be visualized, as there are only two degrees of freedom. Note that the Hamiltonian is a
real and symmetric matrix, such that its eigenvectors can be chosen to be real without
changing the physics. Additionally, it will turn out to be very convenient to change the
normalization of the 1-RDM to Tr γ = 1. The basis states are specified by the number of
bosons on each lattice site and a wave function is given as the superposition of all basis
states:

|Ψ〉 ≡
N∑
ν=0

αν |ν,N − ν〉 , (3.3)

with ∑
ν
α2
v = 1. The elements of the 1-RDM in the state Γ̂Ψ thus read:

γ11 = 1
N

N∑
ν=0

α2
ν ν (3.4)

γ12 = 1
N

N−1∑
ν=0

αν αν+1

√
(N − ν) (ν + 1) . (3.5)

The pure state functional takes the following form:

F (p)[γ] = U min
Γ̂Ψ∈PN (γ)

N∑
ν=0

α2
ν

(
ν2 + (N − ν)2

)
−N . (3.6)

For the sake of clarity, a subscript N may be added to the functionals, e.g. whenever
functionals of different particle numbers are compared: F (p) → F (p)

N .

3.1.1. N- and v-representability

The study of the Bose-Hubbard dimer with concepts of RDMFT requires a profound
understanding of the underlying N - and v-representability problems. Fortunately and in
contrast to most other non-trivial systems, solutions for both problems can be found.
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The N -representability is relatively easy: By using the new normalization Tr γ = 1, the
N -representability conditions (given by theorem 1.3) change to

γ2 ≤ γ (3.7)

and by taking the trace over both sides, this leads to

(
γ11 −

1
2

)2
+ γ2

12 ≤
1
4 , (3.8)

which represents a disk with maximum radius 1
2 . Thus, every 1-RDM may be parameter-

ized by an angle ϕ and a radius r:

γ11 = 1
2 + r cosϕ (3.9)

γ12 = r sinϕ , (3.10)

with r ∈ [0, 0.5] and ϕ ∈ [0, 2π]. Note that the N -representability conditions are indepen-
dent of N . The set E1 = P1 with the introduced representation is depicted in figure 3.1.
The set of extreme elements is the border, where for all 1-RDMs r = 0.5 holds. A 1-RDM

∂E1

γ12

ϕ

r γ

λ = const

E1 = P1

0.5

0 1 γ11

−0.5

Figure 3.1.: Sketch of the set of N -representable 1-RDMs of the Bose-Hubbard dimer. A
1-RDM γ ∈ E1 is depicted as a point (γ11, γ12) and parameterized by a radius
r and an angle ϕ: γ = γ(r, ϕ). Additionally, each 1-RDM is an element of a
circle of constant maximum occupation number λ. The degree of condensation
scales, independently of ϕ, linearly in r and complete condensation occurs on
the border ∂E1.
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for a given angle and radius is readily diagonalized and hence the natural orbitals and
occupation numbers can be found. The spectral representation of every γ ∈ E1 reads

γ = λ |ϕ〉〈ϕ|+ (1− λ) |ϕ⊥〉〈ϕ⊥| , (3.11)

where

λ ≡ n0 = 1
2 + r (3.12)

is the maximum occupation number and

|ϕ〉 ≡ cos ϕ
2 |1〉+ sin ϕ

2 |2〉 (3.13)

|ϕ⊥〉 ≡ sin ϕ
2 |1〉 − cos ϕ

2 |2〉 (3.14)

denote the natural orbitals. The maximum occupation number λ is independent of the
angle ϕ and thus lines of constant λ in the set E1 are concentric circles. Because of
that, the degree of condensation can be seen as a function of the distance to the border.
Complete Bose-Einstein condensation occurs on the border ∂E1 = ex(E1), in accordance
with the results of section 1.3. To investigate the unknown set of v-representable 1-RDMs,
exact diagonalization calculations were performed for different number of particles N .
For each fixed N and U = 1, which fixes the energy scale, the parameters (t, v) were
varied to generate ground states from which then the corresponding ground state 1-
RDMs were obtained. The results are shown in figure 3.2. A 1-RDM corresponds to a
point γ = (γ11, γ12). The set of v-representable 1-RDMs V1 is depicted in orange. The
interior of the black filled ellipses (which will henceforth be called ’the ellipses’) is non-
v-representable. Evidently, there are N ellipses for N particles. For N = 2, these results
agree with the study of the Fermi-Hubbard model by Cohen and Mori-Sánchez in 2016
[105] and with the early study of the v-representability of the same model in 2001 by van
Neck et al. [48]. In the bosonic case, an arbitrary number of particles can occupy both
sites and thus more ellipses can appear.
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γ
12

Figure 3.2.: The v-representability domain for different number of particles. In (a) – (e),
the results for N = 2 – N = 6 particles are shown. In figure (f), the case of
N = ∞ is depicted. The orange part is v-representable. For 1-RDMs inside
the black filled ellipses, there exists no ground state of the Bose-Hubbard
dimer Hamiltonian that yields this 1-RDM. Additionally, the border of the
disk is non-v-representable, with exception of two points: (0, 0) and (1, 0).
For N bosons, N ellipses appear. The area of the non-v-representable domain
converges in the limit N →∞.

Additionally to the ellipses, the numerical findings suggest that the border is non-v-
representable - with the exception of the points (0, 0) and (1, 0), which are v-representable.
On a more formal basis, theorem 1.4 ensures that ∂E1 must be non v-representable. That
this is not the case in the two aforementioned points means that an assumption of theorem
1.4 is not valid. Indeed, these ground state 1-RDMs correspond to complete Bose-Einstein
condensation in the lattice basis, which is only possible if t = 0. From equation (3.1) for
L = 2 it can be seen that this case is a trivial problem, as the Hamiltonian is already
diagonal. The states |N, 0〉 and |0, N〉 in the lattice site basis are therefore legitimate
ground states and the proof of theorem 1.4 breaks down. The case t = 0 is known as the
atomic limit and corresponds to infinite potential barriers in the optical lattice, which is
experimentally not realizable. Hence, this result can be seen as an artefact of the model
itself and it does not diminish the essence of theorem 1.4. Generally, the ground states
in the atomic limit are the basis states itself, where the occupation numbers n1 and
n2 = N − n1 depend on the lattice potential.
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Theorem 3.1 (v-Representability of 1-RDMs in the Atomic Limit) In the atomic limit,
t = 0 and by an appropriate choice of the external potential, the v-representable 1-RDMs
form the borders of N ellipses. Additionally, all 1-RDMs γ ∈ E1 given by

γ = n1

N
|1〉〈1|+ N − n1

N
|2〉〈2| , (3.15)

with n1 = 0, . . . , N are v-representable.

By comparing equation (3.15) with figure 3.2, it is clear that N − 1 of the N + 1 1-RDMs
of equation (3.15) are single points between two ellipses with γ12 = 0, the other two
corresponding to points on the boundary on the same line of γ12 = 0.

Proof. Consider a system of N bosons on two lattice sites with t = 0 and an external
potential difference ∆ ≡ v1−v2 and interaction strength U > 0. The ground state problem
of this model can be solved exactly: The states |n1, N − n1〉 for n1 = 0, . . . , N , i.e. the
basis states in the lattice site basis, are eigenstates of the Hamiltonian and the energy of
a given configuration follows as

E(n1) = N v2 − U N + U N2 + n1 ∆ + 2U n2
1 − 2N n1 . (3.16)

The occupation of each site is adjustable by an appropriate choice of the external potential
and hence all basis state configurations with a given n1 can be obtained as ground states
by choosing ∆ = 2N−4U n1. The corresponding v-representable 1-RDMs are diagonal in
the lattice site basis and are of the form of (3.15), for all n1 = 0, . . . , N . This also includes
the case of complete condensation. Two configurations n1 and n1 + 1 become degenerate
ground states when fixing the external potential difference to

∆∗ = 2 (N − 1− 2U n1) . (3.17)

Hence, any (properly normalized) linear combination of these states is a ground state
wave function too:

|Ψ〉 = x |n1, N − n1〉 ±
√

1− x2 |n1 + 1, N − n1 − 1〉 (3.18)

and the elements of the corresponding v-representable 1-RDMs are given by

γ11 = n1 + 1− x2

N
(3.19)

γ12 = ±

√
(N − n1) (n1 + 1)x

√
1− x2

N
. (3.20)
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These equations can be recast to

(
N γ11 − (n1 + 1

2)
)2

+ N2 γ2
12

(n1 + 1) (N − n1) = 1
4 , (3.21)

where n1 = 0, . . . , N − 1, which is an equation for an ellipse. Thus, all 1-RDMs that come
from the state (3.18) form the border of an ellipse. Because all possible configurations
|n1, N − n1〉 can be obtained as ground states, there are in total N such v-representable
ellipses.

In figure 3.2 it is shown that the interior of the ellipses (black filled) is non-v-representable.
This can be explained by theorem 3.1 and the geometric interpretation of the convex
conjugation. Surprisingly, the proof can be understood without the explicit knowledge of
the universal (pure state) functional.

Lemma 3.1 (Non-v-Representability of the Interior of the Ellipses) The interior of the
N ellipses is non-v-representable.

Proof. First recall the geometric interpretation of the convex conjugation: The choice
of a single-particle Hamiltonian ĥ gives rise to a hyperplane with constant single-particle
energy Tr ĥ γ whose normal vector is ĥ. Shifting this hyperplane until it touches the graph
of F (p)

N , such that its upper closed halfspace contains the entire graph, yields the ground
state energy as the intercept of the hyperplane with the F (p)

N -axis. All possible ground
state 1-RDMs are determined by the intercept of the hyperplane with the graph, cf. figure
2.4. In the absence of degeneracy, there is only one ground state 1-RDM. In the proof of
theorem 3.1 it was shown that the choice of t = 0 and ∆ = ∆∗ yields degenerate ground
states (3.18) which in turn yield v-representable 1-RDMs that fulfil (3.21), i.e. form the
border of an ellipse. Consequently, it exists a hyperplane that yield all 1-RDMs on the
border of the ellipse as ground state 1-RDMs at once. The crucial observation is now
that the values of F (p)

N inside the ellipse cannot be smaller than the values on the border,
because otherwise the upper closed halfspace of the hyperplane yielding the border of the
ellipse as ground state 1-RDMs would not contain the entire graph of F (p)

N . Thus, the
only possible hyperplane that could yield the 1-RDMs in the interior of the ellipses as
ground state 1-RDMs is given by a single-particle Hamiltonian with t = 0 and ∆ = ∆∗.
But, as shown in the proof of theorem 3.1, the pure ground states that arise from this ĥ
give 1-RDMs on the border of the ellipse and not in the interior. Therefore, there exist
no pure ground state which yields an interior 1-RDM and hence these 1-RDMs are not
v-representable. This holds for all N ellipses.
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The area of the non-v-representable domain is determined by the area of the ellipses,
which in turn can be extracted from equation (3.21). Thus, the probability of finding a
non-v-representable 1-RDM PN follows as

PN =

N−1∑
n1=0

√
(N − n1) (n1 + 1)

N2 . (3.22)

Even for N →∞, this probability remains finite and converges to PN →
N→∞

π
8 . The numer-

ical study further suggests that the orange marked area in figure 3.2 is v-representable,
but a rigerous proof is missing. Yet, when performing calculations with a finer (t, v) grid,
it seems that every point in this marked region can be obtained as a ground state 1-RDM.
It is therefore reasonable to assume that the orange marked area in figure 3.2 (for all N)
is v-representable.

The discussion shows very nicely that the v-representability problem in general is an
extremely complicated task and remarkably, apart from the results presented here, there
are no known solutions beyond the two electron Fermi-Hubbard model. On the level of
the Bose-Hubbard dimer, the v-representability problem could be solved with the help of
numerical calculations and foremost visualization. The results again highlight the value
of the Levy-Lieb constrained search of section 2.3.

3.1.2. Universal Functionals and the Bose-Einstein Force

In the previous chapters it was expounded that the complexity of the many-body wave
function can be transferred to the universal functionals (either the Gilbert or the pure
state or ensemble universal functionals). Unfortunately, it is highly unlikely that the exact
functional can be found and hence one must rely on approximations, which itself is a highly
non-trivial task. However, the comparatively simple structure of the Bose-Hubbard dimer
allows to explore the properties of the universal functional explicitly: The functional for
the N = 2 case can be obtained exactly. For an arbitrary N , the functionals are calculated
numerically. The most important result of this section is the derivation of the universal
functionals in the vicinity of ∂E1, i.e. close to complete Bose-Einstein condensation. The
study of the behaviour of the universal functionals in this regime enables to conjecture a
general feature of bosonic many-body systems in the light of RDMFT.
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3. Application to the Bose-Hubbard Model

Probably the only non-trivial case for which the pure state functional can be derived in
an exact manner is the two boson case.8 The main idea is to find the relation between
the wave function and the 1-RDM. For the specific case of the Bose-Hubbard dimer, the
derivation is basically the same as for the two electron (singlet) Fermi-Hubbard dimer,
first given in [105]. Moreover, the functionals are formally equal, which is not surprising,
since two singlet electrons correspond to two spinless bosons. A detailed derivation is
given in appendix A. The following exact functional for the two particle Bose-Hubbard
dimer is the first bosonic functional ever derived in RDMFT:

F (p)
2 [γ] = U

2−
1 +

√
1− 4

(
γ2

12 +
(
γ11 − 1

2

)2
)

γ2
12 +

(
γ11 − 1

2

)2 γ2
12

 . (3.23)

This functional is shown in figure 3.1.2. The corresponding ensemble functional can
be calculated numerically as the convex conjugate of the ground state energy (2.55).
The relations derived in lemma 2.3 can be seen clearly: Both functionals coincide for
v-representable and extreme 1-RDMs. Further, the pure state functional is not con-
vex, while the ensemble functional is given as the largest convex functional that fulfils
F (e)

2 [γ] ≤ F (p)
2 [γ]. They differ in the interior of the two ellipses that are shown in figure 3.2.

There, the pure state functional has two ’hills’, cf. figure 3.1.2. The functional in equation
(3.23) takes a much simpler form when expressing the 1-RDM in terms of a radius and
an angle:

F (p)
2 (r, ϕ) = U

[
2−

(
1 +
√

1− 4 r2
)

sin2 ϕ
]

. (3.24)

The functional relation on the 1-RDM γ = γ(r, ϕ) is replaced by the explicit dependency
on the angle and radius. For an arbitrary number of particles the functionals can be
obtained numerically. To obtain the pure state functional for a given N , equation (3.6)
must be optimized with the constraint that equations (3.4) and (3.5) as well as the proper
normalization hold. The corresponding ensemble functional follows by performing exact
diagonalization calculations on a (t, v) grid for a fixed point (γ11, γ12) ∈ E1 which allows to
calculate the convex conjugate of the ground state energy, equation (2.55). For several N
and rescaled to [0, 1], the ensemble and pure state functionals are shown in figure 3.4.

8This is in fact not limited to the Bose-Hubbard model. For any finite dimensional system of two bosons,
the exact relation between the 2-RDM and the 1-RDM can be derived, as shown in appendix A.
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F (p)
2 F (e)

2

γ11 γ12γ12γ11

Figure 3.3.: The universal functionals for N = 2, rescaled to [0, 1], from two different
perspectives. The pure state functional has two hills in the region of the
ellipses, whereas the ensemble functional is convex. Both functionals coincide
on the set of extreme elements and on V1. The ensemble functional is given
as the lower convex envelope of the pure state functional, which can be seen
in the region where the pure state functional has hills.

Comparably to the v-representability domain for different N , figure 3.2, there is a pattern
in the shape of the functionals for different N : As in the case of two particles, the func-
tionals are bowl-shaped and the pure state functional has hills and valleys. In particular,
it has N hills in the regions that correspond to the interior of the ellipses. In theorem 3.1
it was shown that the interior of all ellipses is not v-representable. This is in accordance
with the geometric interpretation of the energy minimization (2.54) and the discussion of
figure 2.4 (where in fact a side view of F (p)

4 is sketched): The hills prohibit for any choice of
ĥ in this region the existence of a hyperplane that yields ground state 1-RDMs and whose
upper closed halfspace contains the entire graph of the universal pure state functional.
The non-v-representability of the interior of the ellipses for the N = 2 Fermi-Hubbard
model was explained in Ref. [105] by studying the derivatives of the pure state functional.
It was found that the smallest eigenvalue of the Hessian ∂2F(p)

2
∂γ1i∂γ1j

is negative and since the
energy for a given 1-RDM follows by adding a term linear in γ11 and γ12 to the pure state
functional, the minimum energy cannot be attained on a 1-RDM in the region of the hills.
An equivalent procedure is possible for the N = 2 Bose-Hubbard dimer functional (3.23).
Interestingly enough, for large particle numbers the differences between the ensemble and
pure state functionals seem to vanish. This can be explained as follows. There are two
trivial cases for which the pure state and ensemble functional can be calculated for an
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F (p)
N

N = 3

γ11 γ11

F (e)
N

γ12

N = 4

N = 5

N = 6

γ12

γ12

γ12

Figure 3.4.: Universal pure state and ensemble functionals for N = 3, 4, 5, 6. The pure
state functionals were numerically computed by evaluating the equations
(3.6), (3.4) and (3.5). The ensemble functionals were calculated by using
the convex conjugation approach, equation (2.55). For N particles, there ap-
pear N hills in the pure state functional. The height of the hills decrease for
increasing particle number.
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3. Application to the Bose-Hubbard Model

arbitrary N (and U = 1). The first case considers the functional values on the points
between the ellipses, i.e. on 1-RDMs (3.15), which can be calculated using the results of
theorem 3.1:

F (e)
N [γ11 = n1

N
, γ12 = 0] = N2

2 −N + 2N2
(
γ11 − 1

2

)2
. (3.25)

Since these 1-RDMs are v-representable, all three functionals coincide. For N ellipses,
there are N + 1 points γ11 = n1

N
with n1 = 0, . . . , N . Thus, in the limit of infinite particle

number, this implies that the relation (3.15) holds for every γ11 ∈ [0, 1]. The second
trivial functional follows for the case of complete Bose-Einstein condensation: Every 1-
RDM that corresponds to complete Bose-Einstein condensation is on the border, γ ∈ ∂E1,
which corresponds to r = 1

2 . Due to lemma 2.3 (iv), the ensemble and pure state functional
coincide and are given by

F (e)
N (r = 0.5, ϕ) = N (N − 1)

(1
2 + 2 (γ11 − 1

2)2
)

. (3.26)

Remarkably, for fixed γ11, the functional in the atomic limit with γ12 = 0 (3.25) and
the functional at the border (3.26) coincide for N → ∞ in the leading order of N. The
convexity of the universal ensemble functional then implies that it is independent of γ12

for a fixed γ11, cf. figure 3.1.2, leading to

lim
N→∞

( 2
N2 F (e)

N [γ]− 1) = 4
(
γ11 − 1

2

)2
. (3.27)

The line of fixed γ11 is v-representable, as it is a line between to ellipses, see figure 3.2,
which implies that the pure state functional coincides with the ensemble functional on
the line. In the limit N →∞, an infinite amount of such lines appear. On the same time,
since the minor radius of the ellipses is proportional to 1

N
, the ellipses will become also

’lines’ and the differences of both functionals on those lines is negligible compared to the
energy scale as it is seen in figure 3.1.2 (the hills become smaller) explaining why the
ensemble and pure state functionals coincide for large particle numbers.

The visualization and study of the universal pure state and ensemble functionals together
with the solution of the v-representability problem provide deep insights in the bosonic
ground state problem and show in an intuitive way why certain states are not realized
as ground states. Of course, this is only possible due to the relatively simple structure of
the model and the dimensionality of the system which allows to visualize these results.
From a more general perspective, the functionals of the Bose-Hubbard dimer are of great
importance, because they are the only functionals which can be visualized in an exact
manner in both fermionic and bosonic RDMFT for N > 2. In the remaining part of
this section, the behaviour of the universal pure state functional close to Bose-Einstein
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F (p)
∞ F (e)

∞

γ11

γ12

γ11

γ12

Figure 3.5.: The universal ensemble and pure state functional for N = ∞. As explained
in the main text, both functionals coincide in the limit of infinite particle
number.

condensation will be studied, since it is of special interest how the phenomena of Bose-
Einstein condensation and quantum depletion reveal in the framework of bosonic RDMFT.
Bose-Einstein condensation takes place in the vicinity of the border ∂E1 of the set of N -
representable 1-RDMs. In this region, all 1-RDMs are v-representable (cf. figure 3.2) and
according to lemma 2.3, all three universal functionals coincide. For this reason, the index
(p) is omitted in the following discussion. An approximate expression of the universal
functional for the case of Bose-Einstein condensation is provided by the theorem below.

Theorem 3.2 (Universal Functional for Bose-Einstein Condensation) Consider a system
of N identical bosons in the Bose-Hubbard dimer. If the system exhibits Bose-Einstein
condensation, then the universal functional is given by

FN(r, ϕ) ' E0(ϕ,N) + E1(ϕ,N) (1
2 − r) + E2(ϕ,N)

√
1
2 − r (3.28)

where the functions E0, E1 and E2 solely depend on the angle ϕ and the number of particles
N .

The condition of Bose-Einstein condensation means that 1 − λ � 1 or r → 1
2 , i.e. the

1-RDM is in the vicinity of ∂E1. The knowledge of the universal functional allows to cal-
culate the ground state of the Bose-Hubbard dimer for any choice of the single particle
Hamiltonian ĥ in the Bose-Einstein condensed regime. Additionally, it enables to quantify
the effect of quantum depletion as a function of the physical parameters of the model. Per-
haps the most important consequences of this theorem is that the gradient of the universal
functional diverges, as the 1-RDM approaches the border of the set of N -representable
1-RDMs, as discussed below. There are (at least) two possible ways to prove theorem
3.2. The first approach uses second order perturbation theory and the main idea shall be
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sketched: Consider therefore a 1-RDM on the border γ ∈ ∂E1. This 1-RDM determines the
state it derives from uniquely (recall theorem 1.2). The state can be seen as a ground state
of a non-interacting Hamiltonian ĥ(0) leading to the ground state 1-RDM γ = |ϕ〉〈ϕ|. Then,
one considers for a fixed ϕ the curve Ĥ(g, ϕ) of an auxiliary Hamiltonian with ground
state |Φ(g, ϕ)〉 and the corresponding 1-RDM γ(g, ϕ). These ground state 1-RDMs form
a straight line in the domain E1 with γ(g = 0, ϕ) = |ϕ〉〈ϕ|. By expanding the Hamiltonian
as Ĥ(g, ϕ) = ĥ(g, ϕ) + g Ŵ = ĥ(0) + g (ĥ(1) + Ŵ ) +O(g2), the functional in the vicinity of
the border can be calculated. Note that the expansion of the single particle Hamiltonian
is necessary to enforce that the 1-RDM γ(g, ϕ) remains diagonal up to the second order
in g. The solution of the eigenvalue problem Ĥ(g, ϕ) |Φ(g, ϕ)〉 = E(g, ϕ) |Φ(g, ϕ)〉 then
gives g = g(r,N, ϕ). As a final result the universal pure state functional for N particles
in the vicinity of the border is obtained:

FN(r, ϕ) ' U N(N − 1) (1− 1
2 sin2 ϕ) + U N(N − 2) (3 sin2 ϕ− 2) (1

2 − r) (3.29)

− U sin2 ϕN
√
N − 1

√
1
2 − r .

The very detailed derivation and explanation of this approach is given in the supplemental
material of [101] and it is refrained from repeating it; rather, the second version of a proof
will be considered: It provides an alternative way to derive the expression (3.29), while
being computationally and conceptually easier. The main idea is to use a (seemingly)
trivial approximation of the wave function, which will turn out to be of physical relevance
for the two particle case.

Proof. The following proof is worked out in the natural orbital basis. By using the relations
(3.13) and (3.14), the transformation from the natural orbital basis to the lattice side basis
is obtained

|1〉 = cos ϕ
2 |ϕ〉+ sin ϕ

2 |ϕ
⊥〉 (3.30)

|2〉 = sin ϕ
2 |ϕ〉 − cos ϕ

2 |ϕ
⊥〉 (3.31)

and, in a lengthy calculation, the two-body interaction can be given in the natural orbital
basis:

Ŵ/U =
(
sin4 ϕ

2 + cos4 ϕ
2

) (
n̂2
ϕ + n̂2

ϕ⊥

)
− N̂

+ 2 sin2 ϕ
2 cos2 ϕ

2

(
4 n̂ϕ n̂ϕ⊥ + N̂ + (b̂†ϕ)2 (b̂ϕ⊥)2 + (b̂†ϕ⊥)2 (b̂ϕ)2

)
+ 2 sin ϕ

2 cos ϕ
2

(
cos2 ϕ

2 − sin2 ϕ
2

) (
b̂†ϕ b̂ϕ⊥ + b̂†ϕ⊥ b̂ϕ

) (
n̂ϕ − n̂ϕ⊥

)
. (3.32)
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The crucial step is now to approximate the wave function close to Bose-Einstein conden-
sation as

|Ψ〉 ≈ α |Nϕ, 0ϕ⊥〉 ±
√

1− α2 |(N − 2)ϕ, 2ϕ⊥〉 . (3.33)

Apart from a single permanent ansatz, this form of a wave function is the simplest ap-
proximation which gives a diagonal 1-RDM. Although very uninvolved, the ansatz gives
the correct functional form of equation (3.28). The definition of (3.33) implies that the
elements of the 1-RDM (the occupation numbers) are connected to the coefficient α by

λ = α2 + (1− α2) (N − 2)
N

(3.34)

nϕ⊥ ≡ 1− λ = 2 (1− α2)
N

. (3.35)

The evaluation of the expectation value of the terms appearing in the two-body interaction
(3.32) with the wave function (3.33) gives

〈Ψ|n̂2
ϕ + n̂2

ϕ⊥ |Ψ〉 = N2 + 2N (2−N)nϕ⊥ (3.36)

〈Ψ|n̂ϕ n̂ϕ⊥ |Ψ〉 = N (N − 2)nϕ⊥ (3.37)

〈Ψ|(b̂†ϕ)2 (b̂ϕ⊥)2 + (b̂†ϕ⊥)2 (b̂ϕ)2|Ψ〉 = ± 2N
√
N − 1

√
nϕ⊥ −

N n2
ϕ⊥

2 . (3.38)

Because the square root in the last equation must be non-negative, the order of magnitude
of nϕ⊥ can be estimated to 2

N
≥ nϕ⊥ , which means that for large N it must hold that

1 � nϕ⊥ if it is non-zero. Additionally, since nϕ⊥ = 1
2 − r holds, this implies that the

system must be close to complete Bose-Einstein condensation for largeN . The expectation
value of the last term of equation (3.32) does not contribute, since the wave function does
not contain a basis state in which the occupations of the natural orbitals differ by one.
An expression for the universal pure state functional close to Bose-Einstein condensation
follows by plugging all these equations into the definition (3.6), which yields

F (p)
N (nϕ⊥ , ϕ)/U '

(
sin4 ϕ

2 + cos4 ϕ
2

) (
N2 + 2N (2−N)nϕ⊥

)
−N (3.39)

+ 2 sin2 ϕ
2 cos2 ϕ

2

4N (N − 2)nϕ⊥ +N − 2N
√
N − 1

√
nϕ⊥ −

N n2
ϕ⊥

2

 .
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Rearranging the terms and using properties of the trigonometric functions gives the equiv-
alent expression

F (p)
N (r, ϕ) ' U N (N − 1) (1− 1

2 sin2 ϕ) + U N(N − 2) (3 sin2 ϕ− 2)nϕ⊥ (3.40)

− U sin2 ϕN
√
N − 1

√
nϕ⊥ −

N n2
ϕ⊥

2 .

The comparison of equation (3.40) with (3.29) shows that they are very similar (recall
nϕ⊥ = 1

2 − r). Only the last terms in both equations differ in the order of (1
2 − r). An

amusing fact however is that for N = 2, equation (3.40) is exact, although the state was
approximated only in the vicinity of ∂E1. This apparent contradiction can be resolved by
considering the wave function (3.33). For two particles, this is a completely general and
exact form of a wave function in the basis of natural orbitals, because the appearance of
the only remaining basis state |1ϕ, 1ϕ⊥〉 would yield a non-diagonal 1-RDM.9

To proceed, the last term in (3.40) can be expanded with the generalized binomial theorem
and by neglecting higher order terms, on easily arrives at

FN(r, ϕ) ' U N(N − 1) (1− 1
2 sin2 ϕ) + U N(N − 2) (3 sin2 ϕ− 2) (1

2 − r) (3.41)

− U sin2 ϕN
√
N − 1

√
1
2 − r +O

(
(1

2 − r)
3/2
)

,

which is the same as expression resulting from the first approach and therefore also proves
theorem 3.2.

As a last comment it is noted that although the approach using perturbation theory
is more profound and systematic, the educated guess of the wave function (3.33) is, as
already pointed out, exact for two particles and can therefore be seen as the starting point
of functional approximations, similar to the tradition in the fermionic theory , cf.[106].
The approximation in the last instance of the proof is thus a way to generalize the exact
two-particle functional expression to arbitrary N . The most interesting consequence of
theorem 3.2 is the following lemma.

Lemma 3.2 (Divergent Gradient of the Universal Functional for Complete Bose-Einstein
Condensation) The gradient of the universal functional diverges as the system approaches
complete Bose-Einstein condensation:

∂FN(r, ϕ)
∂λ

∝ 1√
1−NBEC/N

as λ→ 1 , (3.42)

9As a side note it shall be mentioned that (3.33) and the corresponding derivation of the pure state
functional for two particles is related with a derivation in appendix A, cf. equation (A.10).
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where NBEC is the number of condensed particles.

The lemma is easily verified by calculating the derivative of the functional of theorem 3.2
with respect to the radius r.

Proof. For the proof it is assumed that E0, E1 and E2 are non-zero. First, note that the
fraction of condensed particles is simply the maximum occupation number: λ = NBEC/N

and the fraction of depleted particles is thus 1− λ. By definition, the radius r is related
to λ by 1− λ = 1

2 − r. Second, by performing the derivative of the functional of theorem
3.2 with respect to r, one obtains

∂FN(r, ϕ)
∂r

∝ 1√
1
2 − r

as r → 1
2 (3.43)

or equivalently

∂FN(r, ϕ)
∂λ

∝ 1√
1−NBEC/N

as λ→ 1 . (3.44)

The assumption that the functions E0, E1 and E2 are non-zero is not valid in the case
ϕ = 0, π, as it can be seen from equation (3.29) and no divergence occurs as r → 1

2 .
These are exactly the cases for which complete Bose-Einstein condensation occurs in the
lattice site basis, i.e. the hopping parameter t is zero. Again, the fact that the gradient
of the universal functional does not diverge for ϕ = 0, π is seen as an artefact of the model.

Theorem 3.2 and lemma 3.2 have two immediate consequences. First, it is possible to
calculate the fraction of condensed particles as a function of the model parameters, which
allows to quantify the effect of quantum depletion. To see this, consider a fixed external
potential difference ∆ ≡ v1 − v2 as well as a fixed hopping magnitude t and interaction
strength U . The ground state 1-RDM follows by minimizing the energy functional E[γ] =
N Tr γ ĥ + F (p)

N [γ]. It is characterized by an angle ϕ0 and a radius r0. The energy is
extremal at the ground state 1-RDM. If the system exhibits Bose-Einstein condensation,
then a straightforward calculation of the derivative of the energy with respect to the
radius gives (using the functional expression of equation (3.29)):

−N (2 t sinϕ0 + ∆ cosϕ0) = U sin2 ϕ0N
√
N − 1

2
√

1
2 − r

+O
(
(1

2 − r)
0
)

. (3.45)
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ϕ

∂E1

F
γBEC = |ϕ〉〈ϕ|

γ(ĥ)r

Figure 3.6.: Illustration of the Bose-Einstein force in the Bose-Hubbard dimer. The ground
state 1-RDM γ(ĥ) of a system cannot be on the border for any choice of
the single-particle Hamiltonian ĥ. By changing ĥ in a way that leaves ϕ
constant but increases the radius r, i.e. by reducing the distance to the border,
there acts a repulsive force F on the 1-RDM, pushing it into the interior and
preventing the system to exhibit complete Bose-Einstein condensation. The
strength of this force increases with increasing r and diverges for a 1-RDM
γBEC on the border.

Hence the number of particles in the condensate is estimated to be

NBEC ' N

(
1− U2 sin4 ϕ0 (N − 1)

4 (2 t sinϕ0 + ∆ cosϕ0)2

)
. (3.46)

To evaluate the second consequence, recall that from section 1.3 it is known that complete
Bose-Einstein condensation is not v-representable, cf. theorem 1.4. It was found that
complete Bose-Einstein condensation corresponds to a ground state 1-RDM which is an
extreme element of E1 = P1. This was also numerically confirmed for the Bose-Hubbard
dimer. One may ask what exactly prohibits that the system ’reaches’ the set of extreme
elements, e.g. the border of the disk for the Bose-Hubbar dimer; what prevents the system
on the level of the 1-RDM, or better put, in the framework of RDMFT from exhibiting
complete Bose-Einstein condensation? It is exactly the divergent behaviour of the gradient
of the universal functional in the vicinity of complete Bose-Einstein condensation, given
by lemma 3.2. This divergent gradient can be seen as a repulsive force, the so called
Bose-Einstein force. It ’pushes’ the ground state 1-RDM into the interior of E1, see
also figure 3.6. For ground state 1-RDMs

δF [γ]
δγ

= −h (3.47)

should hold. Hence, if the derivative of the universal functional diverges, so must the
one-particle Hamiltonian. This however is physically impossible. From the ansatz (3.33)
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it can further be seen that the Bose-Einstein force naturally reflects that r → 1
2 implies

α→ 1, which means that the wave function is a single permanent with only one occupied
orbital, which closes the connection to theorem 1.4 again. In this sense, the notion of a
Bose-Einstein force gives a comprehensive explanation of the absence of complete Bose-
Einstein condensation in many-body systems, i.e. quantum depletion, as explained in
section 1.3.

Although a very intriguing picture, the introduced concept of the Bose-Einstein force is up
to now only valid for the Bose-Hubbard dimer. A proof which verifies this behaviour for
an arbitrary complicated system seems impossible, since the knowledge of the universal
functional or its behaviour in the regime of Bose-Einstein condensation must be known.
However, theorem 1.4 is generally valid and thus, considering the experimental verification
of quantum depletion and the results of this chapter too, it is reasonable to think of the
Bose-Einstein force as a universal property of bosonic many-body systems. Because of
that, the following conjecture is stated.

Conjecture (Existence of a Bose-Einstein Force) For a system of N indistinguishable
bosons, the gradient of the universal pure state functional diverges as the system ap-
proaches complete Bose-Einstein condensation:

∇γ F (p) ∝ 1√
1− n0/N

as n0 → N , (3.48)

where n0 is the maximum eigenvalue of the 1-RDM.

In most cases the explicit functional dependence in terms of the 1-RDM is unknown. The
symbolic notation∇γ shall therefore indicate that the derivative is performed with respect
to all degrees of freedom of the 1-RDM which are related to the degree of condensation.
For example, in the Bose-Hubbard dimer, the derivative of the functional with respect
to the maximum occupation number was performed. In other systems, other degrees of
freedom associated with the degree of condensation may be accessible. The Bose-Einstein
force can also be used to test a possible functional approximation, i.e. the gradient of
an approximated functional should obey the divergence relation. For fermions, an ana-
log repulsive force was found in 2019 by Schilling and Schilling [107]: The gradient of
the fermionic universal functional diverges whenever the occupation numbers attain their
minimal and maximum value, i.e. n = 0, 1. This force is called exchange force, as it reveals
the fermionic exchange symmetry in the framework of RDMFT.

Just very recently, the Bose-Einstein force was proven to be existent in the homogeneous
Bose gas by Liebert and Schilling [108]. This strongly supports the general conjecture.
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4. Summary and Outlook

To obtain the exact ground state energy of an interacting many-body bosonic system,
the energy must be minimized with respect to density operators. This is an enormously
complicated and highly non-trivial problem. The dimensions of the Hilbert space grow ex-
ponentially with the number of particles, a fact which is referred to as the exponential wall.
This wall cannot be overcome straightforwardly. But, as shown in the first chapter, there
are ways to circumvent this problem. The notion of reduced density matrices allowed to
propose a much more efficient minimization scheme in terms of the two-body reduced den-
sity matrix (2-RDM). Unfortunately, the unsolved N -representability problem prohibits a
minimization with respect to the 2-RDM in a direct manner. Surprisingly, this incredibly
complex problem could be solved almost trivially for the one-body reduced density ma-
trix (1-RDM). Necessary and sufficient conditions regarding the N -representability were
proven and the properties of the corresponding sets were studied. The 1-RDM naturally
arises in the description of bosonic many-body systems, as a macroscopically eigenvalue
indicates that the system exhibits Bose-Einstein condensation. Moreover, the concept of
v-representability was connected to the phenomenon of quantum depletion.

Interestingly enough, the 1-RDM suffices to compute the ground state energy of an inter-
acting many-body system. This is the quintessence of the Hohenberg-Kohn and Gilbert
theorem, introduced in the second chapter. The resulting theory is called bosonic Reduced
Density Matrix Functional Theory (RDMFT). This theory is able to capture correlation
effects while being computationally feasible. Additionally, it is in principle applicable to
any physical regime, from weakly interacting and dilute gases to strongly correlated sys-
tems; for a vast number of particles to a few particles in optical lattices - without any
prior assumption on the degree of condensation. But, as nothing comes for free, there is
a price to pay: The exact energy expression in terms of the 1-RDM is unknown. Rather,
the whole complexity of the ground state problem is hidden in a seemingly innocent term,
the so called universal functional. In particular, three different functionals were intro-
duced. Several relations and properties of all functionals were derived. Most importantly,
the ensemble and pure state functionals, developed in the Levy-Lieb constrained search
approach, circumvent the v-representability problem, which is present in the original for-
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mulation of Gilbert.

As the 1-RDM establishes a deep connection between the notion of Bose-Einstein con-
densation and the energy functional, RDMFT seems as the perfect ab initio theory for
bosonic systems. To see how the phenomena of Bose-Einstein condensation and quantum
depletion reveal in the framework of RDMFT, a model was studied in the last chapter
of this thesis. The Bose-Hubbard dimer turned out to be the perfect playground for this
endeavour. First, the N - and v-representability problems were solved for any number
of particles by numerical and analytical calculations. The results confirmed the several
properties of those sets proposed in the previous chapters. Notably, this is the only non-
trivial (N > 2) system for which a solution of the v-representability problem in RDMFT
is known. For two particles, the exact pure state functional in terms of the 1-RDM was
derived. Moreover, for any number of particles both the pure state and the ensemble func-
tionals were calculated and visualized. This is a very exceptional result and it provided a
unique opportunity to really see the functionals and their properties. All relations between
the functionals as well as their connection to the concepts of N - and v-representability
were confirmed. The study of the universal functionals close to Bose-Einstein condensation
revealed an astonishing feature: The gradient of the universal functional diverges repul-
sively as the degree of condensation increases. This concept was termed Bose-Einstein
force and it gives a comprehensive explanation of the phenomenon of quantum depletion:
There acts a repulsive force on the ground state 1-RDM of a system, pushing it away
from the set of extreme elements and thus preventing the system from reaching complete
Bose-Einstein condensation. It was conjectured that this Bose-Einstein force must be a
general feature of bosonic-many body systems.

But the breakthrough of RDMFT for bosons has not yet come. The crucial and necessary
step towards a useful and applicable theory is to find appropriate functional approxima-
tions. Research along these lines is already in progress. As the thesis demonstrated the
prospective potential of bosonic RDMFT, it can be seen as its very first building block.
The results and especially the manifestation of Bose-Einstein condensation in the frame-
work of bosonic RDMFT through the Bose-Einstein force motivate further research and
the development of the theory. Along with the acquired understanding and knowledge
gained in this work, it is the incredible success of fermionic Density Functional Theory
and RDFMT which leaves the optimistic impression that bosonic RDMFT, with the de-
velopment of suitable functional approximations, will become a very powerful method in
the toolkit of computational condensed matter physics.
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A. Derivation of the two particle Pure State
Functional of the Bose-Hubbard Dimer

In this section two ways of deriving the pure state functional of the Bose-Hubbard dimer
for two particles are presented. The first derivation is essentially the same as for the two
singlet electron Fermi-Hubbard dimer, given in [105]. The definition of the universal pure
state functional for the Bose-Hubbard dimer, equation (3.6), reads for N = 2:

F (p)[γ] = U min
α7→γ

(
2α2

0 + α2
1 + 2α2

2

)
− 2U , (A.1)

where α denotes a set of real numbers which fulfil
2∑

ν=0
α2
ν = 1 and hence give rise to a valid

two particle wave function. Due to this normalization constraint, the above expression
simplifies to

F (p)[γ] = U min
α7→γ

(2− 2α2
1) . (A.2)

Thus, in order to write the explicit functional dependence in terms of γ, the dependence
of α2

1 in terms of the 1-RDM has to be found. Consider therefore the elements of the
1-RDM:

γ11 = 1
2 (α2

1 + 2α2
2) (A.3)

γ12 =
√

2
2 α1 (α0 + α2) . (A.4)

These equation can be cast in an equation for α2
1 in the following way: By using the

normalization condition and simple algebra, the equations for the 1-RDM equivalently
read

(α0 + α2)2 = γ2
12

2α2
1

(A.5)

(α2 + α0)(α2 − α0) = 2 γ11 − 1 . (A.6)
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Combining these equations gives

(α2 − α0)2 = (2 γ11 − 1)2 α2
1

2 γ2
12

(A.7)

and by adding equations (A.5) and (A.7) a quadratic equation for α2
1 is obtained:

0 = (γ11 − 1
2)2 α4

1 + γ4
12 + γ2

12 α
4
1 − γ2

12 α
2
1 . (A.8)

The equation is readily solved and the ’+’ solution minimizes the expression in equation
(A.2). The universal functional finally reads

F (p)[γ] = U

2−
1 +

√
1− 4

(
γ2

12 +
(
γ11 − 1

2

)2
)

γ2
12 +

(
γ11 − 1

2

)2 γ2
12

 . (A.9)

As mentioned in the main text, this exact relation can also be derived with the help of
the 2-RDM. The general approach is to find the connection of the wave function to the
1-RDM, from which the 2-RDM can be extracted. This however is not limited to the
Bose-Hubbard dimer. Because of that, the derivation is given in a more general manner,
showing that the above pure state functional follows as a special case. Following the
discussion of [109–111], the (real) wave function of a two boson system can be written as
10

|Ψ〉 = 1√
2
∑
i

(±)i
√
λi b̂

†
i b̂
†
i |0〉 , (A.10)

where the λi ∈ R fulfil

λi ≥ 0 and
∑
i

λi = 1 . (A.11)

These numbers are called Schmidt coefficients and the number of non-zero Schmidt coef-
ficients is the Schmidt rank; the wave function is said to be in its Schmidt decomposition
[112]: This is a basic result of linear algebra and found much application in quantum
information theory, see for example [18]. This is the most crucial aspect of the follow-
ing derivation, as everything else is purely algebraic nature: The elements of the 1-RDM
follow immediately as

γij = δij 2λi . (A.12)

10Note that equation (3.33), in which the wave function of the two particle Bose-Hubbard dimer was
written in the natural orbital basis, is exactly the same.
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Clearly, the 1-RDM is diagonal in the Schmidt basis or in other words, the Schmidt basis
is the natural orbital basis. Note that the 1-RDM is normalized to N = 2. Similarly, the
elements of the 2-RDM are given by

Γ(2)(i, j; kl) = δij δkl 2 (±)i (±)k
√
λi
√
λk . (A.13)

This establishes a link between the 2-RDM and the natural orbitals and occupation num-
bers, i.e. the 2-RDM is explicitly known in terms of the 1-RDM in its diagonal basis. In
section 2.4 it was shown that the universal functional can be expressed in terms of the
2-RDM:

F (p)[γ] = min
Γ̂(2)∈P2(γ)

Tr Γ̂(2) ŵ .

Hence, the expression Tr Γ̂(2) ŵ must be calculated in the natural orbital basis. Fortunately,
in the case of the Bose-Hubbard dimer, the natural orbitals were easily derived and are
given by equations (3.13) and (3.14) in terms of the lattice site basis. To ease the notation,
the following abbreviations are introduced:

Γ(2)
ik ≡ Γ(2)(ii; kk) (A.14)

wik ≡ 〈ii|ŵ|kk〉 . (A.15)

where i and k stand for the possible natural orbital labels of the Bose-Hubbard dimer, ϕ
and ϕ⊥, respectively. For the evaluation of the trace, the matrix elements of the interaction
in the natural orbital basis, equation (A.15), must be calculated. This is a straightforward
application of the transformation from the lattice site basis to the natural orbitals, which
leads to

wϕϕ⊥ = wϕ⊥ ϕ = U
sin2 ϕ

2 (A.16)

wϕϕ = wϕ⊥ ϕ⊥ = U

(
1− sin2 ϕ

2

)
(A.17)

and therefore the evaluation of

Tr Γ̂(2) ŵ = Γ(2)
ϕϕwϕϕ + Γ(2)

ϕ⊥ ϕ⊥ wϕ⊥ ϕ⊥ + Γ(2)
ϕ⊥ ϕwϕϕ⊥ + Γ(2)

ϕϕ⊥ wϕ⊥ ϕ (A.18)

gives rise to the pure state functional

F (p)
2 [γ] = min

Γ̂(2)∈P2(γ)
U
[
2−

(
1∓

√
4λϕ (1− λϕ)

)
sin2 ϕ

]
. (A.19)

The minimum of the above expression follows by choosing the plus sign. To see that
this functional equals the one derived in the main text, one simply uses the relation
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between the Schmidt coefficients and the occupation numbers of equation (3.12), namely
λϕ = λ = 1

2 + r, which gives

F (p)
2 (r, ϕ) = U

[
2−

(
1 +
√

1− 4 r2
)

sin2 ϕ
]

. (A.20)

This is the same expression as in equation (3.24), as expected. For the two singlet electrons
case, an analog derivation of the relation between the 2-RDM and 1-RDM was given by
Löwdin and Shull in 1956 [113], see also e.g. [92].
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